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The logarithm of the quantum Boltzmann density py(X)=(X |e Py | X), where
Hy=p%/2m+V, is expressed as a cumulant expansion in powers of v=V —W, where
W (x)=V(X)+V'(X)(x —X)+ 5 V"(X)(x —X)* is the local quadratic approximant to ¥ (x) at the
point X. Where V"'(X)> 0, this expansion behaves “nonsecularly” as 3— o (all its terms ~ f3), and
thus remains a useful approximation scheme even as the temperature 3~'—0 (in that limit, it yields
Rayleigh-Schrodinger perturbation expansions of the ground state of Hy). By Taylor expanding
v(x) about X in the cumulant expansion, we obtain an expansion which is a resummation over
powers of V"'(X) of the Wigner-Kirkwood (WK) expansion of Inpy; this “renormalized” WK expan-
sion, whose coefficients are simple functions of ¥*'(X), is as simple to use as the ordinary WK ex-
pansion, yet more accurate where V''(X)=£0, and usable down to zero temperature where V''(X)>0
(yielding, in that limit, WK-type expansions for the ground state of Hy). In lowest order, it yields

an approximation initially proposed by Miller.

I. INTRODUCTION
The quantum Boltzmann density

2
prX)=(X|e """ | x), Hy:{;—i—V, (1.1)
where 8! is the temperature and Hy is the Hamiltonian
for a particle of mass m moving in one dimension over a
potential V(x), is of considerable practical importance,
but usually difficult to compute. Simple approximations
are thus most welcome. A basic approximation, valid in
the high-temperature limit (3—0) is the classical

pV,c](X)=‘;‘1T-I/2}._Ie —BV(X) , (1.2)
where
1/2
2
a= | BE (1.3)
2m

is the thermal wavelength (i.e., the de Broglie wavelength
at energy B~!). Various improvements to py,q have been
proposed,’ notably expansions of py(X), or of its loga-
rithm, in powers of # (Wigner-Kirkwood expansions),>—%
and classical path approximations.”3

In this paper, we obtain a new set of approximations by
applying cumulant expansion methods as used in the
theory of stochastic processes’ and the theory of relaxa-
tion.! We use the path-integral representation!! to facili-
tate our intuitive understanding. Our main result of prac-
tical interest is a resummation over powers of V"(X)
[V(x)=d*V /dx?] of the Wigner-Kirkwood (WK) expan-
sion, providing systematic corrections to an approxima-
tion initially proposed by Miller.” This “renormalized”
WK expansion has been succinctly presented elsewhere;!?
here we give the details of the derivation, and a more
elaborate physical discussion. The general approach fol-
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lows a previous paper.!?

We start from the observation that at high tempera-
tures, and also at low temperatures in certain cases, py(X)
is mostly determined by the values of V' (x) within a limit-
ed interval (Ax)y,gx around the point X. A useful ap-
proximation may thus be obtained by substituting for
V(x) another potential W (x), chosen such that
W (x)=V(x) inside the interval Ax, yet simple enough
that py (X) is known exactly, i.e.,

prX)=pwp(X) . (1.4)

Three different forms for W(x) naturally suggest them-
selves: (a) a constant, (b) a linear approximant, and (c) a
quadratic approximant. The first choice yields the classi-
cal approximation (1.2), while the other two yield approxi-
mations initially introduced by Miller.”

To obtain corrections to the approximation (1.4), the
straightforward procedure is to expand py(X) in powers
of the “perturbation”

vix)=Vx)—Wi(x) .

The terms of that expansion, however, behave secularly
(i.e., nth term ~pf" as B— o0, so that the expansion is
useless for getting approximations at low temperatures.

The difficulty is similar to that met in the theory of re-
laxation,'® and the same solution obtains; viz., expand
Inpy(X), rather than py(X), in powers of v, thereby get-
ting a cumulant expansion.!®!* Because of the properties
of cumulants, that expansion behaves properly (all terms
~P) as B— wo, provided the ground state of Hy is isolat-
ed. The latter condition assures that the stochastic pro-
cesses associated with py(X) have finite memories. In the
limit B— oo, the above cumulant expansion in powers of v
becomes the Rayleigh-Schrodinger perturbation expansion
of 21n¢%(X)—BEY, where ¢%(x) and EJ are the ground-
state wave function and energy of H."
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The terms of the cumulant expansion are of the form
© T
f_ d’ v(x)v(xy) - v(x,,)f0 d"t Pi(xy,t1;. - 3Xnsty)
(1.5)

(T =p#) where the functions P; are combinations of
propagators over the potential W (x). With W (x) given
by one of the three choices indicated earlier [ W(x) at
most quadratic in x], the functions Py are known in
closed form. The integrals (1.5), however, can be evaluat-
ed in closed form only if v(x) is a polynomial in x. Oth-
erwise, (1.5) must be evaluated numerically; although this
is not impracticable for the lowest-order terms, much of
the simplicity of the initial approximation (1.4) (known
exactly) is lost.

But the fact that (1.5) is exactly calculable for v(x) a

polynomial suggests that closed-form corrections to (1.4)
be gotten by Taylor-series expanding each factor v(x;)
about X in (1.5). We thereby get a generalized Wigner-
Kirkwood type of expansion of Inpy,(X). In the case
W (x)=const, this is the ordinary WK expansion®~% in
powers, formally, of

AXd/dX)* and BV(X). (1.6)

Because A and S tend to infinity as the temperature tends
to zero, this expansion is not usable at low temperatures.
However, in the case where W (x) is a quadratic approxi-
mant, the above procedure yields a renormalized WK ex-
pansion (i.e., a partial resummation of the ordinary WK
expansion) which is in powers of

AXd/dX)* and BV(X), (1.7)

where the renormalized parameters A and % tend to A
and B as B—O0, but stay finite as S— o, provided
V'(X)>0. This expansion, whose coefficients are simple
functions of V''(X), is as simple to use as the ordinary
WK expansion, yet more accurate [where V’'(X)+0], and
applicable down to zero temperature where V''(X)>0. It
is our main result of practical interest.

The above treatment could be extended to the case of
more than one dimension and to nondiagonal elements of
the thermal density matrix

pr(X,X)=(X"|e P | Xx) . (1.8)
The evaluation of the terms of the resummed WK expan-
sion would then be much more involved, however. For-
mulas for the terms of the ordinary WK expansion in this
general context have recently been given in Ref. 5, and in
Ref. 6 if a magnetic field is present.

In Sec. II, we motivate in a heuristic manner the ap-
proximation py=py where W(x) is a local approximant
to V(x). In Secs. III and IV, the direct and cumulant ex-
pansions of py(X) in powers of ¥V — W are written down
and analyzed. In Sec. V, we study some general features
pertaining to the cases where W(x) is quadratic. In Sec.
VI, the generalized Wigner-Kirkwood expansions are con-
structed. The specific cases where W (x) is a constant, a
linear approximant and a quadratic approximant are
treated in Secs. VII, VIII, and IX, respectively. We end
with a short discussion in Sec. X, pointing out that many

of the results obtained also apply to the nondiagonal ele-
ments of the density matrix (1.8), provided some trivial
modifications are done. An appendix contains technical
details.

II. APPROXIMATIONS TO py(X)
VIA LOCAL APPROXIMANTS TO V(x)

Classically, the relative probability for a particle over a
potential ¥(x) to be found at the point X is given by the
Boltzmann factor e #"®) and depends solely on the
value of V(x) at the point X. By contrast, the quantum
py(X) is influenced by the values of V(x) everywhere, as
evidenced by its path-integral representation”!!

—# 18, [x(0)]

X,T
pyX)= [ Dx(t)e , T=ph @.1)

where the functional

T 1 . 2
sy[xm]zfo dt[ +mx ()2 + V(x ()] 2.2)

is the action for motion over minus the potential V(x),
and the integral (2.1) is over all paths x (z), 0<¢ < T, with
x(0)=x(T)=X.

However, at high temperatures, and also at low tem-
peratures in certain cases, it is essentially the values of
V(x) inside a limited interval (Ax)y gy about X which
determine py(X). Indeed, at large temperatures, the time
T in (2.1) is small, so that trajectories which wander far
from X must have large kinetic energies,!! whence small
weights e ~5/% the interval Ax is here determined mostly
by the kinetic part of the action, and a rough estimate
may be gotten from the uncertainty relation Ap Ax =7
with (Ap)?/(2m)=B~!, yielding Ax =(B#/2m)/>=A.
In the high-temperature limit S—0, Ax shrinks to zero
and the classical approximation (1.2) obtains.

At low temperatures, the time T is large, so that the ki-
net%c part of the action is small [note that
fo dt x(t)>~T~1]; here it is mostly the potential part
the action which determines Ax, which thus consists
mostly of regions “downhill” of X. If X is near a
minimum of V(x), then Ax is again a relatively small in-
terval around X.

The above suggest that if W (x) is another potential
such that B| W(x)—V(x)| <<1 for x € Ax, then one can
approximate pp(X)=py(X). This will be of practical
utility if the local approximant W (x) is such that py (x)
is known exactly. Three different such choices of W(x)
will be considered (see Fig. 1). (a) The simplest choice is
the constant approximant

wWi(x)=V(X) (2.3a)

(the superscript f is for “free particle;” the subscript X,
emphasizing the dependence on X, will usually be omitted
to simplify notation); this yields the classical approxima-
tion [Eq. (1.2)]

p{/O(X)Epr(X)—':%77_-1/2)\«—18—BV(X) . (2.4)
The superscript O indicates that this approximation is of
zeroth order in the “perturbation” v/(x)=V(x)— W/(x);
higher-order approximations p{,"(X ), n=1,2,... will be
constructed later on. (b) The linear approximant
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Whix)=V(X)+V'(X)(x —X) (2.3b)
yields the approximation
PYX)=p,AX)
=37 27" exp[ — BV (X)+ 1, BAA2V'(X)?] .
(2.5)

(c) The quadratic approximant
W)=V (X)+V'(X)(x —X)+ rmaoy(x —X)?,
(2.3¢)
0¥x=V"(X)/m

yields the approximation

172

1~ —_
> 1/27\, 1

sinhQ

o if Q< —m?

Po(x)=(x |e_BH“’ [x)=

is the quantum Boltzmann density for the harmonic oscil-
lator

2
H,=2 4V, V,x)=tmw??. (2.8)
2m
In (2.6), the argument
AX=V'X)/V'(X)=X —x, (2.9)

is the distance between the point X and the bottom, or
top, x,, of the harmonic approximant (2.3c) (see Fig. 1).
When V''(X) is negative, » is imaginary and the hyperbol-
ic functions in (2.7) become circular functions; if, more-
over,

Q2= (Bhiwy)?=2\BV"(X) < —1°

then (2.6)-(2.7) diverges and cannot be used.

The approximations (2.5) and (2.6) were proposed by
Miller.”> Approximation (2.6) may, unlike (2.4) and
(2.5), be expected to often be usable down to zero tempera-
ture, since py(X) then concentrates near the bottom of

. J

(2.10)

FIG. 1. Potential ¥ (x) and its constant, linear, and quadratic
approximants at X.

PV X)=p . X)=p, (AX), (2.6)

where (setting Q) = Bfiw, X=x /A)

exp[ — 7 X 2Qtanh(+ Q)] if Q%> —7?

2.7

I

V(x), where the latter is usually well approached by its
harmonic approximant.’

III. EXPANSION IN POWERS OF V — W
Introducing V =W v into (2.1), we rewrite it as
T
pV(X)=pW(X)<exp [_ﬁ-l [, drozo) ]> , G
w

where the averaging operation { )y is defined by'®

XT
Jxo @x(t)e

X, T
S0 Dx e

=1
#i SW[x(t)]F[x(t)]

—#~1Sy [x(1)]

(F[f(t)])wz (3.2)

for any functional F[x ()] (we shall usually omit the sub-
script W on { ) when there is no risk of ambiguity). The
statistical average (3.2) completely characterizes the sto-
chastic process® %(t) (random variables and processes will
always be identified with a caret). Expanding the ex-
ponential in (3.1), we obtain the “perturbation expansion™

T T
prX)=pw(X) [1~#71 [ [at(5(0) y+ 3572 [ dty [ dty(00)9(6) o+ -

(3.3a)
T 0 T
=pw(X) [1—ﬁ-1f0 dt [ dxvxPix0+ 572 [ d [ d*x v(x v (x)Py(x1,t3X0,00)+ <+ |, (3.3b)
. T
where we use the abbreviations Po(xq,t15. o 3Xpsty)
T T T T
fo d"t= fo dt]fo dty -+ fo dt, ,

=Prob{X(#;)=x;, i=1,2,...,n} (3.4)

[arm= " as- " s,
D(t)=v(X(2)) .

In (3.3b), we introduced the joint probability densities

=(8(5E(t1)——x1)8(5c\(t2)——x2) tee 8(55(t,1)—x,,))
(3.4)
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_ (X,0]|x1,t1)(x1,81 | X2,82) * = Xy, 2, | X, T)
- (X,0|X,T) )

(3.5)

In (3.5) we assumed 0<?y <t < *** <t, <T, and denot-
ed by

—(t"—t")Hyy /i

|x") (3.6)
—Sylx(01/# (3.6)

<x',t'[x",t"):<x']e
x",t"
=f, . Dx(te
x',t

the relative probability for a path to go through x” at
time ¢",if it was at x' at ¢’. We have

(F(R(t1),...,%(2,)))

=fd”xF(x1, e X )Py (X 5t s X t,)  (3.7)
for any function F(x;,...,x,), and (abbreviating
Xi,t;=1)
f:odij,,(l;...;n)

=P, (1;...;j—Lj+1;...5n), j=12,...,n

(3.8)
[ d™xP,({x;,t;))=1.

A typical P;(x,t) is shown in Fig. 2. Using an overbar to
indicate time averaging, i.e.,

—_—_— T T
f(tl,...,t,,)ET“"fo dty o [Cdtflt, .t

(3.9)
we denote, for any functioni F(xqy...,x,),
(F(Ry, ..., %))
=(F(X(ty),...,%(t,)))
= [ d%Fxi,. . x) P, %), (310)

where the time-averaged density
|

pr(X)=pr(X)[1—BLv ()N + 7B LR Ww(E) N + - -+ ]

=pw(X) [1—dex 0(x)P1(x)+ 52 [ dxy [ dxy0(x )0 (x2) Py, x5) + - - -

At first glance, one would expect to improve the ap-
proximation py=pyp by truncating expansion (3.3) later
than its first term. This, however, is true only at high
temperatures; at low temperatures, the “secular” behavior
(where ~ means “of roughly the same size as”)

T
S, dmtdo(e)0() - - 5(8,)) ~T"

KoE 0 (E) - v EIN~ [0 | 97 |F (3.12)

— 60

i.e., the fact that (3.3) is roughly in powers of
B |v(®)| M w, renders that expansion useless when 3 is
large.

X ’,_—-'T“\\
‘r /,’ A Suexirot
. ___l._~ XY \\\
D Rt <
S I N (ax), .,

/ t B .
b | P

x o SO T I

FIG. 2. Shape of the densities P;(x,?) and & (x) for the case
W (x)=W/x) linear in x. Note that P(x,t)—8(x) as t—0 or
t—T. Dashed curves in the (x,t) plane in both (a) and (b) are
the maximum value and (maximum value)/e contours of P(x,t)
[i.e., the middle curve is xé;( t), and the other two are
x5 () 20! (t) (see Sec. V)]. Dotted curve in the (z,x) plane in (a)
is z =2 (x), and the full curve in the plane t =6 is z =P (x,0).
[The dashed contours in (a) and (b), and the corresponding
values of P(x,t), are calculated; the other values of P;(x,?), and
the curve z = 2 |(x), are rough estimates.]

Pu(X1y .o 3 Xy ) =Py (X 1,815 .. 3Xpsty)

=<<11:118(£i—x,~)>)

is obviously symmetric in its arguments, and satisfies rela-
tions similar to (3.8). Equations (3.3) may then be written
as

(3.11)

(3.3¢)

(3.3d)

T
The situation is similar to that met in the theory of re-

laxation.!® There, the remedy is to perform a cumulant
expansion,14 which is “nonsecular,” provided that the sto-
chastic processes involved have finite memories. But this
is also the case here if the ground state of Hy, is isolated,
the memory of the stochastic process {%(¢),{ )y} then
being :

Tw=H#/AEY , (3.13)

where AEj, is the energy gap between the ground and
first excited states of Hyy; indeed we have, from (3.6) (¢7,
and Ej; the eigenstates and energies of Hy ),
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('8 | x" 1"y = S (x Wl (x e~ TR Py(1;...5n)=Pp(1;...;m)Py_p(m +1;...5n)
" if |typ1—tm | >Tw, n>2, m=2,...,n—1 (3.14)
(" RO . . . . . .
=¢%(x) ¢(;V (x")e (" —t")Ey, /fi ;ngslg the habitual characterization of a finite memory

for |t —t'| s>%/A Eg} IV. CUMULANT EXPANSIONS

Expanding In{exp[ f dt9(¢)]) in powers of v, we
from which we readily deduce (abbreviating x;,t; =i) rewrite (3.1) as

pr(X)=pw(X)exp [<exp [_ﬁ—lfont D(2) ] —l>cm ]

T T T
=pw(X)exp [——ﬁ“lfo dt{o(0) + 5472 [ty [ dtr (8121082 ey + - ] , (4.12)
© ) T
=pw(X)exp [—ﬁ“font [ dxvoPix 0+ 772 [ d% [dPx 0y o Gep)PS e txa, )+ o |, (41D)
| .
where ( )., denotes the cumulant “average”,'%i.e., or, in terms of the densities P, [Eq. (3.4)],
(D) epo)= (D), (D182Vepuy=(0102) —(D1)(B2) Pilx,)=P(x,1),
(123), = (123) — (12)(3) —(1)(23) P3(1,2)=P2(1,2)=Pi(DP1(2) , s
—(13)(2)+2(1){2)(3), (4.2)  P5(1,2,3)=P;3(1,2,3)—P(1)P5(2,3)—P,(1,2)P(3)

—P,(1,3)P1(2)+2P(1)P(2)P(3) ,

The brackets { } contain the cumulant arguments, i.e., the
variables with respect to which the cumulants are built
(e.g., if i)\l =5C\2 and /132 =5C\, then (ﬁ]i)\g >c{v} = (i)\]i)\z)
- <l<,)\l )2<>i);2 >>= (-7?(3 ))"3' (f2><f), while (l’)\lﬁz >c{x} = (.*\3)
—3(x%){x)+2(x)°). In cases where the cumulant ar- n . n .

guments are the blocks of all similarly indexed factors, we <_I_I]f"(xu"))>cm = fd”x __I—[lfi(x" P ({x:,8:}) - .5
shall also use the notation )C*; e.g., = =

For any set of functions f;(x), we have

(£15,91) «=(£:%,91) In general, we shall append a subscript or superscript ¢
1FV e ¥V Telxipxy) to identify objects constructed with the cumulant algo-
=(R1%91)— (X 91)(%y), rithm (4.2) or (4.4') from an initial family of objects. For
example,
n /\m; n /\mi
<Hxi > *=<Hx,- > ’ 4.3) DXty e ooy Xg)=PE(X 15815 o 3 Xnyty)
i=1 c i= c{x™} '
(@) =(TTss0) .
(X; — (X; . - PN
ot e NS e <<,-I;[18(xi i )>>c{8] “6)
In (4.1b), we introduced cumulant “densities” is related to the time-averaged densities &, [Eq. (3.11)] in

the same manner as Pj is related to the P,, and Eq. (4.1)
>c (4.4) may be written

n
Pieustis- it =(T[8R () —x)
i=1

pr(X)=py(X)exp[ — B (£) ) + 3B Cv(Z (X)) N o+ -+ ] i
=pw(X)exp [“dexu(x>ﬂﬁ<x)+%32fdx1fdxzv(xl)v(xz)gfg(xl,xZH - ] ) @1
‘ oo
We have [compare (3.8)] f_wdij,f(xl,tl; e Xty )=0
. f::odxj,@fl(xl,...,xn)=0 1—1,2, L, n>2.

[Faxpixn=1, [~ ax7ix=1; @.7) (4.8b)
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Equations (4.8) follow from the basic property of cumu-
lants of vanishing if their arguments separate into two or
more independent subsets:'® thus, e.g.,

dx (TI8((6) —x; =’in8’\t,-——,->
[ axi (1560 X)>cm (irTsc) )

i=1 i=2

they imply that the £}, n >2, assume both positive and
|

(D(21)0(23) * + + D(1,) ) e} —0

Pi(xq,t1;...3%X,,t,)—0

since when (t,—t,)>>n7y, there is at least one gap
(tj 41—1;) > 7w, i.e., the set {X(z;),...,%(2,)]} separates
into at least two mutually independent subsets. The fact
that the quantities in (4.9) are sizable only if the times
ty,...,t, are clustered together implies [compare (3.12)]

T
L, dmeot)8(e5) - - 8(8)) oy ~ T
((U(J?l )0(56\2) Tt U(fn)»c{v]
~ (T /T Ju(R) | D"

T——)oo

(4.10)

Hence, when 7y is finite, all the terms of the cumulant
expansion (4.1) grow linearly with B8 as B— o, so that
(4.1) stays a usable perturbation expansion even as the
temperature S~ '—0. In that limit, it becomes the
Rayleigh-Schrédinger expansion of 21n¢?/(X )—BEY, as is
clear from considering

pr(X)=S[#(X)2e PV

0
_BEV

—[¢%(X) e as B— oo , (4.11)

where ¢7(x) and E} are the eigenstates and energies of
Hy.

For discussion purposes, it is convenient to combine
(4.10) with the corresponding relation for small T as [gen-
eralizing to any set {f;(x)}]

«E,f "(’?"’»d ,;‘ﬂ//f)"“fl« £

i=1

(4.12)

where & is a (smooth) function of B chosen such that
B —-pB as B—0 and # —>71y/fi as B— o; a natural
choice is

—BHy,

B—1=Ep p=Tr(Hye 7" /Tre P _w,, (413

where EW”B is the mean thermal energy measured relative
to the bottom W,Bin of W(x) (we indeed have E ~B~! as
B—0 and E~Ep — W =AE)=%/1y as B—w). In
the quadratic case (2.3c), we have (for o real)

+Hw as f— o

E,, p= 3% coth(5Bfiw)—
B! as B—0.

(4.14)

' fort,—t;>nty (0<t; <t, < -+ <t, <T)
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negative values. We therefore expect the cumulant in-
tegrals in (4.1d) to usually be less, due to the oscillations
of #¢(xy,...,x,), than the moment integrals in (3.3d)
[note that & ,(x,, . ..,x,)>0], and accordingly approxi-
mations obtained by truncating the cumulant expansion
(4.1) to be better than approximations obtained by trun-
cating the moment expansion (3.3).

But more importantly, in the cases where the stochastic
process {X(2),{ Yy} has a finite memory 7y, the basic
property of cumulants mentioned above implies that

(4.9)

.
Equation (4.12) can be made to also cover the infinite
memory cases if we define more generally

B = Ey s if Ejy is isolated
B otherwise . (4.15)

According to (4.12), the cumulant expansion (4.1) is
roughly in powers of Z { |v(x)]| ).

V. GAUSSIAN CASES

When the potential W (x) is at most quadratic in x, the
densities P, and P; are exactly calculable, and have re-
markable properties. For studying these, it is convenient
to introduce an auxiliary stochastic process.

A. The process {$(2),{ Y]}

We shall denote by x:}’ (x',t';x"",t";t) the classical tra-
jectory from (x',t’) to (x",t”) over minus the potential
W (x). Let us denote concisely by

xd(t)zxg/(X,O;X,T;t)
the classical trajectory from (X,0) to (X, T), and set
P()=x(t)—xy(2) . (5.1

We identify with a tilde the average over the stochastic
process $(1); thus,

(F[H()]) =(F[R(t)—xq(1)]) ,

(5.2)
(FI[R(0)]) ={(Flxq()+9()])"
for any functional F[ ]. Equivalently,
o,T )
- Dy(t) Fly(2)
<F[ﬁ<t>]>=f°’° AL ([)y] L 63
Ty e W
fo,o Y

where the integrals are over all paths y(z), 0<z <7, with
y(0)=y(T)=0 [compare (3.2)], and the (time-dependent)

potential
W(y,0)=W(xq()+y)— W(xa(£) —yW'(xq(®) .  (5.4)

We associate with the process {$(¢),{ )3} the same ob-
jects and operations, identified with tildes (P,, Z,,
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« W, etc.) as were associated with X (z); the tilded densi-
ties possess all the properties of their untilded counter-
parts [(3.8), (4.7), (4.8), etc.].

In view of (5.2), the densities P,({x;,;}) are expressible
in terms of the densities P,({y;,t;}) as

P, ({x;,t;))=Pp({x; —xa(t;),t;}) . (5.5)
Also, for any function F(x, . ..,xX,)
(FUER DN =LF({xalt)+5: PN~
= [d"y F({xalt)+p:DPullpiti}) . (5.6)

In the special cases where x.(#)=X is stationary, the
time-integrated density &, is simply expressible in terms
of &, (but not otherwise), and we have

Pou(Xty .3 Xg)=Py(x1—X, ..., x,—X),

(5.7a)

(FRy, ..., 200 = [d FUX 4+ NP1, 90) -

(5.7v)

B. W (x) quadratic

We now consider features specific to the cases where
W (x) is quadratic. Henceforth, in this section, all quanti-
ties refer to the potential

W(x)=a +bx ++mw’x? Wy =+moly?. (5.8)
Here W(y) [Eq. (5.4)] is free of x(t), implying that the
operation { )~ [Eq. (5.3)] is independent of X and of the
constants @ and b.

With W (x) quadratic, the propagator (3.6) is given by'®

12
%Sy

g "o\ —1/72
(x ’t |x ’t >_(277-h) axraxu

Xexp[ —# 1S y(x",t";x",t'")], (5.9)

Sq(x'tx",t")=S[xX(x",t;x",t";1)] . (5.10)
More precisely, (5.9) holds if the classical trajectory mini-
mizes the action S, i.e., if S is bounded below; otherwise,
(x',t"|x",t") is infinite.

The classical action (5.10) is a quadratic form in x’ and

x". It then follows from (5.9) and (3.5) that the densitiesI

(ﬁ[ﬁ(n)}"’")* ~o
i=1 cfy™}

am A"’z my
€91'927 9" M ym=0

z m; odd

i=1

1. Discussion

The probability density P;(x,z)=Prob{X(¢)=x} may
be written in the suggestive form
Pi(x,t)=m"20(t)"lexp{ —[x —xq()2/0(t)?} , (5.17)

where the “thermal quantum dispersion function”

or {m

P,({x;,t;}) are exponentials of quadratic forms in the x;;
this defines X(¢) as a Gaussian stochastic process.”'® A

basic property of such processes is that
(R(2)R(23) * + - (1)) ex)=0 forn>3.

The densities P, (for W quadratic, again) are easily
shown to have the expressions

(5.11)

ﬁn(YIytl; LI ;ynytn)

n
_,n.-—n/Z(detnA)l/Zexp _ E nAiiin

n
- 22 "Aii s Wiig1 | s
i=1

(5.12)

where "4 is a symmetric matrix of elements (we set £=0,
ty+1=T, Yo=yn +1=0, and abbreviate y;,; =1i)

2 ~ ~
nA,,:%ﬁ_l"‘a—z‘[Scl(l~1,l)+Scl(l,l+l)] N
ay;
(5.13)
"A;i1="4; -—lrz-‘————az Salizi+1)
Li+1— i+1,i 2 ayia Vi 41 cl\és )

and Sy(y',t";y",t") is the classical action from (y’,t') to
(p",t") over the potentlal — W(y). The elements of the
matrix "4 not displayed in (5.13) are zero. Note that "4
does not depend on the y;, since the classical actions are
quadratic in the latter.

The Gaussian densities P, [Eq. (5.12)], and also their
time integrals 2 ,, have the symmetry

Pul=yitis o5 =Ymot)) =Puy 1,815 i¥notn)
_ _ (5.14)
'@n('—yb-~-;‘_yn)='@n(yly~--’yn)
implying
n N m,\ ~
(™) = \
i=1 for 3 m; odd . (5.15)
«y "'1A"'2 j,\:'"n »"____o i=1

The associated cumulant densities P ¢ and 2 ¢ inherit the
symmetry (5.14), whence relations similar to (5.15); com-
bining these with the Gaussian property (5.11), we have

(5.16)

o(t)="417;""?is given by

[o()]2=5#"" a 3 [Sc,(O 0;x,8)+Sq(x,2;0,7)] .
(5.18)

A typical shape of P;(x,t) was shown in Fig. 2. We shall
denote
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k= max |[xy(t)—X| , A= max |o(t)| . (5.19)
0<t<T 0<t<T
These may be regarded as two components of the interval
(Ax)w,g x (discussed in Sec. II) spanned by the thermal
quantum wanderings over the potential W(x): « is the
extension of the mean wandering, and A the dispersion
about that mean [see Fig. 2(b)]. ‘
The densities P,(x,t;;...;X,,t,) are centered about
(xq(21), ... ,xa(2,)), and of extent roughly A in each x;.
Let us consider [y; =x; —x(¢;)]

Py(x1,t13%0,t5)= 7 (det24 )12

2Y3) .
(5.20)

Xexp(—241197 —224,y,y,—24

Because P, is integrable [Eq. (3.8)], the curves in the
(x1,x3) plane corresponding to constant values of the ex-
ponent in (5.20), i.e., the contours of P,, must be ellipses
[see Fig. 3(a)] (if they were parabolas or hyperbolas, P,
would not be integrable). These ellipses are centered at
(xq(t1),x4(2,)), and tllted relative to the xl and X, axes
due to the cross term 24,y,y,; because 24,, <0 in gen-
eral [see Egs. (7.3) and (9.11)], the major axes point from
the — — to the + + quadrants of the (y,,y,) plane.

Thus, P,(x1,t1;X,,t,) is maximum when x; and x, lie
on the classical trajectory x4(X,0;X,T;t). As x; and x,
depart from x, P, decreases, faster if x, and x, are on
opposite sides of x (because trajectories passing through
x1 and x, must then have larger kinetic energies, hence
smaller weights), and slower if x; and x, are on the same
side of x; that is, x; and x, are correlated (due to 24 ,).

The cumulant “density” P5(x,t;x,,¢,) [Eq. (4.4)] [see
Fig. 3(b)] is a measure of this correlation, being the differ-
ence between P,(xy,t;x,,¢,) and the uncorrelated prod-
uct Py(xy,t1)Pi(x;,1,), whose contours are ellipses with
axes parallel to the x| and x, axes [Fig. 3(a)].

VI. GENERALIZED WIGNER-KIRKWOOD
EXPANSION

Let us introduce the dimensionless quantities [see
(5.19)]

2()=P(t) /A, Axy(t)=[xy4(t)—X]/k . (6.1)

We identify with an acute accent (’) the statistical aver-
ages, densities, etc., associated with the process 2(z); we

have, e.g.,
pn({zi’ti})=Anﬁn({Azi,ti}) )
(6.2)

4

'@n({zi}):A"'@n({Azi})

>im
(—pB)" A
b -

n! (>0}

pr(X)=py(X)exp i

n=1

Hmyn[vl (t )]
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FIG. 3. Contours of P,(y,,t1;y,,5,), P 11,t1)P1(py,15), and

Py t1;92,12) for the case W(x)=0, at t,=T/3, t,=2T/3
(A=1). (a) Full ellipses are contours of P,( Y1,t1;Y2,12), dashed
circles are contours of P,(yy,t;)P( ¥2,t2). For the special values
of t,t, chosen here, the contours of P, are tilted by 45°, and the
contours of P, P, are circles (in general, the tilt of P, can be any
angle, and the contours of PP, are ellipses with axes parallel to
the yi,y, axes). At (0,0), P,=0.41 and P,P,=0.36. (b) Con-
tours of 1‘52( Yi,.t1;¥2,82) [ie., the difference of the contours in
(a)]. Solid curves are positive values, dashed curves negative
values; the long-dashed hyperbola, whose asymptotes are the
dotted straight lines, is P $=0. [The curve P5=0, and the
minima and maxima, are calculated; the other (approximate)
contours were deduced from the intersections of the contours of
P, and PP, in a denser version of (a).]

Using (5.6) in the form

({01, (s
i clv i cfv}

in (4.1c), and Taylor series expanding in powers of A, we
get

(6.3)

(6.4)

(ﬁmt,-)]'"");*

i=1

=pw(X)exp{ —Bvg(t)— 5+ A Bv i (£){5(2)?)' —

o (t)va(t)(2(1)2(8) Y ]+ - - - ),

(6.4")
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(v™=d™v/dx™) where we denote

va'()=v"(x4(1))=v"™(X +K Ax 4(1)) . (6.5)
Equation (6.4') pertains only to the case of W (x) quadratic, as we invoked (5.16) to eliminate a number of terms of (6.4);
in particular, only even powers of A appear [by (5.15) also, a number of cumulants have become ordinary moments, e.g.,
(2(21)2(1) ) =(2(21)2(;))']. The cumulants {JT;[2(z 1™ ).« are all calculable in closed form (for W quadratic).
Since the dispersion of the process $(¢) is of order A, that of 2(z) is of order 1, so that by (4.12), expansion (6.4) may be
viewed as in powers of A%(d /dx)* and Zv(x). Note the intuitively appealing “classical path” approximation
—Bolxg(0)

priX)=pw(Xe (6.6)
. We now expand each vg’(¢) in (6.4) in powers of «; we get
e (—p)" b pRL ("’"" (X) n '
pr(X)=pw(Xlexp | 3, — > A iy iriH ; H[Axcl )] <H[2\(t,~)]mi>
n=1 " (m3r,>0} i=1 mlrt =1 c*
=pw(X)exp{ —Bv(X)—kBv"(X)Ax4(t) — + A} Bv"(X){[£() P ) — B"(X)*(5(t,)2(t,) )]
— 1B (X[ Bx (O — -t B (X[ Bx g ()T
— KA B (X)Ax () [2(1)]? ) —2B%'v" Ax 4 (2)(E (£ )2(t) ) ]+ -+ } . 6.7)

[
Since | Ax4(t)| <1, this expansion may be viewed as in Where A is the thermal wavelength (1.3). Thus, /=0,

powers of Af=\. The elements of the matrix 247 [Eq. (5.13)] are
fi
k(d/dX), AHd/dX?, Bv(X). 68 ~ Tornzt)
Tt
241, =%7L"2——————2 ,
VIL. THE CASE W (x)=V(X) 1ty —ty)
In this  section we  consider the  case 244 -—l}rl_ﬂ.ﬂ_ (7.3
’ 2=y T o n—n) &

W(x)=W/(x)=V(X). The classical action from (x’,t’)
to (x",t"") over the potential — W /(x)=0 [see (5.4)] is

Shxtx" ") =+m(x"—x")? /(1" — £ (7.1

I =_lk~2_.._T__
4 (ty—ty)
Note that the “correlation coefficient” 244, (see Sec.

VB 1) does not become much smaller than 244, and 244,
as |t,—t; | — 0, i.e., the stochastic process % /(¢) has an

The classical trajectory from (X,0) to (X T) is just
x/(1)=X, and the thermal quantum dispersion functlon

[Eq. (5.18)] infinite memory.
Th lant ion (4.1d be writt i
(0 =2A[¢(T —0)/T*]2 , 12 namd 6] oo (1 maybewritten as [using
|
pV(X)=—;'1r"1/2k'lexp[—ﬁfdz VX +AP{(2)+ 5B [ dzy [ dzo0(X +hz v (X +Az) Pz1z0)+ - | . (T4)

|
We denote by p}"(X) the cumulant approx1mat10n of order The dimensionless density

n in v. The zeroth-order approximation p}’(X) is just the fiov_ 1 _—ap (! _12
classical approximation (2.4). The first-order approxima- PHa)=3m f o Bslsl —s)]
tion may be written in the intuitively appealing form Xexp{ —+z2/[s(1—5)]} 1.7
Loyy_ L _—1/23 —1,—BV(X)
pPX =571l ’ (75 is more or less similar’® to the Gaussian (3 /27)!/2% =3%%/2,
where The approximation (7.5) is analogous to the classical ap-

_ , proximation (2.4), but with V(X) replaced by its average
VX)=(V )N = f dz V(X +12)2{(2) . (7.6)  over the “zeroth-order” thermal quantum wandering
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% /(t), which amounts to a local average over a spread A.
This allows one to visualize nicely how the quantum ef-
fects alter py, (X) (see Fig. 4).

The approximation (7.5) may be hoped to usually be a
substantial improvement over py (X), for the terms
neglected in expansion (7.4) are expected to be relatively
small, not only on account of their higher order in v, but
also because of the oscillatory nature of the densities
P (n>2). For example, let V(x)= —mco 2x2, The exact
Po(X) is then given by (2.7), or, in expanded form

Pl X) =571 A lexp[ — (5 Q2 — Q4 — -+ )
—X2(792--4%Q4
+aw Q4] (7.8)

The approximation (7.5) yields (being obviously exact to
first order in Q?)
ph (X)) =571 2A exp(— 1 02— 02X 2)

=Po,a(Xexp(—15Q2) . (7.9)

J

a1/2)-1 exp

ofix)=+

=57 120" lexp( —BkX + 1y BPAk?) =

exact ( X )

X

X4 X2 X3
FIG. 4. Typical segment of a potential ¥ (x) and probability

density Z {(x). With V(D)= [ * dx V(x)P{(x —X), it is easy
to see that P(X,)> V(X;), whence PH(X1) <pralX;) [case
V"(X)>0], P(X,)=V(X,), whence pl(X,)=py(X,) [case
V"(X)=0], and V(X;)<V(X;), whence p}(X;)>pyq(X;)
[case V""(X)<O0]. The first-order effect of the curvature V*'(X)
on py(X) is displayed explicitly in the WK expansion (7.11).
The slope V'(X) clearly has no effect on ¥(X), and thus affects
pv(X) to only second order, as seen in (7.11).

The linear potential Vi(x)=kx is a case where (7.5)
brings no improvement over py, since Vj(X)=V;(X).
However, because of the Gaussian property (5.11), the
second-order cumulant approximation is exact here, i.e.,

— T T
—BVX)+ 5B [ dty [ dn (8408 £(22)) ey

(7.10)

[v{cr (x)=k (x —X)]. By contrast, all the terms of even order in expansion (3.3) are nonzero; here the superiority of the cu-

mulant expansion is manifest.

The expansion (6.7) (W = W) is the ordinary Wigner-Kirkwood expansion:

20,21

pV(X)Z%ﬂ"l/z?»_lexp{——BV(XH—?»Z[—%BV"—l— %ﬁZ( V,)2]+}"4[_"_1"BB( Vr)ZVu %BZV’V,”"'%BZ( VU)Z_%ﬁVIV]
+;\.6[ A 34( Vr)2( Vll ﬁﬁ( Vl)3an 2520 B3Vl | 7440 7<L 00 5 BS( VI)ZVIV
—2—33733( Vu) +m32( Vur)2+ ﬁﬁzV’Vv"_mBZV”VIv_E;_o‘BVVI]+ . ] (7.11)

[all derivatives of V evaluated at X; VV=d°V /dx>, etc.].
This expansion may be viewed as in powers of the param-
eters in (6.8), or in (1.6) since k=0, A=A, and #Z =/
here.

VIII. THE CASE W (x)=V(x)+(x —X)V'(X)

With W(x)—W'(x) [E Eg. (2.3b)], we have W'!=W/, so
that the process § ‘()= (t) a'(t)—af (2), etc.; the differ-
ence between the processes X Xz) and % 21 (2) resides solely
in the classical trajectories, here given by

xL(=X +ABV' (X[t (T —1)/T?] . 8.1)

The density P! (x,t) [Eq. (5.17) with (8.1) and (7.2)] is that
shown in Fig. 2. We have

A=A =, =328 V'(X)| . (8.2)

In the case V(x)= %mwzx 2 we have

|
P (X)=p,, q(X)exp( X 20?)

while

P (X)=p2Xexp(— 02— L F20)

[compare (7.8)]. It is instructive to contrast this w1th the
classical path approx1mat10n (6.6), which yields p,,, but
without the term — 5y Q2 showing that the latter stems
from deviations of the process % Xt) from the classical
path (8.1).

The generalized WK expansion (6.7) ( W= W) is iden-
tical to the ordinary WK expansion (7.11), and simply
corresponds to viewing the latter as in powers of the three
parameters in (6.8) (W =W’) rather than of the two in
(1.6); it gives, however, information on the physical and
mathematical structure of (7.11), showing, e.g., that the
factors V'(X) (i.e., k') in (7.11) originate in the xil part of
the thermal quantum wanderings.
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IX. THE CASE W (x)=Wix)

We now consider the case (2.3¢) (Fig. 1). The classical
acti~on from (x',¢') to (x",t"”) over the potential
—WUx)=—smw’x? [see (5.8)] is (At =t"—1')

mao
sinh(w At?)

o ’ ' ’ 1
S&xsx" "= =

X {[(x")?+(x"")?]cosh(w At)—2x"x"} .

9.1

If V"(X)<0, then » is imaginary and the hyperbolic
functions in (9.1) become circular functions. If moreover
(@At)* < —?, then (9.1) is not a minimum, but only a sta-
tionary point of S x (¢)]}. The latter is in fact unbound-
ed below? when (wAt)?>< —?, and it then follows from
(3.6) that?®

(x,t' | x"t") =00 if 0¥ (t"—t')<—m?. 9.2)

Hence, p,,4X) [Eq. (2.6)] and the operation ( ), [Eq.
(3.2)] are undefined when (2.10) holds.

The classical trajectory from (X,0) to (X,T) over the
potential — W9(x) is [see (2.9) for notation]

sinh(wt)+sinh[w(T —1t)]

x4(X,0:X,T;t)=x,, + AX

sinh(wT)
(9.3)
and the dispersion function [Eq. (5.18)]
. . 172
4(4) =172 sinh(wt)sinh[w(T —1)] .
o (t) 2 }\-{0 Slnh(a)T) , (9. )
where we denote
7 172
Ap= | — =M2/Q)/2 . ©.5)

Since 0%(t) and |x%(¢t)—X | are maximum at ¢t =47, we
have [see Egs. (5.19)]

ki=|AX | |sech(3+Q)—1] ,
(9.6)
Af=A,[tanh(+Q)]"/2 .

When Q%< —7?, k% and A? are undefined (the thermal
quantum wanderings being infinitely spread out). At
small Q,

KI=TA2B | V'(X) | (1— 502+ 5504 — -+ ),
9.7)
Af=AM1—F5Q 4+ 5550~ -+,
whence k?—k'—~0 and A9—->A—0 in the high-

temperature limit S—0. In the low-temperature limit
B— 0, and provided V"'(X) >0, we have

ki— |AX |, AT—A, as B—o [V"'(X)>0].

Thus, in contrast to the free-particle and linear-potential
cases, k7 and A stay finite as B— oo [if V"'(X)>0]. Note
that A, is the width, or “wavelength,” of the ground state

(9.8)

_ 2
$O(x) == 1A 112 X M2 9.9)
of the harmonic oscillator H, [Eq. (2.8)]. More generally,
A? at any temperature is the de Broglie wavelength corre-
sponding to the mean thermal energy of the oscillator, i.e.
[compare (1.3)],

A= i -
(2mE,, )2

where # and E,, p are given in (4.13) and (4.14).
The parameters of the two-point joint density
P(x1,t1;%0,t,), ty > 1}, are [these go to (7.3) as w—0]

172

2
B , (9.10)

2m

sinh(wt,)
sinh(wt,)sinh[w(t, —¢;)] ’

24,,=5A;"
1
2A =——‘1—7\.—2'—'———,
12 2% sinh[w(ty—t,)]

24 a2 sinh[o(T —1#,)]
2727 ginh[w(ty—t,)]sinh[o(T —t,)]

(9.11)

If o is real and positive [V""(X)>0] we have 24, =0,
24y, =0(t;)"% and %4, =o0(t,)"% when |[t,—t;]
s>~ 1; whence (3.14) (n =2, m =1) with

oy =Ty 9.12)

in accord with (3.13), since AE ), =% here.

H H : R x
><m X xO

FIG. 5. Potential ¥ (x) and its harmonic approximant W(x)
at X are displaced along the time axis to generate sheets on
which the classical trajectories (X,0)—(X,T) are drawn. In the
case T =T}, the trajectories x%(¢) and x%(z) are not very dif-
ferent, although the latter extends a bit farther since its potential
energy decreases faster. But in the case T =T, x X (1) extends
much farther than xJ(¢).
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A. Cumulant approximations (discussion)

In view of (9.2), and as already mentioned in Sec. II, the
apProximation p‘{,o(X ) [Eq. (2.6)], and likewise
ik ,p‘{,z, ..., are undefined when (2.10) holds. To see
what happens, let us refer to Fig. 5, and consider py(X).
For X as in Fig. 5, we have py(X) > py,(X) because quan-
tum paths can wander below V (X), thereby decreasing the
action Sy via its potential term. The larger T =f3% is, the
farther paths can wander, such as to decrease Sy,
without unduly increasing Sy, xin; however, there is no ad-
vantage for paths to go beyond the minimum x,. Hence,
at large 7, the important paths (X,0)—(X,T) over V(x)
first relax from X to the vicinity of xq, hover there for a
while, and then climb back to X (the important paths are
more or less clustered about the classical paths; the latter
are shown in Fig. 5).

But if we now replace V(x), which is bounded below,
by its harmonic approximant W$(x) at X, which is un-
bounded below (Fig. 5), paths then have advantage in go-
ing ever lower, i.e., farther from X, as T increases; and, in
fact, once Q2 < —, they have advantage in going right

il
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to * o, thereby making the action Sy infinitely nega-
tive?? [note that when Q>< — 72, x4(?), the classical tra-
jectory over —W(x), is an oscillation, which obviously
does not minimize S]. Thus, in replacing ¥V by W9, we
overdo the quantum wandering effect, and infinitely so if
Q%< —72.

We therefore expect the approximations p§*(X),
n=0,1,2,... to be good when S is such that the impor-
tant quantum paths over V(x) or W9x) extend not far-
ther than halfway to x,, say; to get worse as 3 increases
further; and to be completely erratic at Q2< — 72 How-
ever, because regions V"'(X) <0 are usually high-potential
regions, it should usually happen that when f is so large
that Q?< —#?, then py(X) is small and of minor import.
Hence the approximations pf’ should usually be usable
down to zero temperature. In that limit, they become
Rayleigh-Schrédinger approximations.!3

B. Renormalized Wigner-Kirkwood expansion

All the terms of the generalized WK expansion (6.7)
(W =W?) can be calculated in closed form; we get

pr(X)=(2m) 1275 (sinhQ)~2exp[ —(AX /A,)*tanh(+Q)— ~BV""(AX ) F,(Q)— BV AX A2 F,(Q)

— BVYV(AX)ALF(Q)— LBV IVALF,(Q)— L8V AX A2F5(Q)

(all derivatives of V evaluated at X), where the F,({) are simple functions:

Fi(Q)=(Qsinh’Q) "1 { Q[ — 7sinh(3Q) — 5sinh(2Q) + +sinh(Q)] 4 [ 15 cosh(3Q) — +cosh(2Q) — Z cosh(Q) ]+ 2},

Fy(Q)=(Qsinh?Q) [ 5 cosh(2Q) — +cosh(Q) — +Q sinh(2Q)+ 31,
F3(Q)=(Qsinh*Q)~'{ — 5 sinh(3Q) + 3sinh(2Q) — 33 sinh(Q) + Q[ +cosh(3Q) + +cosh(2Q) — Zcosh(Q)+ 1]} ,

F4(Q)=(Qsinh?Q)~'{Q[ + + 5 cosh(2Q)] — -xsinh(2Q)} ,

F5(Q)=(Qsinh*Q) ™! {[ 75cosh(3Q) — Zcosh(2Q) + 5 cosh(Q)] — 15 Q[sinh(3Q) + 3 sinh(Q)]— 2} ,
Fs(0)=(8Qsinh’Q) ~'{ Q[ 4 cosh(3Q) 4 5cosh(Q)] — 4rsinh(3Q) — +sinh(Q)} ,

F7(Q)=(Qsinh®Q)~'{ — 45T cosh(3Q) 42 cosh(2Q) — ZL cosh

At small Q, the F, may be expanded in powers of () [see
(A3) in the Appendix], and (9.13) converts into the ordi-
nary WK expansion (7.11). At large Q) (real), we have [see
(A4)]

— BV F(Q)+ =BV AL~ F,(Q) + - - - ] (9.13)
(9.14)

(2)4Q[ +sinh(30Q) + Lsinh(Q)]+ 2] .

[
In[¢%(X)] = In[¢3(AX)]— 1 (F00) ='W (AX )}
— 15 (7)Y AX A,
— Tass (Fio) (VA4 -

(9.16)

F,,(Q)—»(const)ﬂ“%—const, Q— (9.15)

so that all the terms of (9.13) become linear in B as
B— 0, in accord with (4.10). The terms Q~! and Q° in
(9.15) lead to terms independent of 3, and proportional to
B, respectively, in expansion (9.13) as B— co; in view of
(4.11), these two classes of terms constitute WK expan-
sions of 2In[¢%(X)] and of —BE}, respectively. Explicit-
ly [we display the terms coming from F,, F,, and F; in
(9.13)],

Ep= q#io—+V"(AX) — V" AX A2
+ 355 (Fi) "XV A+ - -

[¢2(x) is given in (9.9)]. Observe how the combinations
BV =(T/#V in (9.13) have become (%iw)~ 'V =(7,/#)V in
(9.16), as announced by (4.10). Expansions (9.16) are what
one would obtain if one Taylor-series expanded the pertur-
bation v9=V — W7 around X in the Rayleigh-Schrédinger
expansions of In[¢%(X)] and EP [Egs. (9.16), of course,
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pertain only to the case w >0 real, since V"'(X) <0 with
B— 0 implies O<—7% and =0 implies
To=0 '=o].

Expansion (9.13) may be viewed as in powers of the
three parameters in (6.8) (W=W9Y), or, because
ki~ | (A2 BV'(X)| [since ki— |tABV'| as B—0,
Ki— | V' /V"| = |+A3(#iw)"'V'| as B—w], as in
powers of just the two parameters in (1.7). Observe that
the limit of (6.8) (0> 0) is

| AX |d/dX, AX(d/dX)?, (#iw)~'vi(X) (9.17)

i.e., the expansion parameters of (9.16).

Expansion (9.13) is a resummation over powers of
V" (X) of the ordinary WK expansion (7.11), i.e., all the
terms of the form

HVmi (V'P(V"), m;>3, p,n integers

are resummed over n [e.g., (B/6)WV'""(V'/V"F(Q) in
(9.13) resums all the terms of the form V'"'(V')*(V"')" in
(7.11)]. The resummation over p, i.e., over powers of
V'(X), may also be performed by simply regrouping
terms, as it is easy to see [from the fact that the expansion
parameters are (9.17) and v¥(X)=v?(X)=0] that
p<3,;m;, ie, in (9.13), each combination [T,V '
(m; 23) comes multiplied by a polynomial in V'/V" of
finite degree £,,;m;.

The results of this section have until now been con-
sidered as pertaining only to the case Q%> —?, since oth-
erwise the averaging operation ¢ ), [Eq. (3.2)] is unde-
fined. But nothing prevents us from formally extending
the domain of expansion (9.13) to the range Q* < — 72, as
its terms are all finite there [except at the discrete values
Q?=—(nw)? n=1,2,...]. In fact, it is clear that (9.13)
is the resummation of the ordinary WK expansion (7.11)
over powers of ¥V"(X) also at Q%< —x?, simply because
9.13) (Q%<7?) is the analytic continuation of (9.13)
(Q%> —=?). However, this analytic continuation lacks,
because (Ax) ;= o at Q2 < — 2, the physical grounding
whereby the original expansion was motivated (in Sec. II),
and it is not expected to yield useful approximations [a
truncation of (9.13) when (8%w)? < — =2 yields an approxi-
mation which oscillates with 3, and tends to no definite
limit, as B— w0 ].

X. CONCLUSION

The renormalized Wigner-Kirkwood expansion (9.13) is
our main result of practical interest. It is as simple to use,
yet more accurate than the ordinary WK expansion,
which is already known to often be very good;* moreover,
(9.13) is usable down to zero temperature near well bot-
toms, where py(X) concentrates.

From a conceptual point of view, the renormalization
of the WK expansion (7.11), with the sharp contrast be-
tween the cases 02> —7? and Q?<—7? [where
Q2=#2V"(X)/m], constitutes a nice example of a
resummation procedure which in one case is physically
motivated, and leads to useful approximations, and in the
other case, is purely formal and yields no useful approxi-
mations.
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We considered three types of cumulant expansions:
(4.1) in powers of Zv; (6.4) in powers of AX(d /dX)* and
Av; and (6.7) in powers of kd /dX, A*d /dX)?, and ZBv.
These expansions also apply to the off-diagonal elements
of the density matrix py(X,X’) [Eq. (1.8)], if only we re-
place (X,T) by (X’',T) in (3.2), (3.5), etc., let x(z) be the
classical trajectory from (X,0) to (X',T), and replace
pr(X) and py(X) by pp(X,X’) and pw(X,X’), respectively,
in (4.1), (6.4), and (6.7) [the processes $(¢) and Z(¢) remain
unchanged]. The expansion (4.1) (X's£X) has been dis-
cussed in Ref. 13, for any W. Expansions (4.1) and (6.4)
(X's£X) with W (x)=0 are identical to the expansions de-
rived in Ref. 5 (the multidimensional case is treated there,
and extended to the presence of a magnetic field in Ref.
6). With W(x)=W%x)=0, the classical trajectory from
(X,0) to (X', T) is**

x4 =X +X'=X)t/T), = |X'—X|

and expansion (6.7) (X'£X) is then in powers of
|X'—X | d/dX, AX(d /dX)*, and BV (X); this expansion,
which may be found in Egs. (7)—(10) of Ref. 4, is thus us-
able only for |X'—X| sufficiently small [indeed, if
| X'—X | is large on the scale of variation of V(x), the
latter cannot be replaced by a local approximant at X, be-
cause py(X,X') is determined by the values of ¥V (x)
within an interval (Ax)y, g x x» Which contains the interval
(X,X’)]. This circumstance precludes, in particular, the
applicability of WK expansions to the exchange effect in a
gas of strongly interacting particles.> Expansion (6.7)
[X's£X, W(x)=0] may nevertheless be useful because
py{X,X') is sizable only for |X'—X | <A at high tem-
peratures; it may be resummed over powers of V"' (X) by
letting W (x)=W3(x) be the quadratic approximant to
V(x) at X. To deal with | X'—X | large, one may use ex-
pansions (4.1) or (6.4), with W(x)=0 as in Refs. 5 and 6,
or with Wi(x) equal to some quadratic approximant
[chosen, e.g., as that best fitting ¥ (x) inside the interval
(X,X"].

APPENDIX: EXPANSION (9.13)

We here give the details of expansion (9.13). We
display the terms required for exactness to sixth order in
A [from Eqgs. (9.7), Axy(t) (or ) is of order A2, and P(¢)
(or A) is of order A]. Taking account of
VIX)=v?(X)=0v?'(X)=0, we have

pr(X)=+37"'2A"lexp{ — 2 In[(sinhQ)/Q]
—(AX /A,)*tanh(+Q)
+Bi+By+ -+ +B;+ -},
(A1)

where
Bi=—+BV"[Axy()P=— 1 BV"(AX)’F,(Q) ,
By=— 3BV Ax () [$(O]*)~
= 1BYTAXALFQ),

By=—1BVV[Ax (P [F(OP)
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=— 3BV V(AX)A2F;(Q) ,

(A2)
Bo=— :' BYV([H(]) = — LBV VALF, Q)
Bs=— :,BVVW
=—+BVVAX ALFS(Q)
Bg=— 2BV = — BV HEF()

B =3BV " [5t)P[H(1)]P)”
=BV A F(Q)

[see (3.9), (2.9), and (9.5) for the notation], where the func-
tions F, (Q) were displayed in (9.14). At small (2,

Fi(Q)= -1 1120 Q6+ 8064 Q4 - s
FZ(Q)=“6—003+ 10080 ﬂs+ »
FiQ)=350+ -, FyQ)=5Q"—350%+ -+,

(A3)
Fs(Q)=— 55 Q%+ -, F(Q)=750%+ -+,
Fr(@)=155 Q%+ -+,
and as Q*— + w,
Fi(Q)—»—1+40", F(Q)—»—3+7071,
F3(Q)—>+—20"!, F(Q)»+—507",
(A4)
Fs(Q)——3+207Y, FQ)—3—H0Q™,
F(Q)—»4 -1,
By introducing into (A1) the expansions (A3) and
tanhz=z—+z23+ &2 —35z74+ -,
(A5)
ln[(SlnhZ)/Z]— 62 _ 1802 + 23352 +
and using the relations
Q2=2A28V", AX=2B(A/Q)*V', AZ=2)A2/Q (A6)

one readily verifies that the terms displayed in (A3) and
(A5) lead to the terms d1splayed in the ordinary WK ex-
pansion (7.11). By using (A4) and tanh(+Q)—1,
(Q/sinhQ)2—(2Q)2%e =92 as Q— o in (Al) we get
(4.11) and (9.16).

1. Sketch of calculations

To evaluate the first six terms in the list (A2), we need
the formula

(PO~ =" a(n]™! f_: dy yre —»* /1o

0, »n odd

= 2= 2[(n —)[(O]", n even AT

[(n—1IM=1X3X5X "
will use the result

f dx f dyx3 3p—ax 2_2bxy —

X(n —1)]. To evaluate B, we

=—3m(b/A)[3+5(b7/A)],  (AB)
where
b
A= ac—-b =det b c (A9)

We now have, from Egs. (9.3), (9.4), and (9.11) (a=wt,
Q=owT),

Ax () =AX fot),

(A10)
o(t)=2'2\ g (w?) ,
A=det?4

4 sinhQ)

1 -
=7A
47 sinh(a;)sinh(a, —a;)sinh(Q —a,)

(aZ;al) ’

(A11)
where

S (a)=[sinh(a)+sinh(Q —a)—sinh(Q)]/sinh(Q) ,
(A12)
g (a)=[sinh(a)sinh(Q —a)/sinh(Q)]'/2 .

Thus, for n even,

[Axo(D1™([P()]*)~ =2"""[(n — DU][Ax4(£)]"[o(£)]"
=(n —DNAX)"A2?F(Q), (A13)
Q
F@Q)=0"" [ "dalf(@)]"g(a)]". (A14)

This formula covers the first six terms in (A2) As for the
seventh we have, on using (A8) with @ =%4,;, b =24,,,
¢ =245, [Egs. (9.11)], and (A11), for t,>1¢,,

([PE)PIP ()] = =241, /M)[3+5(24%, /A)]

=A3G (wty,0t,) , (A15)
Where
G(ay,a;)
=(sinhQ) 73[9 sinh?a;sinh(a, —a;)
X sinh?(Q — a,)sinhQ
+15sinh3a;sinh3(Q—a,)] . (A16)
Whence
(PP )P~ =200 1F,(Q), (A17)
where
Q- 1F(Q)=0"? fﬂdazfazdalG(al,az) (A18)

[we used f(t1,0)=2T" 2f dt2f dt,f(t;,t,), hence
the factor 2 in (A17)].
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