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Quantum properties of a three-level atom interacting with two radiation fields
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The quantum-statistical model for a three-level atom interacting with two radiation fields is stud-
ied. The mean atomic occupations and photon numbers are obtained under different initial condi-
tions of one coherent field and one chaotic field or both chaotic or coherent fields, with the atom in

upper or lower states. Through numerical summation, it is shown that the effects of coherent
sources and chaotic sources are different even for low intensities. Meanwhile the effects of detuning
on this interaction are discussed.

INTRODUCTION

In a recent paper, Li and Bei' extended the two-level
Jaynes-Cummings model to the three-level case. In
their discussions, they showed that collapses and
recoveries occur explicitly even in the case of weak excita-
tion. In this paper we study the quantum properties of a
three-level atom interacting with two radiation fields, of
which initially one is coherent but the other chaotic, or
both chaotic or coherent. The time evolution of the ex-
pectation values of the atomic-level operators are given by
using the numerical method, which shows decay and
recovery. In addition the effects of equal detunings are
also investigated.

where %co (a=a, b~, bz) is the energy of atomic level
~
a)

and A,; and 0; are the couphng constant and frequency for
mode i, respectively.

The atomic states are

~a)= 0,
0

0
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.0.

0
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The S's are 3 & 3 matrices, of which the elements can
be expressed as

( Sij )kl ~ki bj l (2b)

They are the generators of the unitary U(3) group and
obey the following relations:

II. THE MODEL

The atomic model used here is shown in Fig. 1. In the
rotating-wave approximation (RWA), the Hamiltoman for
this model can be expressed in terms of atomic-
transition-projection operators S,z (i,j=1,2,3) and the de-
struction and creation operators ak, a k (k=1,2)'of the ra-
diation fields as

H =fun, S
~ ~

+tti g rob S;+&;+&+Pi g 0;a;ai

[Sij ~ kl l Sil~jk kj ~li

[Ski a ] [Ski a 1=0
The Hamiltonian can be rewritten as

H =trt(Hp+ V),
where the "free part"

2

Hp ——co,Sit+. g (co S; t; t+Q, ;a;a;)

(3)

(4)

(5)

2

+A g A,;(S&;+&ai+H.c.), + (S» —S22 —S33 )
2

and the "interaction part"
2 A

V= g k;(St;~ta;+H. c. ) ——,b(Stt —Szz —S33),
i=1

where

b, =Q; —(co, cob)—
FICi. 1. Three-level atom with eigenstates

~

a ),
~

bi ), and

~
b2), eigenvalues of energy fitv„%cobe, and Acvbz, respectively.

The atomic transition between
~

a ) and
~

b~ ) (
~
b2) } is mediat-

ed by mode 1 (2) with frequency Ql (Q2).

is the equal detuning.

By using Eqs. (3) and (4), Hp and V can be shown to be
motion constants, i.e.,

[Hp, H]=[V,H]=[Hp, V]=0 .

So in the "interaction picture" the time evolution operator
U(t, 0}can be written as
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where

p =p+ 5 /4, p, ; =I3; + b, /4 . (12)

In terms of U(t, O), the density operator P(t) is connected
to its initial form p(0) by

P(t) =U(t, O)p(0)U (t,0) . (13)

By means of (13), we can determine the expectation values
at arbitrary time t of the two-modes photon numbers and
the occupation operators S», Sz2, and S33 of atomic lev-
els

I
a ), I b, ), and

I
bz), respectively.

III. INITIALLY ONE COHERENT FIELD
AND THE OTHER CHAOTIC

At initial time t=o, we assume that the atom and the
fields are uncorrelated, i.e.,

p(0) =pF(0)C3Ipz(0), (14)

where p„(0) and pF(0) are the tnttial values of the atom
and the fields, respectively. We consider the atom initial-
ly starts in the lower state

~
b2 ), i.e., -

ooo
pg(0)= 0 0 0

0 0 1

0 0
P(0)= 0 0

0
0

0 0 pF(0)

Initially the field mode 1 is in a chaotic state but mode 2
is in a coherent one, i.e.,

pF(0) =
I

q-l~l !s a '(~*) '
(mz!m2!)' (I+n )ls 2s 2

&& ~m, ,m, )(m, , m', ~,

where n ~ and n2 ——
~

a
~

are the initial mean photon num-
bers of modes 1 and 2, respectively.

By means of Eqs. (10) and (13)—(17), the expectation
values of the atomic occupations are found to be
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(S~~(t))« ——kz g nzsin (~pzt)P«(n„nz
~

n&, nz)/pz,
nl, n2

(Szz(t))«=kfkz g (n& +1)n z[cos (V pzt)+b, sin (~pzt)/4pz —2cos(ht/2)cos(V pzt)
n&, n&

—6, sin(b t/2)sin(~Pqt)/~Pq+ 1]P„(n~, n z ~

n ~, nz )IPz,

( S33(t) ) = 1 —(S)((t)) —(Szz(t) )

(18)

Pz=kf(n, +1)+Aznz, (22)

pz ——pz+6 /4. (23)

The subscripts t and c express chaotic field and coherent
field, respectively. The following may be inferred by anal-
ogy.

In the same way, the mean photon numbers are found
to be

(n, (t))„=n,+(S„(t))„,

(nz(t))«=nz —(S~~(t))„—(Szz(t))« .

(24)

(25)

From Eqs. (24) and (25) we can see that when t&0, mode
2 will be weakened via stimulated absorption
( bz )~ a ) ) and the two-photon transition
( bz )~ b

& ) ) accompanied by absorbing a photon of

where

P«(n»nz
~
n~, nz)

nl n2 nl+1=n ~'n z'exp( nz—) /(n& +1) ' nz!, (21)

mode 2 and emitting a photon of mode 1, but mode 1 will
be amplified in the same process. By means of numerical
summation, we can see the evolution of the average atom-
ic occupations (see Figs. 2 and 3). Figure 2 shows that
there exists only one recovery, i.e., the first one. It seems
that the coherent field (mode 2) is not strong enough to
separate the tail of the beginning of the second recovery
and that stronger chaotic field (mode 1) will result in a
longer recovery time, shorter collapse time, and smaller
oscillation amplitude. The latter phenomenon can also be
seen from Fig 3, .which makes it clear that stronger
chaotic-field mode 1 will cancel the effects of the coherent
mode 2. Similar to Ref. 1, an increase of n& will cause
the (S»(t))«curve to shift downwards and the

(S33(t))« to shift upwards but evidently will not cause
the (Szz(t) ) «curve to shift. In addition long-time
behavior (as long as 100K.m) of the oscillations shows no
evident damping.

IV. INITIALLY TWO CHAOTIC FIELDS

Here we consider that the atom starts in
~
bz) and the

two modes initially in chaotic states, i.e.,

m&
7l )

So it is found that

Pl~
IT 2pF(0)= g, , ~

m&, mz)(m&, mz
~

m, , m, (n)+1) ' (nz+1)

(S»(t))«=i& g nzsin (~pzt)P«(ni nz
I
ni nz)/pz

n&, n2

(Szz(t))«=A&lz g (n&+1)nz[cos (~pzt)+b, sin (~pzt)/4pz —2cos(bt/2)cos(~pzt)
nl, np

b, sin( b t /2 )sin( ~Pzt) /~Pz+ —1 ]P«( n &, n z ~

n &, n z )IPz,

(27)

(28)

where

n& n2 nl+1 n2+ l
P«(n&, nz

~
n&, nz)=n ~'n z'/(n~+1) ' (nz+1) ' (29)

In this case, Eqs. (20), (24), and (25) are also valid.
Numerically calculated from Eqs. (27), (28), and (20), Figs. 4 and 5 show the behavior of the average atomic occupa-

tions. From Figs. 4(d) and 4(g)—4(i), we see that there exists collapse and recovery in the case of two initial chaotic fields
as well as two initial coherent fields. This means that no matter if the two initial fields are coherent or chaotic, partial
recorrelations of the collapsed initial state will occur. Figure 4(a)—4(c) show that n

&
is not large enough to separate the

tail of the beginning of the first recovery. Evidently, the larger n
~

or nz, the smaller the amplitudes of the oscillations
and the longer the recovery time will be. Because of the above effects we may expect that it is difficult for the second
recovery to occur apparently, even if we have larger n] or n2. In addition Fig. S shows no trend of decay.
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V. THE EFFECTS OF THE DETUNINCx

A. Initially two coherent fields

When the two modes are initially in the coherent states
~

a& ) and
~
az), respectively, the density operator will be

pF(0) =
tm], m ),mp, m2

t I

e m)
n~ (a&) az az

exp( —n i
—nz)

i
m i, mz ) (m I,m z

(m, !m ', !m,!m,'!)'"

1. The atom starts in
~
bz )

In this case, the mean atomic occupations are found to be

(S»(t))„=A& g nzsin (~pzt)P„(n&, nz
~
n&, nz)/pz, (31)

(Szz(t))„=A&kz g (n~+1)nz[cos (~pzt)+6 sin (~p&t)/4pz 2cos(b—t/2)cos(V'pzt)

—6, sin(b t/2)sin(~pzt)/~pz+ 1]P„(n&, nz
~

n &, nz)/Pz, (32)

where

(33)
n& n&P„(n, , nz

~
n„nz)=n )'n z'exp( —n] nz)/n[!nz! . —

( S»(t) );,= g [cos (&pt)+ b sin (&pt)/4p]
n~tn&

XP„(n & nz I
n I nz) (34)

Figures 6(a)—6(c) show the numerical results calculated
from Eqs. (31), (32), and (20). Evidently large detuning

will suppress the oscillation of (S»(t))„and lower the

oscillating frequencies of (Szz(t))„and (S33(t))„.
Meanwhile, the phases of (Szz(t))„and (S33(t))„are
just the opposite, i.e., there exist two-photon processes. '

Large detuning will enhance this two-photon effect. The
above phenomenon means that as detuning becomes
larger, the probability of the atom staying in the upper
state

~

a) will approach to zero (i.e., single-photon pro-
cesses tend to disappear) and there exist only two-photon
processes.

( Szz(t) )ce ~i g (n i + 1)sin'(&pt)
nl, n2

&&P„(n„n,
~
n„n, )/p, (35)

where

p=k, (n, +1)+Az(nz+1)+6 /4 .

In the same way, the mean photon numbers in this case
are found to be

2. The atom starts in
~

a ) ( n (tt) )'=n &+ (Szz(t) )', (24')

In this case
( nz(t) &'=nz+ (S»(t) &' (25')

P(0) =
jF(0) 0 0

0 0 0
0 0 0

the mean atomic occupations are found to be

(16')

From Eqs. (24') and (25') we can see that both the two
modes are amplified by stimulated emission of the atom.

Numerically calculated from Eqs. (34), (35), and (20),
the behavior of the mean atomic occupations are shown in
Figs. 7(a)—7(c). Figure 7 shows that increasing detuning
will cause the oscillations of (Szz(t));, and (S33(t));, as
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FIG. 7. (a)—(c) show curves for six spaced values of 6/A,
from computer summation of Eqs. (34), (35), and (20),

A o

same, i.e., there exist no two-photon processes but single-
photon processes.

FIG. 6. (a)—(c) show curves for six spaced values of 6/A,
from computer summation of Eqs. {31), (32), and (20),
k] —A 2 —ke

well as (S~~(t))« to be suppressed. Furthermore, the
atom will stay in the initial state

~

a ) forever when there
is large detuning, such as 5=30K.

In addition, from Figs. 7(b) and 7(c) we can see that the
2oscillation phases of (S2z(t) );, and (S33(t) )„are the

(S))(t));,= g [cos (V pt)+b, sin (v pt)/4p, ]

XI'„(n„n,
~
n„n, ), (37)

B. Initially two chaotic fields

When the atom starts in
~
bz), the expressions for

(S;;(t))«(i=1,2,3) have already been given by Eqs. (27),
(28), and (20), according to which Figs. 8(a)—8(c) show the
time behaviors. When the atom starts in

~
a), we can

find that
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(5w(t'&)tt /n(=4 f (S«(t &)te
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tl&~4
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FIG. 8. (a)—(c) show curves for six spaced values of 6/A,
from computer summation of Eqs. {27), (28), and {20),
A J

—X2 —Ae

FIG. 9. (a)—(c) show curves for six spaced values of 6/A,
from computer summation of Eqs. (37),, (38), and (20),
XJ —A2 —Ao

(S2z(t))«=A& g (n&+1)sin (Vpt)P«(nt, n2
l
"& "z)~p .

n&, n&

(38)
Through numerical summation, Fig. 9 shows the time
evolution of (S;;(t))«.

It is clear that (S;;(t))«[(S;;(t))«], have similar
behaviors to (S;;(t));, [(S;;(t))„j,except that the oscilla-
tion amplitudes of (S;;(t))«and (S;;(t))«are smaller.
This implies that for the same intensities, the effects of
the coherent fields are stronger than those of the chaotic
fields.

VI. SUMMARY

In this paper we have exhibited new features of the
three-level Jaynes-Cummings model. We have shown that
recoveries (i.e., partial recorrelations of the collapsed ini-
tial state) occur in the case of two initially chaotic fields
as well as coherent fields. There is obvious difference in
the effects of coherent sources and chaotic sources even
for low intensity. In addition, large detuning will affect
two-photon processes as well as single-photon stimulated
emission.
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