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With use of a recent variational formulation of the Maxwell-Vlasov and guiding-center theories
[D. Pfirsch, Z. Naturforsch. A 39, 1 (1984)], the energy-momentum and angular momentum tensors
for such theories are derived and the corresponding local conservation laws are proven. The
energy-momentum tensor is shown to be symmetric in its spatial components while the angular

momentum density is naturally antisymmetric.

I. INTRODUCTION

In this work we use a recent variational formulation for
the Maxwell-Vlasov equations and related theories (Ref. 1,
henceforth called I) to obtain local conservation laws.
This formulation differs from previous such theories. In
particular it differs from the well-known Low-Lagrangian
formulation? in that it is not only an Eulerian description
for the electromagnetic fields, but also treats the particles
or guiding centers in an Eulerian manner. This facilitates
application. The formulation of I differs from another
Eulerian variational principle given in Ref. 3, which is
based upon a noncanonical Hamiltonian description. In
Ref. 3, the particles are treated in an Eulerian manner by
decomposing the phase space density into *“Clebsch-like”
potentials, while in I the Eulerian description of the parti-
cles is based upon a Hamilton-Jacobi theory, which plays
the role of a tool; all final expressions are expressible in
normal terms.

The problem of obtaining conservation laws for
guiding-center theories can be characterized as follows:
given the solutions of the collisionless kinetic guiding-
center equations—i.e., the guiding-center phase space den-
sity fg(X,0),1,¢) for particles of species v—one can im-
mediately write down expressions for the guiding-center
charge and current densities

pe=3 [ feddv Bdu ,
je=Sev [ (o, +v))foudv By, )

where the vp are the drift velocities for particles of
species v. The real charge and current densities differ,
however, from these expressions by certain polarization
and magnetization contributions
. . oP

p=pg—V-P, J=Jg+E+V><M- (2)
The problem is then to find the correct expressions for the
electric polarization P and the magnetization M such that
all the necessary conservation laws hold. These quantities
were obtained in I where the new method generalized pre-
vious results by also including the polarization drift. This
difficult problem resisted solution until now. Also in I,
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expressions for the energy and energy flux densities were
determined. Here the full energy-momentum tensor and
the angular momentum tensor are obtained via Noether’s
theorem. The appropriate symmetries of these tensors are
shown and the local conservation laws are proven. These
results are of importance for applications; e.g., knowledge
of the total angular momentum combined with the energy
can lead to an “energy” principle for linear stability
analysis.

The tensors are obtained in the usual way by first deter-
mining the general expression for an arbitrary variation of
the total Lagrangian density in normal position space x.
We note, however, that there is a slight complication be-
cause the “particle” part of the Lagrangian is primarily
defined on an extended space y=(y;,y,) where y; is iden-
tical to x and y, is an additional coordinate that is needed
in order to describe guiding centers. By means of transla-
tional invariance in x space and time, and rotational in-
variance in X space the canonical tensors are obtained.
These tensors are not gauge invariant, but each can be
split into a divergence-free gauge-invariant part and a
divergence-free non-gauge-invariant part. The gauge-
invariant energy-momentum tensor turns out to be sym-
metric in its spatial components. This is shown to follow
from its relationship to the gauge-invariant part of the an-
gular momentum tensor. All of these expressions are also
applicable to relativistic theories.

Two applications are considered: first we treat the
Maxwell-Vlasov equations and show that the gauge-
invariant parts of our tensors reduce to the usual well-
known expressions. Following this we treat the Maxwell-
kinetic guiding-center theory based on Littlejohn’s
guiding-center equations of motion.*

II. VARIATION OF THE LAGRANGIAN DENSITY

In this section we review the variational principle of I,
establish some convenient notation, and obtain an expres-
sion for 8.7 that is used in Sec. III.

Consider variation of the following action:

A= [ Lard’x, (3)

where
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f:fM-}—zfdnzyzjﬁ, (4)
B
zM=—81 (E*—B?), (5)
u
oD 1 A
E=—"f7+—-——7— =
9x ¢ dt’ B=VXxaA, ©)
and
aS
L g=— Ad
B oy 3t +e,P

95, e, as
——A, —, E, B
ox c ay,

+H,

(7

The Hamiltonian for the “particles” of species v is given
by

P e
 H,=e,®+H, p—TVA, P,,E B|, (8)

where in general H » could also depend upon derivatives
of E and B, but this is unnecessary for our present appli-
cations. Here p=P; is canonically conjugate to x=y,
and P, is canonically conjugate to the variable y, that is
needed for guiding-center theory. In the formulation
presented in I and also here H » does not depend upon y,
but does depend upon P,. However, if desired, the mean-
ing of y, and P, can be interchanged. The quantity S, is
the Hamilton-Jacobi function and ¢,, is a density function.
Both are functions of y=(y,y,), ¢, and a set of constants
of integration a=(a;,a,) that are needed for complete
solutions S, of the Hamiltonian-Jacobi equations
dS,/0t+H,=0. The label B is used as a shorthand for v
. ny +n2

and @. Also Y g is used to mean >, f d o, where
n; is the dimension of the vector space y;=x (i.e.,, ny=3)
and 7, is the dimension of the vector space y,.

The quantities to be varied in Eq. (3) are @, A, ¢,, and
S,. Their variations must vanish at certain times t,¢,
and on certain surfaces in y space so that surface terms
can be neglected upon partial integration.

In order to simplify subsequent calculations we intro-

ez 3.7
afzzfdnzyZ 8¢b iﬁ_ 9 iB +6®Xl
B 61,[:,3 aZM 81&3,#
— 6P 6z#
o 2P ed,, | T T

1715
duce the following notation:
d}é:‘ﬁw ¢%=SV, (®,)=(—-D,A),
9)
(z8)=(ct,x), (zF)=(ct,y),
where ct =z"=z0= —z,, and
Zp=Lpt8py)Lm » (10)

where gg(y,) is an artifice that is used to align the parti-
cle and field regions of integration. It is arbitrary except
for the requirement that

2 fd"zyzgﬁ(y2)=l . (11)

B
For any quantity Q

90 _

Py =Q, - | (12)
If Q is independent of y, then also

aQ

= . 13
2zl Qu (13)

In addition, we use the summation convention. (Some-
times indices occur twice when summation is not intend-
ed, but this will be obvious from the context.) Finally, the
fields E and B are given by the electromagnetic field ten-
sor

Fup=®,,— Dy, ,A=0,1,2,3. (14)

Thus
E;=Fy, i=1,2,3
(15)
Bi=—seuF, i=1,2,3

where €;;=e;"(e,Xe;) for i,k,/=1,2,3 and the e; are
constant orthonormal unit vectors in x space.

Given the above notation we can write the Lagrangian
density as

(16)

f:zfdnzyzyﬂ,
B
using Egs. (10) and (4). Its variation is given by

0.2 0.7 3.7

s_ 8 075 }+% sy 228
0P,  3zf 9Py, oz g,
} J . (17
explicit
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Here the last term arises due to explicit dependence of
z p upon z#*. From Eq. (17) we see that variation of the
action given by Eq. (3) yields the following Euler-
Lagrange equations:

aiA”B —a_ 893 .
Ay Azt Y,
A~ A (18)

3D, Azt 9D,

Equations (18) are equivalent to the Maxwell-Vlasov or
related kinetic equations, depending upon the choice for
H ,- These equations contain the expressions for the elec-
tric polarization P and the magnetization M. This is
shown explicitly in I. Now using Egs. (18), we obtain
from Eq. (17) the nontrivial relation

9

8J=2fdn2y2
B

375
3D, ,

(19)

-+ S(DA

ozt

In Eq. (19) we have neglected the explicit part since it is
zero for the applications we present here. The first term
of Eq. (19) is easily integrated over y,. Thus if we neglect
y,-space boundary terms 3/9dz* can be replaced by d/3z}".
(In the guiding-center case y, has only one component,
v||- As |v)j| =00 oOr |y,|—>co there is no surface con-
tribution because any physical f, must vanish in this lim-
it.) Our final expression is

8 975 | 50 075 (20)
g a’pltfhu * 0Dy,

_aZ“,‘ B

III. THE ENERGY-MOMENTUM TENSOR

We first construct the canonical energy-momentum ten-
sor. This is obtained from Eq. (20) by considering a varia-
tion of the entire physical system through an infinitesimal
distance € in the space z,. A scalar function F(z,) is
thus transformed according to

F(z,)=F'(z,+e€), 2D

and the function F’ differs infinitesimally from F by the
following:

0

8F(z,)=F'(z,)—F(z,)= —¢€"
ozl

F(z,) . (22)

Applying this formula to the quantities .Z, z/)i;, and @,
for arbitrary e* yields the local conservation equations

90,
ozl

=0, (23)

where

Ay 9.7
O=3 [d", |50
B 9z gy
07
+¢M’acp“ — 8 (24)

is the canonical tensor. This result was obtained by other
means in I. We note that @, has no clear physical signifi-
cance since it is not gauge invariant. However, we show
how this tensor can be split into the sum of a gauge-
invariant part and a non-gauge-invariant part, each of
which is independently conserved. In I this was done only
for the ®) components.

Observe that .7 p does not de; 2pend upon tﬁw, thus we
only have the i =2 component g ,=S,, g. Furthermore,

375
as,,,
where (V2)=(c,V,). The quantity V, is defined by
V,i=0H,/9(3S,/dyy;) and it corresponds to the velocity

of particles of species v in x space. Observe that
8.7 /98, , is gauge invariant. Similarly,

af 16$38F,,P_a,?ﬂ
D), 2 OF,, 0D, OF,

With this insight we let

=—¢V)), (25)

(26)

is also gauge invariant.
@L=T4 + N}, where

Wy e, l 375

azf ¢ °|av,

T‘::z fdn2y2 [
B

S

0.2
+(<I>A,p—<1>,,,k)—-——a¢h‘3 —z8 @D
M
and
e, 035 3.7
Nt = A"y, | —B o —L | (28
P %f Y2 ¢ Pa,‘p Pkaq);h,# )

Taking the divergence of Eq. (28) with respect to z£ yields

AN# 3Lp e 3.7
= 2 f " q)p,u”__ﬁ +~ P A 2. =s
ozl as,, c¢ ozt as,,
B A
Q) —_— —_—
+ Oome, , T 0 a0,
(29)
Using Egs. (18), (10), and (7) we have
) 835 GB?B ey 833 (30)
3zt 3d,, 9Py ¢ A,
Thus the first and last terms of Eq. (29) cancel. Again

fiom Eq. (18) for the case i =2, and the recognition that

-Z g does not depend upon S,, we find that the second
term vanishes since
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n, €y Jd 0.4
Y 2
S e

v,p
=—2fd"2y2—v—d> i _a’zﬂ___

B ¢ 3y} 3(3S,/3y%)
=0. (31)

The index j in Eq. (31) is summed up to n,. The third
term of Eq. (9) vanishes by virtue of the fact that &, ;, i
symmetric in A and u while 3.7 p/3Py , is antlsymmetrlc
[cf. Eq. (26)]. Thus the physical energy-momentum ten-
sor is given by T’;, which can be rewritten as

. n e, an?ﬂ
T#:%fd 2y2 Svp“‘T<DP ——aSV,’u
F 82 —Z8,. (32)
Rk aFA

In Sec. IV we will ascertain the symmetry of T/ by means
of the angular momentum tensor.

IV. THE ANGULAR MOMENTUM TENSOR

As usual the angular momentum tensor is obtained
from infinitesimal rotational invariance. If we rotate our

system in x space according to
Bxi=6ijxk’ €ik = —€ki» i=1,2,3 (33)

then the variation of scalars is still given by Eq. (22) but a
three vector such as ®; will change according to

8<I>1:—e,-kxk<1>,,,-—+—elk<l)k, l=1,2,3 . (34)
Using Eq. (34) and the variations
.7
8.L = —8&x;—— ax, = —€pXp—— ax, — € 6 (xxZL),
8= —€pxk¥p,i » (35)
8Po= —e€uxrPo,;
together with Eq. (20) yields
€ik ’a_(xkf)
axi
3.2 3.7
2 2 B B
€ X i + D, ;
V2 €uXi |Yp, 3%, " 3D,
3.2
< (36)
8 "

Since € is antlsymmetric but otherwise arbitrary, upon
making use of Eq. (24), Eq. (36) leads to

0 i
Py x*OF —x'O}
3.7 3.2
- d"y, | oL —d—L | |=0. (37
zﬁ"f 21 7* a0, T oy,
Inserting OY=T¢+4+ N} into Eq. (37) and using

oN, f‘/az,é‘ 0 yields
(kaf‘—x'T;:)+ 9 —0k=0, (38)
ozt azt
where
300k e, 3.7 e, 087
b3 [y, | 2o, 8 _fg, 020
azf B c " OYgxr ¢ g,
@ 82, @ 32, (39)
~ %50, T 50,

In Eq, (38) terms have canceled due to the antisymmetry
of 3.£5/0®; ,; also the last two terms were obtained

using Eq. (18). Finally, from Eq. (29) we see that the
right-hand side of Eq. (38) vanishes. Thus
O (x*TF _xIT)=TF—T} =0 (40)
oz

and we have established that the energy-momentum ten-
sor is symmetric in its spatial components. The form of
the angular momentum tensor is simply given by

M =x*TF—x'Tf . (41)
V. EXPLICIT FORM OF THE ENERGY-MOMENTUM

TENSOR

Consider now the first term of Eq. (32). Using Eq. (25)
and

as, as,
¢ _wva a,ady da aaz
42)
a%s,
wV_I da; dy*

where w, is the Van Vleck determinant and fv is a gen-
eral constant of motion closely related to the distribution
function (see I for details), we obtain

e aﬁfﬁ
2 fdnzyZ(Sv,p_—v- p) aS
B v,u
._zfdn1+n2adn2y2 Sv,p— vq>P % wv},\y
v
43)
The quantities S, ,—(e,/c)®, are given by
e 1 |9S
S’Vyo——c‘—v-¢0=? atv ¢ == Hv’ P—O
(44)
e e
SV’”_Tvq)P:pP_TVA”’ p=1,2,3.

The second term of Eq. (32), with the aid of Eq. (16), can
be rewritten as
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g g 3L _p 3L . AL L AL — A
2 f Y2 Frp o oF;, Ap 3Fy, op oF,, +F, P F, 2 fd ady,w,f, aB n
.7 L
. 4 p=0, u=1,2,3 (57)
Ep aE +Flp aFI# (45) .
n 0
The last term of Eq. (45) can be evaluated using — 2 f dMit g g™ Yo W, fv 3E ]p ,
Fi,=€;,B'=(BXe,)e;, p,l=1,2,3. (46)
Ip=¢Cipl o)1 P p=1,2,3, u=0 (58)
Thus for I,u=1,2,3 ~
3.7 |ox -3 [d" ad"y, w,f,E- OH,
—= | Xe, |'& (47) > Yo WyJy 3E ’
3F,, 3B K
. . p=p=0. (59
and the following relations for F;,3.¢ /9F), hold: n
Here we have used ¢,=w,f,.
L .L 3.7 v= Py
o =B ——3, , pru=12,3 (48) It remains to determine the last term of Eq. (32),
ok, —° aB w Pugp c P q
| Lig2_p2
o= | 9L B, p=0, u=1,23 49) L= [ e
n n
0.L 0. -3 [d" " ad "y, w,f
—-— |, p=12,3, u=0 (50 v
Fioar, = B 3k ] P ® ) v
§ as
.7 9L v ~
- = H . 60
Fio Fr, =E-——— 3E ' P=H= =0. (51) x [ Y e,o+H, | |8 (60)

Evaluating Eqs. (48)—(51) for the electromagnetlc field
portion of ., . 3, =(1/87)(E*—B?), yields
2

B
E(EPE#_FBPBI‘)—Z;SPW por=1,2,3 (52)
1
I;(EXB)’” p=0, u=1,2,3 (53)
1
——(EXB),, p=1,2,3, u=0. 54
477( XB), p u (54)
ﬁE% p=p=0. (55)

Evaluating Eqgs. (48)—(51) for the particle portion of .,
S5 [ @™y, 2, yields the following for Eq. (45):

oH 3H
_ ny+n, ny ~ v v
;fd ad *yw,f, E”__BE# h 3B,
A
+ B 5p O |
pr=1,2,3  (56)

Te=3 [d'pd’ azfv[ "3E

A

cTh=

V"+c

aB”

S [dpd"a,f, |A

]+L(E2+Bz) ,
8

[4
< B),,
+4-(EXB),

As a consequence of the Euler-Lagrange equations, Eq.
(18) with i=1, the last term of Eq. (60) vanishes and we
are left with

1 2 p2
.,75/;=§;(E —B )5’; . (61)
In I it was shown that one can replace
f d"‘aldnzyz wva T
by
[ s, (62)
where d’p is a p-space volume element and f,(x,p,t;a ;)

is the dlstrlbutlon function for “particles” of species v de-
fined on normal phase, x,p. The quantity a,=P, is the
constant value of P, corresponding to the independence of
H, of y, This constant is to be chosen so that the
correct equations of motion for the particles is obtained.
This means that f, is proportional to a 8 function in a,.
In the p representation, S, , is given by Eq. (44). We can
now write down the explicit form of the energy-
momentum tensor T%:

(63)

©n=1,2,3 (64)
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oH 1
— 3 d™ _& v L (ExB), p=1,2,3 6
;fdpd aZf‘ch Ap + 9E o 477_( X )p’p 34y (5)
n e, oH, oH, oH,
Th=—73 [d’pd™a,f, Po—— A, |V4+E, o8, —B, 28, +B 28
v
1 1
+ 3 BpEu+B,B,)— o (B*+ENY,, up=1,23. (66)
Equations (63) and (64) agree with the expressions for the 3l v me ( )% B
energy and energy flux densities of I, while Egs. (65) and dE B2 Vp,—VE)XB,
(66) are new. , N
aHv myv)| (
VI. THE MAXWELL-VLASOV THEORY aB ~ B Y2, VE)= g (vp,—Vvp)xE
For the Maxwell-Vlasov equations we restrict our gen- 2m, Vi (Vn —ve)btub
eral results by setting y=x, a=a;, | d"ay- - —1---, + B £ (Vp,=VE)b+pub,
and 8H,/dE=0H,/0B=0. In this way Egs. (63)—(66) .
yield the well-known expressions p—— A=m,(vb+vg), (68)
c

8= [ d'p S, + 5 (E*+ B,

=3 [ & f B VE+(EXB), p=123
(67)

Tp=—73 [d’pfc [p~%AI

P

1
—2-(EXB), p=123

e
Ts=-3 [d%f, p——ciAy v
v P

1
+5~(EE,+B,B,)

1

- (E*+ B8,

n=1,23.

VII. KINETIC GUIDING CENTER—MAXWELL
THEORY

Using Wimmel’s variational formulation® for Little-
john’s* guiding-center equations of motion that include
polarization drifts, one has as shown in I

Vv=U||b+VDv ,

A=Y (02 +v2)+uB, b=B/B
v vijj+vg)+uB, b= .

In these expressions the quantity a, has already been as-
signed its appropriate value. Also, one can replace

[ dpd™arf, -
by

f §v||d/v"dv||fgv' © (69)

where

B, =bVx B, (70)

m,c
(U|lb+VE)

and fg,(X,v|,,t) is a solution of the kinetic guiding-
center equation

+(VD +v”b) =0. (71)

az

Expressions for 13|| and Vvp, can, for instance, be found in
I. The normalization of f,, is such that

f ﬁvltd,u'dvnfgv:ngv(xat) s (72)

where ng, is the guiding-center density of particles of
species v. We can now write the energy-momen-
tum tensor:
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T8=3 [ Bydpdv) fe

N m,
CT#=2va!|dﬂdv||fgv[ (T(Uﬁ-’rl)é)—{—ﬂ.B

2

m
—2—V(v,2| +v5v)——(vpv—vE)2+,uB

+—1‘(E2+B2) , (73)

87

(vp, +v)b),+[uB +2mva'(va—vE)]vEﬂ

m,c ‘ mvv“c Cc
57 (EX[(vo, —ve)XEl}y— — = [EX(vp ~ve)lu|+, ~(BXB),, u=123 (74
Tp=—3 [ Bydudo fpem,(vb+vp)y— 2—(ExB), p=12,3 (75)

Tp=—3 [ Bydudvy feom,

(v|Ib+va)l’(v”b+vDV)l"——vavav,u+UEPUDV#

2
4
+ 57 [Ep(vp XB)u+B,,(vp XE) ]+ —5(E,E, —E%,b,)

+ [2vg(vp —VE)+

v

1 1
+ 47 EoEu+BpBy) - E;(E2+B2)8‘;, wp=12,3.

It was shown in Sec. IV that the expression given by Eq.
(76) is symmetric in p and u. This property is not ap-
parent because it is hidden in the special forms for the
drift velocities. For the case where vp =Vg, the symme-

try can easily be shown directly. Also for E=0 the sym-
metry is obvious. '

VIII. SUMMARY

By means of a variational formulation for the
Maxwell-Vlasov and related theories, which describes
both the fields and the particles in the Eulerian picture,
the canonical energy-momentum and angular momentum
tensors were obtained. This was done by applying the
field-theoretic method that relates invariance properties
and conservation laws. The tensors found this way were
not gauge invariant. Splitting the canonical energy-
momentum tensor into a divergence-free gauge-invariant

part T# and a divergence-free non-gauge-invariant part

had the consequence that the angular momentum tensor
likewise split up in a natural way into a divergence-free
gauge-invariant part Mf; (k,i=1,2,3, u=1,2,3,4) and a
divergence-free non-gauge-invariant part. M} is related
to T by Mfi=x*TF—x'T{. From this the relation
Tk=T} follows immediately. This is a result that ap-
pears to be not easily proven explicitly. T was expressed
in normal terms and explicit expressions were given for
the Maxwell-Vlasov theory and a Maxwell kinetic
guiding-center theory based on Littlejohn’s guiding-center
equations.

Finally, we comment about two examples to which the
formalism presented here is applicable. By appropriate
choices of H » the energy-momentum and angular
momentum tensors for relativistic systems, or systems for
which the particle Hamiltonian depends upon derivatives
of E and B, are easily obtained. The former case is im-
mediate by making use of Eqs. (63)—(66), while the latter

£
B

1 [JB (Sﬁ—bpb”)—vE'(va—vE)S’;

(76)

[

requires a slight generalization. The relativistic Maxwell-
Vlasov equation is an example of the former case. It can
be formulated in a covariant manner by rewriting the par-
ticle portion of the Lagrangian density, Eq. (7), with a
particular choice of fl v~ The electromagnetic field por-
tion of course requires no alteration. For a single species
the appropriate particle form is

2 172
95 isv_,_i 2.2
¢{8t +e®P+c ox CAJ +mgc l
as e as e
=¥ axk ¢ M ax, —:‘D"]"‘mOcz

The equality here follows from the substitution

as
ax

2 172

—faA ] +m (2)c2 ]
c

which introduces the quantity i that is (like S) a Lorentz

scalar invariant. Upon variation we see that i satisfies a
covariant continuity equation

o=1v¢ [—g—f—ed)—f-c

)
a)c—”(lpu#):() ,

where

wie L

mo

as e .
—_———H
ax, ¢ ]

is the velocity four-vector.

Note added in proof. Results similar to those obtained
here have recently been obtained by P. L. Similon
[Lawrence Berkeley Laboratory Report No. 19633, 1985
(unpublished)] for relativistic guiding-center theory using
a Lagrangian variable approach.
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