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Theoretical predictions are given of the development of the current and the distributions of charge
and electric field in negative corona, or Trichel current pulses [G. W. Trichel, Phys. Rev. 54, 1078
(1938)], in oxygen at a pressure of 6.67 kPa (50 Torr). For a 10-mm-diam negative sphere located 20
mm from a positive plane, the calculated current pulse has a rise time of 11 ns, a pulse width of 50
ns, and a peak amplitude of 13 mA. These results agree satisfactorily with experimental values.
The predicted velocity of the cathode-directed light pulse also agrees well with observations. The
theory is based on the accurate numerical solution of Poisson s equation in conjunction with the con-
tinuity equations for electrons, positive ions, and negative ions. The effects of ionization, attach-
ment, recombination, electron diffusion, and photoemission and ion secondary-electron emission
from the cathode are all included. The initial steep rise of the current pulse is largely due to rapid
ionization and electron motion in the high Laplacian field near the cathode. As the discharge
develops, a dense plasma forms near the cathode, leading to strong space-charge distortion of the
field. A prominent cathode fall region is formed immediately adjacent to the cathode, an almost
zero field is formed within the plasma and the field is enhanced over the region to the anode. The
current pulse is quenched because the low electric field in the plasma immobilizes the majority of
the electrons which then undergo three-body attachment; furthermore, the cathode fall region be-

comes reduced to such a short distance that insignificant current is produced from this region. Be-
cause of the low mobility of the negative ions, the current remains low and the structure of the
space-charge fields changes only slowly with time between pulses.

I. INTRODUCTION

When an appropriate negative voltage is applied to the
point of a point-plane electrode system in an electronega-
tive gas, a pulsating corona current is observed in the
external circuit. The current waveform consists of pulses
having a very fast rise time and short duration, with a
long period of relatively low current between the pulses.
In oxygen (and air) the pulses are extremely regular and
are called Trichel pulses, ' after Trichel, who first reported
the phenomenon. In the pure SF6, similar pulses occur,
but they are irregular. In nonattaching gases such as
pure nitrogen, only a continuous corona current without
pulses is observed. ' Reviews of experimental results per-
taining to negative corona have been presented by Loeb, '

Sigmond, and Goldman and Goldman.
This paper presents a numerical study of the spatiotem-

poral development of electrons and positive and'negative
ions in space-charge-affected inhomogeneous electric
fields. Although previous studies have considered some
of the phenomena covered by this paper, none has of-
fered an integrated, quantitative theory.

Trichel himself argued that "the periodic character of
the discharge seems to derive logically from space-charge
formation in the gap and subsequent clearing under the
action of the electrostatic field. " He predicted the build-
up of a strong negative space charge away from the point
and positive space charge near the point. "The presence
of this cloud of positive ions in the gap at first causes a

greatly increased field near the negative point. . .at the
same time, the field beyond this space charge in the gap is
decreased so that almost no ionization can take place. "
He postulated that the region of enhanced field near the
cathode would become too narrow to sustain the
discharge, and that ioniiation would consequently cease.
Thus Trichel visualized many of the features of the Tri-
chel pulse mechanism outlined below.

Loeb" '" presented a theory involving successive elec-
tron avalanches, each giving rise to three successors near
the end of its development. The theory, however, failed to
explain the fast rise time of 1.5 ns observed in air at at-
mospheric pressures' and the rapid quenching of the
pulse.

Aleksandrov extended Loeb's theory by considering the
parallel development of many avalanches, rather than in-
sisting on successive avalanches. He thus succeeded in
predicting much faster rise times for the main pulse. He
also- predicted an initial phase of relatively slowly rising
current before the main pulse, which was subsequently ob-
served by Bugge and Sigmond. ' ' The principle of
Aleksandrov's approach is embodied in our continuity
equations.

Khalifa and Abdel-Salaam, ' Thanh, ' and Graf have
also produced semiquantitative theories based on simula-
tion models and not the equations of electron and ion con-
tinuity. Similarly, Kekez et al. ,

' described the point-
plane discharge in terms of equivalent circuits and suc-
ceeded in describing a succession of pulses. However, the
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model offers little insight into the detailed mechanisms of
pulse formation. Dancer et al. ' claim to provide a "uni-
fied theory" which draws together the experimental and
theoretical evidence pertaining to Trichel pulses. Howev-
er, their theory is not consistent with the results presented
here, as outlined in the discussion (Sec. IV).

Ogasawara' has obtained analytic solutions describing
the early current growth when the space-charge distortion
of the Laplacian field is slight. However, Ogasawara's
theory cannot describe the current waveform beyond its
initial rise as an exponential current growth is assumed,
and it cannot describe in detail the role of negative ions
during the later stages of the discharge.

Davies and Donne solved the one-dimensional con-
tinuity equations using a nonuniform mesh, and the
method of moments to solve Poisson's equation. They ob-
tained good agreement with the Trichel pulse shape mea-
sured in CO2 by Gardiner and Craggs. However, their
calculations differ significantly from the present work in
that (a) their peak current is 0.5 mA instead of 12 mA, (b)
their maximum charge densities are 6)& 10 cm instead
of 4&&10" cm, and (c) no plasma region develops in
front of the cathode with a well-defined and contracting
cathode fall region as in the present calculations.

The present model is a development of earlier work by
Morrow and Lowke, ' Morrow, and Morrow and
Cram. ' Preliminary results were presented by Morrow
and Lowke, who described a solution of the continuity
equations in one dimension on a uniform mesh. Their
predicted Trichel-pulse current waveform was in fair
agreement with the results of Bugge' and the motion of
the ions after the pulse gave a satisfactory explanation of
the pulse frequency. However, the uniform mesh used in
these early calculations did not adequately resolve phe-
nomena at the cathode, and the results are therefore not
quantitatively reliable.

Section II presents the general theory of the calcula-
tions, including the basic equations in Sec. IIA and the
numeri. cal techniques in Sec. II B. The results are present-
ed in Sec. III; a detailed description of the space-time
development of the corona burst is presented in Sec. III A,
while the different roles played by photons, attachment,
and diffusion in the discharge are discussed in Secs. III 8,
III C, and III D, respectively. The results are discussed in
Sec. IV, and the main conclusions of the study are
presented in Sec. V. Appendix A contains the numerical
treatment of the transport coefficients. Appendix 8 con-
tains additional stability criteria. Finally Appendix C
contains the details of the variable mesh.

II. THEORY

A. Basic equations

It is known from observation that the Trichel-pulse
corona discharge occupies a cylindrical volume near the
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Here t is time, x is distance from the cathode, N„N~,
and X„are the electron, positive-ion, and negative-ion
densities, respectively, and 8'„8&, and 8'„are electron,
positive-ion, and negative-ion drift velocities, respectively.
The material functions a, g, P, and D are, respectively,
the ionization, attachment, recombination, and electron-
diffusion coefficients. The continuity equations are cou-
pled to Poisson's equation via the charge density.

As discussed by Davies and Evans it is important to
solve Poisson's equation in three dimensions to allow for
the finite radial extent of the charge distribution. Thus
the axial electric field E(x) is evaluated using the method
of disks which represents the discharge as a cylinder
with a uniform radial distribution and variable axial dis-
tribution of charge. In such a model the axial component
of the electric field at point x is given by

cathode. %'hile it would be desirable to eventually
develop a two-dimensional model to describe this system,
computational constraints have led us to first consider a
one-dimensional model in which continuity equations are
used to describe only the axial development of the
discharge. We expect that ambipolar diffusion in the ra-
dial direction will act to confine the discharge so that its
radial development will be of secondary importance. Al-
though one-dimensional continuity equations are used, we
do account for the finite radius of the discharge in solving
Poisson's equation for the distribution of axial electric
field.

It is assumed that the material functions of the gas
(such as drift velocity and ionization coefficients) are
determined entirely by the local reduced electric field,
E/N, where E is the electric field and N is the neutral gas
number density. I.owke and Davies have introduced the
concept of an "equilibrium distance" (d,q =D/W, ) to test
whether such local control obtains. According to this
test, if E is reasonably constant over a distance of the or-
der of d,q, the equilibrium coefficients should be ade-
quate. An application of this test showed that the equili-
brium assumption was valid throughout the discharge at
most times. The formulas used to represent the transport
coefficients are presented in Appendix A.

The continuity equations for electrons, positive ions,
and negative ions in one-dimensional form, including ioni-
zation, attachment, recombination, and electron diffusion
are
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where p(x) is the net charge density at x, r is the cylinder
radius, and the gap extends from x =0 to d. In applying
this equation, the electrode boundary conditions are im-
plemented by including "images" of the charge p(x) re-
flected appropriately at the surfaces of the perfectly con-
ducting electrodes. Morrow and Cram show how Eq.
(4) may be accurately represented by a simple operator
which, because it depends only on the electrode geometry,
is computed only once.

The initial Laplacian electric field is that due to a
sphere-plane electrode pair, with a succession of appropri-
ate image charges in the sphere and plane electrodes.
The Laplacian field is normalized to give the required
voltage using

V„=I Eldx, (5)

where Vz is the applied voltage, EL the Laplacian field,
and d the electrode spacing. The space-charge field is
added algebraically to the initial Laplacian field to give
the resultant field in the gap.

The continuity equation for electrons, Eq. (1), is second
order and therefore requires two boundary conditions. At
the anode (x =d), we set N, =0. At the cathode we set

N, (x =0)=N~+N,',

where Nf is the number of secondary electrons released by
photons and N,' the number of secondary electrons
released by ions. The number of photoelectrons emitted
at time t is

t —i' d
N, (x, t')

i
8', (x, t')

~

a*( x, t')Q( x) exp( —px)dx dt' .
0

Here, for the excited state considered p is the coeffi-
cient of absorption, r the lifetime, a* the excitation coef-
ficient, and yz the efficiency factor for release of pho-
toelectrons at the cathode. The quantity Q(x) is the solid
angle subtended at the cathode by the disk of charge at x.
The number of ion secondary electrons emitted at time t
is given by

N;(O, t)
i

W;(O, t)
i

N,'(O, t) =y,
W, O, t

where y; is the ion —secondary-emission coefficient.
The continuity equations for positive and negative ions,

Eqs. (2) and (3), are both first order and thus require only
one boundary condition each. We set N„(x =0)=0 and
Nz(x =d)=0. At absorbing boundaries the heavy parti-
cle densities are finite and determined by the flux from
the body of the discharge as discussed in Appendix B.

The current I in the external circuit due to the motion
of electrons and ions between the electrodes is calculated
using Sato's equation, modified to include negative ions
and electron diffusion.

B(DN, )
ELdx

Here Vz is the applied voltage and e the electron charge.
It will prove useful to discuss different phases of the

discharge in terms of the replenishment criterion, '

d X

y I Q(x)a(x)exp J [a(x') —q(x')]dx' dx & 1 .
0

(10)

This is an equilibrium criterion which determines the
possibility of a self-sustained discharge occurring for a
giuen field distribution. The criterion is applicable pro-
vided that the field changes slowly compared with the
transit time of electrons through the ionization region.
Ion secondaries are not included in the criterion because

B. Numen'ca1 techniques

The simultaneous Eqs. (1)—(4) were solved numerically
on a nonuniform mesh which had very fine spatial resolu-
tion in the cathode fall region, while grading to coarse but
adequate resolution near the anode. On this nonuniform
mesh, the convective and diffusive terms in Eqs. (1)—(3),
were computed using the explicit flux-corrected-transport
(FCT) algorithm and other techniques described by Mor-
row and Cram. ' " Further details of the numerical
methods are included in Appendix B.

The time step taken for the computations must be lim-
ited by the simultaneous action of the Courant-
Friedricks-l. ewy condition

Ax
(12)

and the von Neuman condition

hxAt& (13)

It has been found useful to further limit the time step so
that the relative change in the electric field in one time
step is everywhere less than 10%%uo. The time step is con-

ions do not reach the cathode in significant numbers until
well after the current rise and fall (cf. Fig. 5). In this case
it is photons which supply the secondary electrons to
make the pulse discharge current self-sustained. Howev-
er, in a sense the discharge is self-sustained over long
periods of time since the pulses repeat continuously
without an external source of secondary electrons, and it
is shown below that ions can provide the secondary elec-
trons for this longer time-scale process.

It is assumed that P, the light emitted by the discharge
at any position, is proportional to the ionization activity '

given as follows:

P(x, t)=N, (x, t)a(x, t)i W, (x, t)i
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tinuously adjusted to stay at 75% of the minimum step
defined by the above limits. The calculat'ions presented
here use 76000 time steps to follow the discharge for 213
ns.

The cathode is a 10-mm sphere with its center 25 mm
from an infinite-plane anode. The electrode gap is thus 20
mm and the surface of the sphere nearest the plane is de-
fined as the position x =0. A nonuniform mesh is de-
fined along the axis of symmetry of this system as the set

't2—

10

I-
X
kLI
CL
K 4—

x;=x; )+5x; (i =2,3, . . . , 181) . (14)

The variation in 6x; is summarized in Appendix C. The
discharge is considered to be an 8-mm-diam cylinder cen-
tered on the axis of symmetry of this system.

The accuracy and robustness of the numerical tech-
niques used in this paper have been extensively tested by
Morrow and Lowke, ' Morrow, and Morrow and
Cram. ' Tests included halving the time step, which
made an insignificant difference to the results, and halv-
ing the number of mesh points, which left all results
negligibly altered except for minor changes in the current
waveform after t =70 ns. This was due to lack of resolu-
tion of the cathode fall and plasma regions on the coarser
mesh. Charge conservation was monitored by comparing
the net charge inflow and outflow at the boundaries, in-
tegrated over time, with the net charge integrated over the
discharge gap, at a given time. Charge was conserved to
0.005%. The net charge in the gap was always negative
because of the release of secondary electrons from the
cathode.

III. RESULTS

A. Space-time development of the corona burst

The calculation was initiated at t =0 ns by the release
of 400 seed electrons at x=55 pm. The applied voltage
was —2900 V. The computed current in the external cir-
cuit is presented in Fig. 1. After an initial slow growth,
the current rises sharply, increasing from 10% to 90% of
its peak value ( —13 mA) in 11 ns. The pulse width at —,

of the pulse amplitude is -50 ns. Although the results
presented here describe the first 213 ns of the discharge,
extension of the calculations to 1300 ns showed a slow
and continuing decay of the current to 0.04 mA. It is
convenient and appropriate to divide our discussion in
terms of discharge phases as defined by the letters (2 F)—
in Fig. 1.

l. Current multiplication in the Poisson field phase-
During the "current multiplication in the Poisson field

phase, " from t=0 to 26 ns (3 to B in Fig. 1), electron
multiplication is the dominant process. There are no
space-charge or negative-ion effects. The discharge
current grows slowly as predicted by Aleksandrov and
observed by Bugge and Sigmond. ' ' At the end of this
phase, t =26 ns, space-charge effects have just started to
modify the electric field as shown in Figs. 2(a) and 2(b).
Near the cathode, the field is slightly enhanced while it is
somewhat depressed further out. This trend is also

0 A
I I

50
I

100
I ]

150 200
TlME(ns)

FIG. 1. Computed current in the external circuit vs time for
a negative point-plane gap.

predicted by Ogasawara's model of this phase. ' The
negative-ion number density is negligible throughout the
discharge.

At the end of this phase the light output has a weak,
diffuse form with a maximum centered at x=1.7 mm as
shown in Fig. 3. During this phase, the replenishment
criterion [Eq. (10)] is strongly satisfied, as shown in Fig.
4, and continuing discharge growth is ensured.

2. Field-collapse phase

During the "field-collapse phase, " from t=26 to 39 ns
(B to C in Fig. 1), the effect of space-charge growth pro-
gressively reduces the electric field towards zero in the re-
gion of 0.4 &x & 1.5 mm. Through this phase the
replenishment-criterion integral [Eq. (10)] declines sharply
towards unity, and consequently the current passes
through its maximum value. The number of secondary
electrons due to photons also rises to a maximum during
this phase, while the number of ion secondary electrons is
negligible, as shown in Fig. 5. The field near the cathode
is enhanced at the same time as the field in region
0.4&x & 1.5 mm tends to zero and a cathode fall region
starts to form Conseq. uently, we see a movement towards
the cathode of the peak in the electron density, positive-
ion density, and light output, as shown for t=35 ns in
Figs. 6(a), 7(a), and 3, respectively. The negative-ion den-
sity becomes significant but not dominant at t=35 ns
[Fig. 8(a)].

3. Cathode sheath formation phase

During the "cathode sheath formation phase, " from
t=39 to 70 ns (C to D in Fig. 1), a well-defined cathode
fall region develops and the current decays steadily from
its maximum value. The total number of electrons (and
positive ions) continues to rise until i-70 ns, and as the
space-charge control of the electric field intensifies, a
weH-defined "plasma" develops in the region 0.2 &x &2.0
mm. The term plasma is used for a quasineutral region
which excludes the field from its center ' [Fig. 2(b)]. The
reduction in the field causes the replenishment criterion
integral, Eq. (10), to fall below its critical value of unity
(Fig. 4). The discharge therefore progressively decays.
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O. 15—

0.1

0.05—

after a peak at -30 ns. The peak pulse height is larger
when attachment is absent because of the larger values of
net ionization, u'=a —g. The similarity between the at-
taching and nonattaching models in the early phases
shows that attachment is not important in controlling the
pulse rise and its initial decay (see also Davies et al. ).

However, in the nonattaching gas the "electron removal
phase" does not exist and the electrons move rapidly in
response to the initial quenching process. The electron
flow results in a current which rises towards a steady
value in a series of damped oscillations reflecting the back
and forth motion of the electric field in the cathode fall
region, as the field attains an equilibrium condition
without the damping effect of attachment. A detailed
description of the processes of corona onset in nonattach-
ing gases will be the subject of a future paper.
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FICx. 10. Position of the point of maximum light output vs

time plotted for comparison with the results of Ushida et al.
(Ref. 33).

described by Davies et al. ' However, in the present case
the plasma develops adjacent to the electrode and the light
output is associated with the narrowing of the cathode fall
region between the plasma and the electrode, whereas the
luminous front of a cathode-directed streamer is associat-
ed with the propagation of a high-field pulse to the
cathode. Thus in the present case the luminous front is
not a cathode directed streamer but is strictly a property
of the transient cathode sheath formation.
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FICJ. 11. Computed external circuit current vs time for the
same conditions as Fig. 1, but with attachment set equal to zero,

C. The role of attachment in the discharge

To clarify the important role of attachment in the
model we have artificially set the attachment coefficients
to zero and repeated the calculations. The results are
shown in Fig. 11. For the first 40 ns the current
waveform matches closely that found in the attaching gas,
with a short rise time and a similar rapid initial decay

D. The role of diffusion in the discharge

Electron diffusion is most important where the electric
field is relatively small and the density gradients steep.
These circumstances occur where electrons slow down
abruptly in the low-field region after moving through the
cathode fall region, such as at x=0.3 mm and t=70 ns in
Fig. 6(b). Electrons diffuse towards the cathode due to
this steep gradient and attach outside the low-field region
to form negative ions. Thus the negative-ion density in
the region 0.2&x &0.3 mm, shown in Fig. 8(b), is larger
than the electron density in that region, while elsewhere
the negative-ion density still lags behind the electron den-
sity. When the diffusion is set to zero electrons do not
move back towards the cathode and at t=70 ns the
negative-ion density is everywhere less than the electron
density; also the current amplitude is reduced by 10%, but
otherwise the current pulse shape and all other variables
are very similar. Diffusion therefore does not have a
dominant effect, although for fine grid spacings it does
seriously limit the time step via Eq. (13).

IV. DISCUSSION

This section draws together the ideas presented above to
develop a general picture of the mechanism of pulse for-
mation in negative corona. The discussion centers around
two observable quantities, the external circuit current and
the light output.

The current pulse discussed in Sec. III is the "first" Tri-
chel pulse in that, unlike subsequent pulses, the discharge
occurs in a region initially free of space charges. The ini-
tial rapid rise in the current is due entirely to electrons in
the undistorted high-field region near the point cathode.
A large number of electrons with high velocity are pro-
duced by ionization, giving a large current, according to
Eq. (9). The rapid current rise is not due to field enhance-
ment at the cathode, as postulated by Dancer et al. ,

' as
this field enhancement largely occurs during the initial
current decay.

It is of interest to examine the mechanisms for the rise
and fall of the current in the Trichel pulse. The transit
time for electrons over the sheath distance of the order of
0.04 cm is approximately 1 ns. This time is small com-
pared with the time to maximum pulse current of 40 ns,
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so that the electron-density distribution near the cath-
ode after 1 ns is approximately given by X,(x)
=X,(x =0)exp(ux). The increase in current then de-
pends on the variation in time of N, (x =0) at the boun-
dary rather than being given by N, (x, t)
=N, (x,0)exp(a Wt ).

This process is quite unlike a simple avalanche mecha-
nism because the feedback due to photoemission .and the
nonuniform electric field ensure that the rapid growth of
electron numbers is concentrated in the region near the
cathode. Thus although in principle Aleksandrov's mul-
tiple avalanche mechanism is embodied in our continuity
equations we need not consider the concept of a single-
electron avalanche in our theory.

There are a number of possible mechanisms for the de-
cay in current after the pulse maximum at 40 ns.

(a) Electrons could convert to negative ions as postulat-
ed by Loeb. ' But at 40 ns electrons are still the dominant
negative particle by an order of magnitude, see Figs. 6(b)
and 8(b).

(b) The principal electrons could move from the high-
field region near the point to the lower-field region away
from the point where they form negative ions, thus reduc-
ing the current, with negligible space-charge field distor-
tion. We believe that this is the reason for the decay in
the current pulse of Davies and Donne.

(c) Positive ions could be absorbed by the cathode and
reduce the space-charge field near the cathode and thus
the current. This mechanism was postulated by Dancer
et al. ' and indeed contributes to the current decay in our
calculations after 70 ns. But before 40 ns, the positive
ions have only moved -0.005 cm.

(d) The width of the cathode sheath can be reduced and
the field beyond the cathode sheath brought close to zero
by space-charge effects so that the replenishment criterion
is not satisfied; i.e., an electron from the cathode is not re-
placed by secondary emission effects during its transit
across the electrode space. (Note also that the majority of
electrons are immobilized in the low-field region. ) It is
this mechanism which was postulated by Trichel and is
the reason for the decay of current in our calculations
after 39 ns, see Figs. 2(b) and 4.

Thus in summary the current is quenched and decays
because a dense plasma, which may be termed a
"negative-glow" region, is formed and excludes the elec-
tric field from its center. Between the plasma and the
cathode, positive ions dominate the space charge to form
a prominent but narrow cathode sheath. The discharge is
then quenched because the replenishment criterion is not
satisfied. (Eventually E &E' everywhere and no net in-
crease in electron density is possible. ) The entire rise and
initial decay of the current pulse can therefore be viewed
as a process involving the formation of a transient
cathode sheath.

During the rise and initial fall of the current, electrons
dominate the current flow and electrons and positive ions
dominate the space-charge distribution. However, as the
current continues to decline, attachment leads to the for-
mation of negative ions, and these dominate the space-
charge distribution after —131 ns. Thus the elec-
tron —positive-ion plasma is converted into a plasma of

positive and negative ions. The low mobility of both
kinds of charge carrier then "freezes" the electric field in
this "switched-off" state.

The movement of the position of maximum light out-
put towards the cathode is related to the development of
the cathode sheath. The maximum light output follows
the contraction of the high-field region towards the
cathode.

The computed current in the external circuit (Fig. 1)
shows a typical Trichel-pulse shape very similar to that
measured by Bugge' in oxygen at 50 Torr with a small
radius cathode. The rise time of 11 ns and pulse width of
50 ns correspond well with the measurements of Bugge. '

The maximum current of 13 mA is larger than Bugge's
measurements, as expected for a larger-diameter point and
also for the first Trichel pulse compared with subsequent
pulses which occur in the presence of space charge from
the previous pulses.

V. CONCLUSIONS

We have demonstrated many of the principal mecha-
nisms responsible for the formation of negative corona
pulses in an electronegative gas. The current pulse shape
and light output history are adequately explained. The
theory explains the current pulse rise and decay in terms
of the time-dependent formation of a cathode sheath re-
gion. The theory has emphasized the importance of the
relatively wide "plasma" region which brings the electric
field close to zero over much of the cathode region. The
theory has also demonstrated the crucial role played by at-
tachment in converting electrons to negative ions, freezing
the electric field formation in place. Although previous
theories have hinted at these features, they have never
been the subject of rigorous computation.

Three-body attachment at low-field strengths plays an
important role in the model, and it is clearly important to
know this parameter accurately for calculations of this
type. Since the rate of three-body attachment is pressure
dependent, a study of pulsed corona discharges at dif-
ferent pressures could be very instructive.

It is shown that diffusion plays only a minor role in
current pulse formation. The replenishment criterion is
found to be a useful simple tool in understanding the dif-
ferent phases of the discharge and in predicting corona
onset voltages.

The importance of adequately resolving all of the
cathode phenomena in order to adequately describe the
current pulses is clearly shown. It is necessary to use a
variable mesh of points to resolve the cathode region, be-
cause of the finite number of points possible within com-
puters. The variable-mesh "flux-corrected-transport"
(FCT) algorithm has proved very accurate and stable for
this difficult problem.
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The calculations are performed using the material prop-
erties of oxygen at a pressure of 6.67 kPa (50 Torr),
presented here in SI units. The ionization and two-body
attachment coefficients were taken from Hake and
Phelps and Frommhold and represented as functions
of E/N as follows:

a/N=2. 124X10 exp( —6.2116X10 ' N/E) m

(Al)

The two-body attachment coefficient g2 was given by

r)2/N=2. 0X10 m for E/N~ 1.835X10 Vm

(A2)

and

ri2/N =5.032 X 10 (E/N ) m

for E/N & 1.835X 10 Vm . (A3)
An expression for the rate coefficient for three-body at-

tachment E,3 was developed from the data of Chanin
et al. , Grunberg, Rees, Nelson et al. , and Pack
et al. by Phelps: '

3 0X 10 6 ) (A4)1+[(E/N)/4. 0X 10 ']

This yields a three-body attachment coefficient per unit
length g3 as follows:

g, =N'rC. ,/ ~
W,

~

. (A5)

The two- and three-body attachment coefficients may be
combined to give a net coefficient

'9 =7l2+ xl3 ~ (A6)

The recombination coefficient P is taken to be the same
for ion-ion recombination as for electron-ion recombina-
tion

P=2.0X10 ' m s

The electron-diffusion coefficient is based on the survey
of electron-swarm data by Dutton and is represented as
follows: for E/X & 2.0)& 10 V m,

D/p, =1.343X10 (E/N) 3 4' V,
and for 2 X 10 '

& E/N & 1.23 X 10 V m,

D/p, =1.213X10 (E/N)' ' V,
while for E/2V & 1.23 ~ 10 o V m,

&/p, =1.519X10 (E/N) '' V,

(A8)

(A9)

(A10)

where p, is the electron mobility.
The mobilities p; of the positive and negative ions are
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APPENDIX A: PRESCRIPTION
OF THE TRANSPORT COEFFICIENTS

assumed to be equal and given by

p;=5.5X10 '(1/N) v 's 'm (A 1 1)

The electron drift velocity is taken from the data of
Hake and Phelps and Frommhold and is represented
by

W', =5.747X10' (E/N) "ms (A12)

Secondary emission processes are included by assuming
one excited state with a lifetime of &=10 s, efficiency
of emission @=10,and absorption range p=0 m
The ion secondary ionization coefficient y; was estimated
from the work of von Engel " as y; =0.01.

APPENDIX B: ADDITIONAL STABILITY CRITERIA

APPENDIX C: VARIABLE MESH DISTRIBUTION

The variable mesh is defined along the axis of symme-
try of the electrode system as the set

x; =x; ~+5x; (i=2, 3, . . . , 181), (Cl)

with the surface of the spherical cathode at x =-0 cm. It
is found that a very fine-mesh resolution of 6x; =4.17 pm
is required in the region 3.0&&10 (x; (4.5&(10 cm,
(i=38,39, . . . , 72), where the net charge reverses sign and
the electric field tends to zero. In the high-field region

An extensive account of the methods used in this study
has been given by Morrow and Cram. " The following
additional points were found to be important when the
electric field approaches zero due to space-charge effects
and also at the boundary.

(1) The FCT algorithm uses drift velocities m;+&~2
evaluated at points x;+&&2 lying midway between mesh
points. These velocities must be obtained using the value
of the electric field E;+,&2 computed at the midpoints.
The operator which implements Eq. (4) can be constructed
to yield the required field values.

(2) For stability and accuracy it is necessary to solve the
equations, including the source terms, using a method
which is second order in time. Intermediate solutions are
computed half a time step ahead, t+b, t/2, then using
source terms and velocities computed at t+ht/2 the
solution is advanced a full time step from t to t+ ht.

(3) At absorbing boundaries, for both positive and nega-
tive ions, the particle densities are not prescribed and
must be computed self-consistently. In the body of the
discharge the Phoenical "low-phase error" Shasta algo-
rithm is used. ' This is matched at the boundary to
give the flux into the boundary point using the simple ex-
plicit Shasta algorithm. Specifically we compute the
flux from the last grid point into the electrode using

AtNg W,„AX=-
Axg

where X~ is the density at the boundary and Ax& is the
grid spacing at the boundary. 8' „ is the particle velocity
linearly extrapolated from values within the plasma to
give a fictitious value at half a grid space beyond the
boundary.
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near the cathode, x; (3&&10 cm, this fine mesh would
unnecessarily limit the time step via Eq. (12); thus a
coarser mesh is used initially with 5x ~

——14.55 pm,
contracting towards the fine-mesh region using

5x;=0.96495x; i (i=3,4, . . . , 37). On the anode side of
the fine-mesh region the mesh is steadly expanded using
5x;=1.05235x; i (i=73,74, . . . , 181), until 5xisi ——0.103
cm and x&8I ——2.0 cIn.
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