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The eikonal theory of electron capture by relativistic projectiles is developed. It is shown that as
long as the electron spin is not measured, a density-matrix formalism can greatly simplify the calcu-
lation. The exact eikonal cross section is expressed in terms of two-dimensional integrals. For 1s-1s
capture an approximate closed-form expression valid for not too high nuclear charges is also given.
This form explicitly displays contributions from magnetic capture and from relativistic modifica-
tions of the electron orbits. At each stage of the development the corresponding Oppenheimer-

Brinkman-Kramers (OBK) result can be retrieved as a special case.

It is concluded that the

multiple-scattering contributions described by the eikonal approach are crucial in reducing the cal-
culated cross section significantly below the OBK and second-Born-approximation values. In this
way, good agreement with experimental data is obtained.

I. INTRODUCTION

With the currently developing possibilities to extract
nonradiative electron-capture cross sections! from experi-
mental data? collected in relativistic heavy-ion collisions it
is timely now to extend the understanding of capture pro-
cesses into the relativistic regime. Earlier theoretical
work>~7 in this field has, perhaps, been motivated not so
much by the pressure of existing experimental data as by
the desire to put the structural examination of electron
capture at very high velocities on a more realistic basis.
Indeed, cross-section studies at asymptotic velocities® have
played an eminent role in recognizing the unique behavior
of the double-scattering (Thomas) mechanism in nonrela-
tivistic capture theories.

It is natural, therefore, that most of the pioneering
work on relativistic capture has been based on the first-
order Born, or Oppenheimer-Brinkman-Kramers (OBK),
approximation.>~> Unlike the nonrelativistic OBK (Ref.
9) in which the cross section falls off as E —° with increas-
ing energy E the relativistic OBK (Refs. 3—5) or impulse®
approximations yield an asymptotic decay as E ~!. This
feature remains unchanged when relativistic second-
Born-approximation terms are included.” While for non-
relativistic capture the double-scattering mechanism with
an E~1/2 dependence is asymptotically dominant®® it
simply leads to a reduction of the total cross section in the
relativistic case’ and can be identified’ only by the charac-
teristic Thomas peak in the differential cross section.

Although the structural behavior of the cross section is
of great theoretical significance it is necessary also to
compare calculated values with experimental data which
are now emerging."> And here it turns out"!° that, for
example, calculated® OBK cross sections for 1050-
MeV/amu Ne on targets with charge numbers between 13
and 92 are almost a factor of 10 too large. Similar con-
clusions hold for other systems. Since also the inclusion
of second-order Born terms’ does not bring predictions
close to the data, it is mandatory to formulate a relativis-
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tic multiple-scattering theory.

In the present study we develop a relativistic extension
for the eikonal approach!!~!® to electron capture. In do-
ing so we demonstrate, quite generally, that a capture
theory using relativistic electron wave functions is con-
veniently formulated in a density-matrix formalism which
from the outset allows for summing or averaging over
presently unobservable spin states. It is then unnecessary
to separately calculate non-spin-flip and spin-flip transi-
tions>” and hence the calculation is greatly simplified. A
brief account of this work, together with a comparison to
experimental data, has been given in Ref. 10.

The nonrelativistic eikonal approach!!~!¢ is a compara-
tively accessible multiple-scattering theory which renders
good overall agreement with experimental data for to-
tal'>!* and state-to-state! cross sections in symmetric or
near-symmetric collision systems at intermediate veloci-
ties. The conceptual basis of the approach has been dis-
cussed in some detail,’>!® and it has been shown that,
physically, the prior (post) version of the theory describes
a hard collision of the electron with the projectile (target)
nucleus followed (preceded) by multiple soft collisions
with the target (projectile) nucleus. Not included is that
small portion of phase space'>!® corresponding to hard-
hard collisions and giving rise to the elusive Thomas
peak!” and the asymptotic E ~!'/2 dependence of the cross
section mentioned before. Thus the eikonal approach
while missing an interesting but difficult to observe part
of the second-Born-approximation term does include
higher-order Born terms albeit in an approximate way.
The multiple-scattering contributions included in the
eikonal approximation are expected'® to play a decisive
role in an adequate description of the charge transfer
mechanism. One can also convince oneself'® that, within
the range of applicability, the eikonal approach gives re-
sults very similar (within 10%) to those of the strong po-
tential Born (SPB) approximation'® for total and forward
cross sections. The SPB approximation, while not exactly
without difficulties,?® is considered a reliable starting
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32 RELATIVISTIC EIKONAL THEORY OF ELECTRON CAPTURE 113

point for subsequent approximations.

One may feel confident that a relativistic generalization
of the eikonal approach should give realistic estimates for
capture cross sections at sufficiently high energies, in par-
ticular because the Thomas mechanism does not qualita-
tively affect’ the cross-section behavior at high energies.

The plan of the paper is as follows. Starting from a co-
variant form of the transition amplitude we derive in Sec.
IT a general cross-section formula expressed in terms of
density matrices for initial and final states and in terms of
transformation matrices. Subsequently, in Sec. III, we ex-
plicitly calculate the density matrices and the resulting
cross section for 1s-1s transitions. With the aid of an aZ
expansion, this formula is cast into an approximate
closed-form expression in Sec. IV, while in Sec. V we
show how to generalize the density-matrix method to ar-
bitrary initial and final states. In Sec. VI we conclude
with a discussion of results. Atomic units are used unless
explicitly stated otherwise.

II. GENERAL FORMULATION

Consider a collision system consisting of a hydrogenic
target (charge Z7) at rest and a bare projectile (charge Zp)
moving along a rectilinear trajectory R=b-+vt with
respect to the target nucleus where v is a constant velocity
and b the impact parameter. Space-time coordinates of
the electron are denoted by r,¢ in the target frame and by
r',t' in the projectile frame. We use atomic units
fi=e=m =1, however, the electron mass m is explicitly
displayed when it serves the understanding.

The capture cross section averaged over the initial and
summed over the final projections u,u’ of the electron an-
gular momentum j,j’ is given by

zf | A%#(b,v) |2d? . 2.1

9fi= 21 1
Here, in the amplitude Ay for capture (suppressing spin
labels for the moment) the perturbation actlng on the elec-
tron four-current®’ —iyy i (with Y= I/J v4) is the elec-
tromagnetic four-potential 4,. Setting up the final wave
function and the four-potential in the projectile frame and
subsequently transforming to the laboratory frame we can
write the transition amplitude*—¢ in the covariant form

Af,-z—z'fdtfd3r[S l/lf(rp, ]
X[—iS~ly,A, (tp,t)S i(xr,t)
(2.2)

where the spinor transform S that transforms from the
target frame to the projectile frame is defined by

P(r',t")=SY(r,t) . (2.3)

In the prior form of the theory, the electromagnetic four-
potential A4, is produced by the projectile nucleus. Hence,
in the projectile frame, it is simply the instantaneous

Coulomb potential. The covariant operator is then identi- .

fied as

o Zp
- lyvA v= _7/4r_, (2.4)
P

and subsequently transformed to the target system using?!

172
S(v)= 3’—‘5*—1] (1—8a,)=5"(w) (2.5)
where y=(1—0v%/¢2)"12 8=[(y —1)/(y +1)]'/?, and a,

is the component of the Dirac a matrix in the beam direc-
tion. From (2.4) and the relation ¥4S(v)y,=S"1v)
=S(—v) we see that the electron-projectile interaction in
the laboratory system takes the form

z
=52, (2.6)
’P

Zp
——Y
rp

v

Vp(r,,t)= 1—2a,

The term with (v /c)a, accounts for the Lorentz contrac-
tion of the Coulomb field as well as for the induced mag-
netic interaction. From (2.6) and (2.2) we immediately ob-
tain the simpler form

V4
Ap=i [ at J @ rlyp s hwt,n . @)

It now remains to specify the spinor wave functions. In
the prior form of the eikonal approach adopted and ap-
propriate for Zp < Z7 the initial and final wave functions

Yi(rr,t)=¢;(ry)e (2.8a)

and

—iE;t

—izp [T Lar

Yr(rp,t')=¢%(rp)exp( —iEst"Jexp .
T

(2.8b)

are expressed by the stationary target and projectile wave
functions ¢; and ¢, respectively, and the time-dependent
phase factors associated with the relativistic energies E;
and Ey. The final wave function is phase distorted by the
electron-target interaction integrated from the time of
capture to infinity. In the target frame, the interaction is
a simple Coulomb potential, and the corresponding target
charge is denoted by Zj; where the prime provides a
unique signature for the electron-target interaction in the
eikonal phase. It is clear that ‘for Z;=0 we recover the
OBK approximation. The eikonal integral in (2.8b) has to
be evaluated with rp kept fixed. This is in line with the
condition for the validity of the eikonal approach!® that
the kinetic energy of a free electron traveling with the
speed of the projectile is large compared to the larger one
of the binding energies in initial or final state, or
y—1>>1—(1—a’Z*)'?for 1s-1s capture.

Transforming the final-state time oscillation into the
target frame we get??

Yy (rp,t")=¢(rp)exp[ —ivEs(t —vzr /c?)]

xexplivin(ry+z7)], (2.9)

where v=7Zr and n=1/v. At this point, we may easily
convince ourselves that in the nonrelativistic limit (energy
€s) the phase describing the time oscillation in the projec-
tile frame
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yEf(t—va/c?‘)=mc2t+eft+-}vat—m(v-rT)—l— cee
(2.10)

consists of an immaterial contribution from the electron
mass (which is canceled by the corresponding term from
E;), the nonrelativistic eigenoscillation and the familiar
translational factor. With the aim of evaluating (2.7), we
use the Gau-Macek representation®’ to rewrite

—ivin(ry+z7)
e T T

=[r(iv)]—‘fowx"v—le"‘"f“f’dx (2.11)

and combine the coordinate-dependent exponential within
the integrand with the initial wave function to define the
Fourier transform A(p,A) through

—Mry+zg)

=m0y [ hip,Me T T
(2.12)

di(rre

Similarly, for the final-state wave function we introduce
the Fourier transform g(q) through

—2m= [ glae ™

$r(rp)— (2.13)

rp
Both g and A are 4-spinors. Now, by combining (2.8)
with (2.9), (2.12), and (2.13) one may move all space-time
coordinates to the exponents so that these integrations can
be readily performed. With p=(ps,p,) and q=(qp,q;)
Eq. (2.7) immediately leads to the transition amplitude

A’”‘—— 2mnZp

[ d%y [drg, (ps.p+)Shu(Pyp ;1)
XAl TR (2.14)

where we have reintroduced the angular momentum com-

ponents. The longitudinal components of p and q take
the fixed values

p_=n(Es/y—E;) (2.15a)
and

P =g, (Dpp 4 8 (P5P 1) (2.16b)

Owing to its spinor structure, the expression (2.14) is rath-
er involved and the evaluation would have to be repeated
for each essentially different combination of p' and u.
For example, in his 1s-1s OBK calculation Shakeshaft*
considers only non-spin-flip transitions while Moisei-
witsch and Stockman® separately calculate non-spin-flip
and spin-flip cross sections.

A simplification can, however, be achieved by con-
structing density matrices from the initial and final 4-
spinors 4 and g and by summing over the (currently
unobservable) angular momentum projections within each
of the density matrices. We hence define

P,=3 P¥ (2.16a)
<
with
PY =g, (Pp.p+ 81 (Ps:D+) (2.16b)

and, similarly,

=3P (2.17a)
©w
with
Pi=["dr [ 7 dnh,(py.p i) (ppop ;AN
X (A==t (2.17b)

It is clear and will become explicit in Sec. III that it is
considerably 51mpler to calculate P, and P, than any one
of the P“ or Py

We are now ready to insert (2.14) into (2.1), integrating
over the impact-parameter plane and introducing the den-
sity matrices (2.16) and (2.17). In this way, we obtain the
cross section in the compact form

_ LoV —’l—z2 [ Tt{SP,SP,}d’p, ,

where the mtegrand is expressed as the trace of a product
of four 44 matrices. The task is now reduced to con-
structing the matrices P, and P, for each individual case
considered. This will be done in the following sections.
Owing to axial symmetry, the integration remaining in
(2.18) will, in general, be simply a one-dimensional in-
tegral.

III. CAPTURE FROM INITIAL 1s,,, STATES
INTO FINAL 1s,,, STATES

The presence of high-momentum components in initial
and final states renders 1s-1s capture the most important
case at high collision energies and it is also the only case
that has been considered so far within the Born3>~>7 or
impulse® approximations. For evaluating (2.18) we first

have to set up the appropriate density matrices P, and P.

Starting point is the spinor wave function?!>*2° for the
hydrogenic 1s state

g(rX,
—if(re )X,

where X, with u==+ —;— denotes a Pauli spinor, T=r/r, and
the standard radial functions?* are

g(r)=Nyri~le %,

(3.1)

Gu(r)=(4m)" 1"

(3.2)
f(r)=Nsrs=le=%r,

with s=[1—(aZ?)]"?, a=-, and the normalization
factors
(2Z)s+1/2 12
Ngz‘—‘*——[zr(zs+1)]l/2 (1+S) )
(2z)s+l/2 (33)
Nf=¥_———(1— )1/2 .

[2T(2s +1)]1/2

The Fourier transform g,(q) is obtained by inverting the
defining relation (2.13) and by inserting the partial-wave
expansion

VP _an S iljy(qrp) Y (Rp) Vi (@) 34

ILm
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of the plane wave. Clearly, only / =0 and / =1 contribute

to the integrals over g and f, respectively, and leave us
with radial integrals whose evaluation®® leads to

N,I(sp)
alq =i———u———-sin sptan~! ~ (3.5a)
q (2,12)+q2)SP/2 ZP
and ,
N;(sp—1) '
b(q):—% S s’:s —5758in | (sp—1)tan™! 4
9* (Z3+q)" Ze
N¢I'(sp)
—l—f——P—Ecos sptan~! 4 (3.5b)
7(Z3+q" Zr

As a result, we obtain g, in a form that closely resembles
(3.1) as

a(@)X,
b(g)o-q)X,

Of course, when g, is used in (2.14) we have qz=p§—}—pir
with p given by (2.15b) and (for 1s-1s transitions) relat-
ed to p_ via Z5+p% =Z%+p>. As (3.6) is made up of
Pauli spinors, the spin-dependent density matrix (2.16b)

1

gy(4)=—1;‘—/“-2— . (3.6)

ax X}, abX, X}(o-q)
sz 2 ~ top2 A t, oA (3.7
27% |ab(o QX X, b (o QX X, (o)

is built from blocks of 2 X2 matrices. At this point, it be-
comes clear how much is gained by first summing over
the spin projections p. Since EMX #Xlzl is the 2 X2 unit
matrix we have

a? ab(oq)
ab(o-q) b?

1

=— , (3.8

where use has been made of the relation (o-u)(o-v)
=u-v+io(uXxXv) to be employed throughout our further
development. If one wants to keep the spin information
one may substitute XﬂXﬂ=%(1iaz) for u==+7 in (3.7)
and subsequently use the same techniques. However, the
reduction work—allowing for spin specification in initial
and final states—is increased by a significant factor.

The construction of P, defined by (2.17) proceeds ex-
actly along the same line. Complications arise from the

—AMrr+zr . :

presence of the factor e and from the integration

over A. While the radial part of the exponent can be com-
bined with that of the wave function (3.2) the term e !

is absorbed into the plane wave by defining!* a complex
wave vector

ky=p+iA€, =(pp;p_ +iA) (3.9)

with kZ=p2+p% —A>+2iAp_ and p_ being given by
(2.15a). As a result, the quantities a(q), b(gq), and q in
(3.6) have to be replaced with complex integrals. With the
abbreviation Ay =A+Zrtik, and s=sr “the integrals
take the form

D41 p= 1
AoP)=Ne=r 20" Jo 2ik,

(k:(s+l}__}\';(s+l))

x AvTlgn, (3.10)

o T(s) pe 1
B =Ny o 2ik},
_ F(s+1)f°° 1

T vy Jo k2

(A5 —ATSAIY=1+mg)

()\':(S+l)+)\’l(s+l))

XAv=ltmga (3.11)

If the integrals B,, with m =0,1 are combined to build a
vector

K=(B0pb, Bop _ +iB,) (3.12)

the A integral over the spinor function 4, defined in
(2.12) assumes a structure analogous to (3.6),

AoX,
(oKX,

L7 hutp,on=1da= R E)

1
V72
The density matrices (2.17) are then obtained as in (3.7)
and (3.8). We just give the density matrix summed over
spin states

| 4o]°
(o-K)A4jp

A()(O"K*)
(o°K)(o'K*)

1
277?
This completes the construction of the matrices entering
in (2.18). The matrix multiplication now can be easily
carried out by using the properties of the Pauli sub-
matrices.

As an intermediate result to be used with 1s,,, final
and any initial state we give here the matrix product

h= (3.14)

my rhn<0'ﬁ)+m’12(a-€z)
sps=1+tLl R (3.15)
87t |mp(o-q)+miy(o-e;) my
with §=q/g, €, a unit vector in the beam direction, and the coefficients
miy=a®—28ab§, +8%2, m,=ab(1—8), mi,=—8(a?—28ab§,+b?), my=>5%%—28abg,+b*. (3.16)
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Here S=[(y—/(y+1)]"3 4,=p /4, and
g=(pt+p%)"?. In the final matrix multiplication of
(3.15) and (3.14) in (2.18) we only need to consider terms
that contribute to the trace. The final result for the cross
section for capture of an (unpolarized) 1s electron into
both possible 1s states of the projectile is then obtained as

o'ls-ls227"”'72‘212’17;/‘_2_1 f0°° Q(p;f)d(pbz) . (3.17)

Here, the integrand is given by
Q=my; | 4o]*
+(2m, /q)[Re(AoBS ) pi+p o p_)+Im(A4,BT )p, ]
+2m;[Re(A4oBl )p_ +Im(AyBY)]
+mxl | Bo | *(ps+p2)+2Im(BoBT )p_ + | By 7] .
(3.18)

The calculation of the cross section requires the numerical
evaluation of the A integrals in A(,By,B; and the addi-
tional one-dimensional integration over pg. The results of
such calculations have been given and discussed in an ear-
lier publication.'”

Just for completeness we also give here the capture
cross section in the OBK approximation obtained for
Z1—0 or v—0. Recalculation of P, shows that in (3.17)
we simply have to substitute the modified integrand

nmiy

ab(p;+p.p_)

2
QOBK —pm 3%+

’
mi,

+ 2 65p_+m2252 . (3-19)
Here, the m;; are the same [Egs. (3.16)] as before,
g=pi+p*)"?, p=(p?+p> )% and the quantities @,b
result from a,b of (3.5) by the replacements Zp—Zr,
q—p, sp—st + 1. The cross section is structurally simi-
lar and numerically identical'® to the result obtained by
adding the non-spin-flip and spin-flip cross sections of
Moiseiwitsch and Stockman.’ In Sec. IV we give a direct
comparison of the more transparent approximate forms of
both the OBK and eikonal results.

IV. APPROXIMATION ANALYTICAL EXPRESSION
FOR THE 1s5-1s CROSS SECTION

While it is not difficult to evaluate the cross-section
formula (3.17) numerically, it is instructive to give an ap-
proximate expression and to discuss it in some detail.
Note that our treatment includes two kinds of relativistic
effects, namely the relativistic kinematics of the projectile
motion and the relativistic motion of the electron in its
initial and final atomic orbits. Compared to the non-
relativistic case, the latter has two important conse-
quences. (1) The electron orbitals and their binding ener-
gies are modified in a Z-dependent manner. (2) The elec-
tron acquires a Dirac magnetic moment which in turn in-
teracts with the induced magnetic field arising from the
Lorentz transform of the static Coulomb field of target
and projectile. The occurrence of a Dirac magnetic mo-
ment for the electron is, of course, independent of the

binding nuclear charge, and hence magnetic capture will
have the same charge dependence as Coulomb capture.

In order to study corrections to the kinematically deter-
mined capture cross section, we expand the electronic
wave functions in powers of aZp r << 1 keeping only the
leading terms and assuming that high-energy approx-
imations can be applied to these correction terms.
This means that (within the correction terms)
pi~(1378)*>>Z} + and tan—Yq/Zp)~w/2 in (3.5
Correspondingly, in (3.10) and (3.11), we assume that con-
tributions to the integrals arise mainly from values of
A<<137. Using again n=1/v, 6=[(y —1)/(y+1)]'7?,
and substituting v=nZ7 (where Z;=0 for the OBK and
Zr=Z7 for the one-electron eikonal approximation) we
derive the result!®

cik 227Z3Z3
Ols-15=

y+1  m™Zr

50U ZF+p2)° 292 sinh(7mnZ7)

—29Zptan~N—p_/Z,

)

Xe (Seik+Smagn+Sorb)

4.1)
with
5 Zp 5 ,(Zp)? , 1

Sek=1+>n5—p_+>n—5p +—-1XZ;)?,

=N Pt g Pt g
(4.2a)

5 5 Zr 1
S 82y gty 22 ¥V T L2 AR
magn 16 8 y+1zT+45”( r)

+ZS§54’72(Z“2’ (4.2b)

5
Sorb = %Sa(zp +Zr)— ?’615%1(2,, +Z7)

5m. v Zr
—_— Z —_
18° y+1%7 7z,

——%SaZTnZ'T( 1—18?)—

2

57 y (Z5)?
=g 4

T80 |yt | 22

3T Yzt Zp—8Z 25 a0
28 y+1 Pz, :

This final approximate expression embraces a number of
limiting cases which we are now going to discuss. (1) If
we only keep S in (4.1), we obtain the exact eikonal
cross section for relativistic kinematics but nonrelativistic
electron wave functions. (2) If, furthermore, we let y—1
and use the nonrelativistic limit p™ =en— v where
e=—%(Z,§—Z%) we recover the nonrelativistic eikonal
cross section.'? (3) If, in addition, we let Z7—0, (4.1) col-
lapses to the nonrelativistic OBK cross section.” (4) By
using the full expression (4.1) but with Z;—O0, so that
Seixk—1 and Sp,gn and Sy, each reduce to the first two
terms, we retrieve the approximate relativistic OBK re-
sults (summed over non-spin-flip and spin flip) of
Moiseiwitsch and Stockman® within the approximation
Z?} <<p* used both in Ref. 5 and here for the correction
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terms. (5) The term S,,,, does not depend on the binding
nuclear charges (Z7 represents a final-state interaction)
and hence is interpreted as a magnetic contribution to
capture. It may be worthwhile to note that, according to
Ref. 5, the term —3&? is entirely due to non-spin-flip
whereas =8* is + non-spin-flip and — spin flip. (6) S,y
is composed of terms that explicitly include aZp or aZ
and hence are interpreted as correction terms arising from
a relativistic modification of the electronic orbitals.
While the OBK contribution is symmetric with respect to
Zp<>Z 1 owing to the post-prior symmetry of the theory,
the eikonal contribution (with Z7) is not.?’

A comparison with the results of an exact numerical
evaluation of (3.17) shows! that the approximate formula
(4.1) is very accurate at small aZp r and still for Z7=73
(at Zp=10, E=1050 MeV/amu) deviates no more than
15%.

We briefly comment on the asymptotic behavior of
(4.1). Clearly, the asymptotic energy dependence is E ~!
as for the OBK. The eikonal cross section is, however, re-
duced with respect to the OBK value by a significant fac-
tor. Asymptotically, when y— w0, 8—1, p—a="5,
p_——1/a, the prefactor in (4.1), specific to the eikonal
approximation, takes the form [7maZy/sinh(raZyr)]
X exp[—2aZtan~ (1 /aZ ;)] which ranges from 0.80 for
Z =10, 0.33 for Z;=50, to 0.15 for Z;=90. Moreover,
the last term in parentheses in (4.1) contributes another
reduction factor whose size depends on both Zp and Z7.
The combined effect of these factors is to diminish the
eikonal cross section by a factor of 5—15 below the OBK

‘value.!°

V. EXTENSION TO ARBITRARY
INITIAL AND FINAL STATES

The method outlined in Sec. III for 1s-1s capture can
be readily generalized to arbitrary initial and final states.
Adopting the usual relativistic notation®* one may write a
hydrogenic wave function as

8x(MXK(T)

if ((PXR®) |’ 6D

D)=

where X% is the well-known spin-angular function obeying
the relation

(o TIXk=—X",. (5.2)

With the aid of (5.2) it is convenient to express the spin-
angular function with the higher orbital angular momen-
tum by that of the lower one. For example, if k=—1
(—2), corresponding to a large component with s,
(p3,2), one may rewrite the small component in (5.1) asso-
ciated with p,,, (d3,) by using (5.2). If, on the other
hand, k=1, corresponding to a large component with
P12, it is advantageous to express the large component by
(o*T) acting on the small (s,,,) component. For definite-

ness, when calculating P, we assume that k <0 so that
(oT) appears with the small component as in Sec. III.

We first calculate the density matrix P, of (2.16) by in-
troducing the expansion (3.4) into the definition of g so
that

12| g, XH4q)
8xu(q)= bY@ (5.3)
with
=i [ i larrar, (5.42)
bK:—il—x'H fowfx(r)jl_x(qr)r dr . (5.4b)

From (5.3) the density matrix Pg* can be directly derived,
in analogy to (3.7). For an unpolarized ensemble we may,
however, again take advantage of the powerful density-
matrix formulation. With the aid of the readily verified
property

S @@= el )\ 5.5
the unpolarized density matrix P, is simply given by
o 2etl | lacl® abiled (5.6
£ 4 |akblo@) b’ '
which immediately reduces to (3.8) for k= —1.

In a similar fashion we derive the density matrix Py
(where, of course, k need not be the same) for the initial
state by introducing the complex vector k;, as in (3.9). We
then can write

, 172 a xh&,)
hag(k)=|— 5. (o ey (5.7)
with
g (M=i"[0] " [ ey (karle et dr
(5.8a)
and
B\ = —i"—* V[T (i)
X fow Felji_ (karle =rdr . (5.8b)

In constructing Py from (5.7) we have to observe that the
(complex) angles /ﬁx,f( A are generally not the same and
hence (5.5) is not applicable. Instead, the addition
theorem for spherical harmonics yields'# a Legendre poly-
nomial Py for the difference angle between the two. As a

result, we have for (2.17a)
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— — % ’
p 2]K+1 © © , aK(}\')a K()\’)
Pi=—1"— [, dn [ an

. . | 1
X}\,W~1(}L')_W_IP
e | kepkt

In order for the A and A’ integration to factor one has, in
general, to expand P; in a power series and then separate
the terms in A and A’. For /<1 the task is trivial, and
cross-section formulas similar in structure to (3.17) and
(3.18) can be worked out. The results are displayed in the
Appendix for initial 2s,,,, 2p,,, and 2p;,, states and
have previously been evaluated numerically in Ref. 10.
For arbitrary combinations of «; and ks one has to work
out (5.6) and (5.9) and insert the results into (2.18).

As in Sec. III the OBK approximation is easily derived
as a special case. While Py of (5.6) remains unchanged,
Py assumes the same structure as Pg", except for the re-
placement q—p, Zp—Z7, and in the calculation of a,b
the integrands in (5.4) which include the 1/r of the
Coulomb potential have to be multiplied by r.

VI. RESULTS AND DISCUSSION

In the present work we have developed the eikonal
theory for electron capture by relativistic projectiles. This
approach is applicable if the kinetic energy of an electron
traveling with the speed of the projectile is much greater
than the binding energy in both target and projectile, or
specifically for 1s-1s capture, if y —1>>1—(1—a?Z2)1/?
where Z is the larger of the nuclear charges. As in the
nonrelativistic version,'>!® the prior form adopted here?’
(and appropriate for Zr>Zp) includes multiple-
scattering effects between the electron and target nucleus.
However, it does not involve the small portion of phase
space associated with hard-hard collisions that are respon-
sible for the Thomas peak in the differential cross section.
The asymptotic energy dependence E ~! is the same as for
the first>~> or second’ Born approximation.

The exact eikonal cross section can be expressed as a
double integral (as compared to a one-dimensional integral
for the OBK approximation®) which can be easily evaluat-
ed numerically for any explicitly given combination of ini-
tial and final states. In deriving the capture cross section
for experiments that do not detect the electron spin polari-
zation we have shown how the use of a density-matrix
formalism significantly simplifies the calculations. This
technique is, of course, equally advantageous if used with
any other capture theory.

Since 1s-1s capture is the simplest and most important>

case, we have derived an approximate closed-form expres-
sion for the cross section in this case. The approximate
formula is very accurate for small and intermediate
charges'® and only for the highest charges may be off by
40—50 %. Figure 1 displays calculated capture cross sec-
tions for bare Ne nuclei impinging on one-electron targets
with various nuclear charges. It is clearly seen from the

[p2+p% +ip _(A—A)+AN] | .

a, (Ao k)b
b, (Mo k)a*A) B Aok (akEIIBXA)

(5.9)

figure that in the extreme relativistic limit the cross-
section curves begin to fall off more slowly (as E ~!) than
in the nonrelativistic theory (as E ~% or E~!1/2). The ap-
proximate expression (4.1) also allows one to distinguish
contributions that arise from the interaction of the rela-
tivistically induced magnetic field of the projectile with
the electron magnetic moment from contributions due to
relativistic modifications of the initial and final electron
orbits. '

From both the exact and the approximate eikonal re-
sult, we can easily recover the corresponding OBK result.

vy
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FIG. 1. Cross section for electron capture from a hydrogenic
Dirac 1s,,, orbital of the target with nuclear charge Zr into a
hydrogenic Dirac 1s,,, orbital of a projectile with nuclear
charge Zp=10 is plotted as a function of the collision energy
per nucleon. Cross sections are given in barns (1072 cm?). On
the upper edge of the figure the projectile velocity v is expressed
in terms of the relativistic parameter y=(1—v2/c?)~!/2
Cross-section curves are calculated according to Eq. (4.1). Each
curve starts at projectile velocities that are about twice the K-
shell electron velocity in the target.
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In order to do so we just have to switch off the final-state
interaction by setting Zr=0. While in the eikonal ap-
proach, for a one-electron system Zy=Zr, it is tempting
to use Zr as an effective final-state charge for a mul-
tielectron target. However, in the absence of a detailed
theory for the final-state interaction, such a procedure
should probably better not be applied.

A comparison with the OBK approximation shows that
the eikonal cross section is significantly (by a factor of
5—15) smaller than the OBK and still much smaller than
the second-Born-approximation result. In fact, it has been
shown in Ref. 10 that this reduction is just what is needed
to bring calculated cross sections into rather good agree-
ment with experimental data for a number of collision
systems and energies.
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APPENDIX: CAPTURE FROM INITIAL
L-SHELL STATES

1. 2s,,,-1s,,, transitions

Electron capture from initial 2s,,, states is completely
analogous to capture from 1s,,, states, except that the ra-

|

dial wave functions, and hence the integrals Aq,B,, de-
fined in (3.10) and (3.11) have to be modlfled Using
the notation s=(1—a?Z%)'?, W=[+(1+s5)]"% and
&=2Z71/(2W) we can write the radial wave functions®* as

g(r)=NgrS_le—§’(co+c1r) ’
(A1)
f(r)=Ngri~le=(ay+a;r)
with
2Z )s+1/2 172
= T : 2s +1 (14 W2,
2wt r2s+1)2W+1)
(A2)
| W 172
Ny=—Ne [ 1+w |
and
Z2W 1)
=2W, =—
€0 T W2s+1)
ao:2(W+1), a);=cy . (A3)

With the abbreviation A=A+ +tik, where k; is given
by (3.9) we get the integrals

NX (s+1) —(s+1)yyiv—1 —(s+2) —(s4+2)yq iv—1
Ao(p)= 157 |eolts+1) [ 2lk AZEHD ATV e Tis +2) [ 2k —— (AT A3
(A4)
Nf —s_a—sniv=1+ —(s+1) (s+1)yyiv—14m
By(p)=1 /5 |2l (®) fo 2k3 (ATS—ATA mdx~a0r(s+1)fo Zkz(x +ATETD) dA
+aTs+1) [ 7 2k3(x (D _pZlsHpIv=tmgy
—aT(s+2) [~ 2k2()r”“+7r“+2 AYIHmE) | with m=0,1 . (AS)

If these integrals are inserted into. (3.18) we may use (3.17)
for calculating the 2s,/,-1s;,, capture cross section for a
single electron. Of course, the quantities p; defined in
(2.15) have to be recalculated using the appropriate initial
energies.

’ 2. 2p,,2-15,,, transitions

In this case, the large component of the initial state has
a p;, spin-angular function while the small component
has s;,,. It is hence advantageous in (5.1) to express X*
by X", using (5.2). This means that (o-T) appears in the

large component and, consequently, the role of the 4,B
integrals is inverted, i.e., AO,B —A,,,By. Again using

s=(1—a?Z3)'?, W= [—(1+s 12, and £=Z;/Q2W)
the radial wave functions®* are given by (A1) but now
with
- (2Zpy+12 2s +1 l/2(1 w172
¢~ 0wyt |Tas+ 2w —1) * ’
W 172 (A6)
Ny=—Ne { 1+ W
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and
Z2W—1)

e —1 = — R
co=2(W—-1), ¢, W+ 1)

(A7)
aOZZW, aj;=cy .

Owing to the formal interchange of large and small com-
ponents as compared to the 2s,,, case, the integrals are
easily obtained by the following prescriptions: A4,,(p),
m=0,1 is derived from B, (p) in (A5) by the replace-
ments Ny—N, and ag,a;—co,c;. Similarly, By is de-
rived from A, in (A4) by the substitution N;,— —N, and
¢p,¢1—ag,a,. However, Q has now to be redefined as

Q=my[| Ao | Xpi+p2)+2Im(AgAT )p_+ | 4]7]
+(2m 3 /@) [Re(AoBY ) pi+p . p_)—Im(4,B5)p ]
+2m,[Re(4oBG )p_ —Im(A4,B§)]+mxp | Bo | .

(A8)

0

— Ny © 1 —5_ 9 —S\piv—l+m
An(p)=1E ‘F(s)f 2T AR dA—T(s+1) [

Ny
T(iv)

3ars—1) [° 1

Bn(p)= 0 2ik}

=306 [T S ATHATIA L |, m—0,1,2.

When (A8) is inserted into (3.17) we obtain the 2p; -
1s,,, capture cross section for a single unpolarized elec-
tron.

3. 2p;,-1s,,, transitions

Since k <0 in this case, the procedure is similar as for
the s,,, initial state and is outlined in Sec. V. The result
for the unpolarized density matrix P, is given in
(5.9) with P (x)=P(x)=x. With the definitions
s=(4—a?Z%)"/? and W =s/2 we have the normalization
constants?*

Z%+l/2
Ny=—————(1+W)1/2,
& [2r2s+1)]\? ‘
(A9)
l—w 172
Nr==Ne I iow

In terms of AL =A+Z;/2+ik; we get the A integrals

o 1
0 2k%

()\:(S+1/)+A,I(S+1))A.iv_l+md}\,

’

m=0,1 (A10)

(}\,:(S_1)“}\,;(S_1)))\.iv_l+md)\.—r(s+1)fw 1 ()\.:(S+1)——}\,1(s+1)))\.iv_l+md}\,

0 2k}

(A11)

Evaluation of the trace in (2.18) then yields [with g = (p} +p?F )172] the integrand to be used in (3.17) as

Q=myl| Ao | Hps+p2)+2Im(AoAT)p_+ |4, |%]

+(2m 1, /q)[Re(BoA§ ) pi+p o p_)pé+p>)—Im(B A ) pip  +pip_ +2p,p>)

+2m,[Re(Bod§)(pi+p2)p_ —Im(B A} pZ+2p2)

—Re(B,A5)p_ +Im(ByA} )p* +2Re(B A} p_ —Im(B,AT)]

+myul | Bo | *(ps+p2 )*+4Im(BoBT )pj+p2 )p_
+2| By | Xp2+2p2 )—2Re(BoB% )p> +4Im(B,BS)p_+ | B, |?]. (A12)

With this Q Eq. (3.17) yields the cross section per electron for 2p; /,-1s; , capture assuming an average over initial angu-
lar momentum projections and a sum over final spin states.
The formulas given in this appendix have been used in Ref. 10 for evaluating the cross sections for L-shell capture.

*On leave from Bereich Kern- und Strahlenphysik, Hahn-
Meitner-Institut fir Kernforschung Berlin, and Fachbereich
Physik, Freie Universitat Berlin, D-1000 Berlin 39, West Ger-
many. .
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