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A kinetic model has been formulated based on the generalized Enskog equations for a binary mix-
ture of hard-sphere fluids. The resulting description is an improvement over an existing model
based on the linearized Boltzmann equations for Maxwell molecules in that effects of thermal dif-
fusion and nonideality corrections are taken into account. It is shown that the present model gives
results for density fluctuations in quantitative agreement with light-scattering spectra of Xe-He mix-

tures.

I. INTRODUCTION

Kinetic model equations provide a tractable means of
analysis, at the level of transport theory, of nonhydro-
dynamic behavior in fluids. One such application is the
interpretation of light-scattering-spectra of density fluc-
tuations at wavelengths comparable to the collision
mean-free path. As can be expected, kinetic models were
first developed for pure fluids' before extensions were
made to multicomponent mixtures.? For low-density
fluids satisfactory kinetic models for both single-
component fluids and binary mixtures have been derived
from linearized Boltzmann equations. At higher densities
where the thermodynamic properties- of the fluid can no
longer be described as those of an ideal gas, a kinetic
model based on the generalized Enskog equation has been
developed.>* An attempt to derive a corresponding
description for a binary mixture was also made.> Howev-
er, the results of this formulation are not quite complete.
Moreover, only limited numerical results were produced,
and to perform further computations would require repro-
gramming the entire calculation.

In this paper we present a kinetic model description of
density fluctuations in moderately dense binary mixtures.
This work was motivated by the availability of Rayleigh-
Brillouin spectra® of Xe-He mixtures which could not be
explained satisfactorily by an existing kinetic model? for

low-density mixture of Maxwell molecules (atoms in-
teracting through 1/r* potential). It has been pointed
out’ that the discrepancy is most likely due to the effects
of thermal diffusion and nonideality, or imperfect-gas
corrections, both not taken into account in the existing ki-
netic model. We will show that the present formulation
gives numerical results that are in quantitative agreement
with the experimental spectra and go over correctly to the
pure-fluid limit. On this basis one can conclude that a
successful development of a kinetic model for moderately
dense binary-fluid mixtures, in particular, one which
treats thermal diffusion and nonideality corrections, has
been achieved.

In Sec. II we introduce the generalized Enskog kinetic
equations for a hard-sphere mixture with explicit contri-
butions to the memory function or collision operator from
static interactions and collisions. A kinetic model is then
derived by using a matrix representation of the memory
function, retaining in full the low-order matrix elements,
and approximating the remainder by a diagonal matrix
with all elements equal to a constant. In Sec. III the vari-
ous matrix elements used in formulating the kinetic model
are given explicitly, and in Sec. IV details of numerical
calculations are given along with a demonstration that the
model reduces properly to the case of a pure fluid. The
analysis of light-scattering spectra in Xe-He mixtures is
carried out in Sec. V, and we conclude with a few remarks
in Sec. VL.

II. KINETIC MODEL FORMULATION

A. General equations

We define the phase-spacing density correlation function, following the notations of Ref. 5,

Caplt—t',p,p’,t —1')={[f(x,p,t) — {f4x,p, ) ILF A, 't ) —  fE,p', ")) 1) 5

where

Na
rer,p,0= 3 8(r—R1)8(p—PU1) .
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For a binary mixture of atom species a and b, indices a and 3 can be either a or b. The Fourier-Laplace transform of

(2.1) will be denoted as
S(k,p,p',2)=—1 [dr [ “dt e =1k
This correlation function satisfies the kinetic equation

,_kp
m

a

Caﬂ(r,PaP’,t) .

Sk,p,p',2)— [ dp" boyk,p,p", STk, p",p',2) =

(2.3)

—5%xpp) 2.4)

characterized by the frequency and wave-number—dependent phase-space memory function ¢,g.

There are three contributions to the memory function,’

$ap(k,p,P's2) =35a(K,P) + 8apbis(k, pp's2) + $55(K, P, p',2) -

(2.5)

The static part of the memory function ¢° which represents the effects of restoring forces due to spatial correlations with

neighboring atoms has the form

dapk,p)=—(nk-p/m,)® (p)C (k)

(2.6)

where n, and m, are the number density and mass of atom a, ®,(p) is the Maxwellian distribution,

372
—Bp%/2m,,

B

Polp)= 2Tmgy

with B~'=kpT, and C2

Do(k)= —i‘{—af,ﬁ Jji(koag) ,

2.7

p(k) is the direct correlation function for the mixture system. For low density its value is

(2.8)

where 0,p=(0,+40p)/2, 0, is the hard-sphere diameter of atom a, and j, is the first-order spherical Bessel function.
The direct collision term ¢odap can be expressed as a special case of the cross collision contribution and is equivalent to
the memory function for a one-component fluid.” For a moderate-density binary mixture one has’

3
¢§%(R,P,P')¢5(P')"—'inaaiﬁgaﬂ(aaﬁ)

m(mgmp)'’?

x [d’Pd*P,d, exp | —B

P} o 2P?
2m, " M

O(—T1p,Jexp[ikTo,5(1—8,5)18(p' —(2m g/M)P—p,)

X[8(p—(2my/M)P+(1—28,5)p,)—8(p—(2my/M)P+(1—28,5)P;)]

O,
(1=8,9 5P g (00p)
mll

where M=m,+m,, m,=m,my/M, © the unit step
function, the asterisk (*) denotes post-collision momen-
tum, and index & denotes the species other than a. In
(2.9) gqplo,p is the pair distribution function at contact.
To obtain ¢gp, we use the relation,

=@+ (Dgrp)p=a (2.10)

Equation (2.4) with the memory function given by Eq.
(2.5), has been called the generalized Enskog equation.’

The initial value S,(k,p,p’) of the density correlation
function has the form

§aﬁ(k,P,P')=na¢a(P)5(P—P')

F1np®o(p) PP gp(K) 2.11)

where h,g(k) is the Fourier transform of g,g(r)—

2
% (ko 4p)®(p)DRD") 2.9)

[
B. Kinetic model

To extract the density correlation function measured by
light-scattering experiment from Eq. (2.4) we will approx-
imate the memory function by using a kinetic model.®

We will follow the procedure of Ref. 5 by choosing a
basis function for the expansion

Vimn(E)= | Inm ) =(I'm In)~2H (&, )Hm(gy)ﬁ,,(gz) )
(2.12)

where H;(x)=2"'2H;(x /V2), H, being the Hermite
polynomial, and £=p/mvq is the reduced linear momen-
tum with v3=(mpB)~'. Since this basis is complete and
orthonormal, the memory function can be written as

¢""3(k,§,§'):2¢,~(§)¢j(§’)(1>(§)MaB(i | 7)> (2.13)

where i =(l,m,n), j=(I';m’,n’), and the matrix elements
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of the memory function are defined by
Maﬁ(i»j)=fd3§d3§' Yi(E)Y;(E)dap(k,E,8)P(E)
=(Imn | ¢og|I'm'n’) . (2.14)

The basic idea of the kinetic model is to treat the hydro-
dynamic states correctly by including in M,g the low-
order matrix elements. For most of the nonhydrodynamic
states one assumes that the off-diagonal elements in Mg
can be neglected and that the diagonal elements can be re-
placed by a constant. Formally one writes

Maﬁ(i lj)=_iv¢11vﬁaij ’ i’j>N

and v} is the closure element.
Applying the expansion (2.12) to (2.4) and defining

(2.15)

Bz == [ d’E SO EL DNEW,E) 216

we obtain a system of coupled matrix equations

(I—iE)h*—iF*h*=R, ,
(2.17)
(I—iE®)hb—

iF'h%=R, ,

where I is unit matrix and the various parameters and
matrices are defined below:

E°=DYY,y*1+ Yy [*)—i¥ s Ypa L“L*CT™

Fb=DbY,, L%T% —i CL( Y, Yo v**+ Y Y5, T?)
172 (2.18)

Ry=2,CP—i¥, |1 | Lebgpa_po4,
v
172 172
R2=Za %- QBA_inaLbagDA—'l_)BA l] ’
v
where
v=2m,/M , y=2my/M , D*=Z,C—D,
v N (2.19)
a n
Y, =29 =—LBax yaB AN /AN
T Vakve T T yokye 8/ Aaa

Here o), and Af,v,g are closure matrix elements expressions
which are given in the next section. In (2.18)
z2o=Xqo+i(Y, 8)s where X, is the reduced frequen-
cy, X::w/\/gkvo with (v§)?=kpT/m,. In (2.19) C and
D are matrices connected to plasma dispersion function’

I b (V2EN;(V2E)e —¢
= 3/2 (63—2a)(E3—25)+ Yap Ya L L

d’,
s (2.20)
_ f §31/1,-(\/§§)¢j(\/§§)e‘5 3§

w2 Y (E3—2,)(E3—2)+ Yy Yoo LPLY ’
where &5 is along an axis in the k direction. Also in (2.18)

y*® and I'®P are matrices which contain memory-function
matrix elements

aa
ac__ s -Lil'
Yij =0 —17"N >

aa

(2.21)

M
I‘Zﬂ=5u —1- N .
af

The elements L;;* and M,-‘}‘ﬂ are given in Sec. III. In (2.18)
R, and R, are given by the matrices

(CPY);=Cy if j#1,
(CP4); =C;1S44(k) ,
(CBNy=Cy if j£1,
(CBY;=C;18P4k)

(2.22)

(DP4),;=Dy; if j#1,

(DDA)-1=D-ISAA(k) ,

(D Ij—Dij lf_]-';él

(DB4); =D, SB4k) ,
where Sa,g=5a3—47'r[j1(Xaﬁ)/X,,B]paﬂ, and p,p=ng agﬁ
is the density, X,g=ko,g and j, is the flrst-order spheri-
cal Bessel function.

From the solutions of Egs. (2.17) we can calculate the
dynamical structure factors S,g(k,w) defined by

Sa‘g(k,a))=2 Im l fd3p dBPISaﬁ(k,p:P"Z)

z=w+i0% °

(2.23)

These are the quantities needed to analyze the light-
scattering spectra.

III. MATRIX ELEMENTS OF MEMORY FUNCTION

The matrix elements of the memory function which we
will take into account explicitly are those associated with
the states |000), |001), and

|E>=71_—(1002>+1020>+lzoo)),

172 E)
lo)= |5 |ooz>——l——‘/§ 3.1
|H)= 1(|201>+|021>+x/§|oo3>>

which correspond to number density, linear momentum,
energy, longitudinal stress tensor, and energy, respectively.
The state used to evaluate the closure element is

1
|M)—7—1—§[\/§( | 400) + | 040) + | 004 ))
+v2(]220) + | 022) + | 202))] . (3.2)

Transverse-momentum components, |010) and |100),
and transverse-stress tensor | 011) need not be considered
here because they are uncoupled to the variables defining
the dynamical structure factor S(kw).

We have evaluated the matrix elements of the memory
functions given in (2.6), (2.9), and (2.10), using (2.14) and
the states enumerated above. An illustration of such a
calculation is given in the Appendix.
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TABLE L. MS(i | j) in units of n,v50%,g.V 7y.
| 000) | 001) |E) o) |H)
| 000) 0 0 0 0 v 0
172 8 172 47/]."
|001) i8jo 6 Jr s |3y (1—3J3) VT
172 8\/2 ' 172
|E) 0 4 % J1 Vv —i=3 Vyvj 6 -l”g Vi,
172
8Vm |. 3. . ; . 6. 10. Jjo| = 24 . :
lo) 0 15 P15 —i3V2Vvyj i5Vyv Zla—oyha T R % (r—5J3)
. 172 172
.4vjo mYyv 24 | myv . .
0 — 2 6|T¥v | 24 | 7Yy _3 21w
|H) Ve 15 | s |30 | Gi— Ty 5 yvjo
. cc de j1(kogap)
A. Matrix elements of ¢* and ¢ Ay = —4moy J1 = ab)
The results for matrix elements Mg; (i | j) and Mg (i | j)

are given in Tables I and II. The direct collision terms
L%4(i,j) are obtained by setting a =b and y =v=1 in the
sum MSS(i | j)+MS(i | j).> These matrix elements are the
same as those for the pure fluid plus an extra term com-
ing from the state |o').* For the cross collisions the clo-
sure elements are

(M| 9% | MY=—2in,V3028u 0ap)

Xy W2 yPv— %yv+ %v) s
(3.3)
(M | ¢35 | M)=2in, V5028 0a)

Xy W Hyv)3%jolkog) .

From (3.3) we can obtain AN, AY,, and aY,. The bb and
ba matrix elements are obtained by changing a=>b and
vY=xv. Three symmetry properties of the memory-
function matrix elements should be noted: when »n +n' is
odd, the elements are real and vanish at small ko,; when
n +n' is even, the elements are purely imaginary and ap-
proach a constant in the small ko limit, and
Mop(i | )=Mg,(j | D).

B. Memory function and mean-field term

The mean-field term in ¢,z is formed from two contri-
butions. The first comes from the static part of ¢° and
has the form

172
M:b =—n, Vg :‘Z/‘ ] kAab801801’80m80m’81n80n' ’ (3.4)

with

The second contribution is a part of the collision memory
function. For example,

172
Mégc)(m): —47Tnagabaﬁb Vg [% ] Jilkog)

X 80180100m Bom81nOon’ - (3.5)
The sum of those two terms varies like g,g—1. At very
low density, g,g goes to unity and the mean-field terms
go to zero. This is the term which describes the nonideali-
ty correction in the generalized Enskog equation.

IV. NUMERICAL RESULTS

The parameter values which have to be specified for nu-
merical computation, aside from densities, masses, and
fluid temperature, are the hard-sphere diameters o,, and
the pair distribution functions at contact. We will use the
expression'®

a
8aal0®) = |1+ 37+ 375 | 75 —1 ](1~n>‘2,
o
4.1
1
gab(aab)= 20’ab (abgaa +aagbb) ’
n:%[n,,(o“)3+nb(0b)3]—=‘77a+7Ib ) 4.2)

where 7 is the packing fraction. The numerical solution
of (2.4) has been programmed on a computer, and results
have been obtained as dynamic structure factors defined

TABLE II. MZ(i | j) in units of nyv§02,gaV 7y.

| 000) |001) |E) o) |H)
| 000) 0 0 0 0 0
4

001 0 —it 0 0 — i
001) 3 V10
| E) 0 0 —idv 0 0
o) 0 0 0 — i3y +5v) 0

i |11 4, .10

| H) 0 13 S 0 0 2i 3 15 5y+ 3
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in (2.23). It is useful to characterize each spectrum by a
dimensionless collision parameter? for each species

Y, =0.41(Py/k vana) » 4.3)

where P, is the partial pressure, k the wave number,
va=(myB)~'% and 7, the shear viscosity coefficient.
Depending on the values of these parameters compared to
unity, one can expect the spectrum to show hydrodynamic
(Y > 1) or kinetic (Y <1) behavior.”

The systems for which numerical results will be dis-
cussed are Xe-He mixtures at 7"=293 K and various par-
tial pressures. For a given mixture the dynamic structure
factor S(k,w) is a linear combination of contributions
from different species weighted by appropriate atomic po-
larizabilities [see Eq. (5.1)]. The various physical con-
stants used are given in Table III. The k value in all the
spectra presented in this work is k=1.727X10° cm™!
which is determined by the experimental condition of the
light-scattering experiment.®

As a check of our calculations we consider first a pure
fluid as a limiting case. Figure 1 shows a comparison of
results for a case where the concentration of one of the
two components is negligible with a kinetic model for a
pure fluid,* the latter being known to give a good descrip-
tion of light-scattering spectra of moderately dense Xe
gases. While thermal diffusion effects clearly can be ig-
nored at this condition, the comparison does demonstrate
that nonideality corrections to perfect-gas behavior are be-
ing treated correctly. The spectrum is this case shows
characteristic hydrodynamic features of pronounced cen-
tral and side peaks, as one may expect from the value of
the collision parameter Yx.. The good agreement be-
tween the two kinetic models means that our formulation
will behave properly in the hydrodynamic region of small
k.

V. APPLICATION TO LIGHT SCATTERING
IN MODERATELY DENSE GAS MIXTURE

In light-scattering experiments the observed Rayleigh-
Brillouin spectrum of a mixture is related to the various
dynamical structure factors S,g(k,w) by the relation

S(k,0) ~aln,S,,(K,0)+apny Sy (K,)

+aaab[naSba(k,co)+anab(k,co)] (5.1

where a is atomic polarizability. The experimental setup
for the study of moderately dense mixtures has been
described elsewhere.® The light source was a 171 Ar*
Spectra Physics laser. The 5145-A beam was monomode

TABLE III. Hard-sphere radii o;, polarizabilities c; (Ref. 6),
and pair correlation at point of contact used in numerical calcu-
lations.

Ooxe=4.79 A oue=2.17 A
axe=3.999 < 10** cm? ap.=0.204 X 10~24 cm?
Py. (atm) 5.97 5.97 5.97 3.75 1.82
Py (atm) 9.17 4.79 3.80 3.51 2.65
gap 1.147 1.144 1.143 1.136 1.135
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FIG. 1. Dynamic structure factor of gaseous Xe at P =5.97
atm (Yx.=5.35), T=293 K, and k=1.727x10° cm~.
Present calculation for Py./Px.~ 10~* (open circles) and results
from a kinetic model for a pure fluid (Ref. 4).

and stabilized in frequency in order to eliminate jitters
created principally by the noise of the cooling water. The
four-arm gas cell was free of stray light and no peak at
the laser frequency was observed. We used high-grade gas
prepared by Society Air Liquide. High-pressure handling
equipment ensured a precision better than 1% in the mea-
sured pressure. Computation of molar composition was
done with the virial equation of state of a Lennard-Jones
mixture.

 5(q,w)

i | ]
0 0.5 1.0 1.5

FIG. 2. Dynamic structure factor of Xe-He gas mixture at

1

2.0 XA

Px.=5.97 atm (Yx.=5.35), Py.=9.17 atm (Yy.=1.667).
Frequency unit is X,=530 MHz. Symbols are as follows:
———, full hydrodynamic calculation, Ref. 6; , hydro-
dynamic calculation with K7=0 and no nonideality correction;
——— , hydrodynamic calculation with nonideality correction
but Kr=0; — — —, low-density kinetic model, Ref. 2; e®®,
present calculation.
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1 ]

0 500 W (MHz)
FIG. 3. Dynamic structure factor of Xe-He mixture at

Px.=5.97 atm (Yx.=5.35), Pg.=3.80 atm (Yy.=0.69). For

this figure symbols are as follows: @@®, experiment; ,

present calculation.

Plane and spherical piezoelectrically scanned Fabry-
Pérot étalon has a controlled finesse bigger than 45; pho-
tocounts were processed by a photon discriminator and
sent to a multichannel analyzer. Instrumental profile was
accurately fitted by an Airy function; it has been con-
volved with the theoretical spectra in the following com-
parisons with experimental data.

Figure 2 shows a comparison of the present kinetic
model prediction with a hydrodynamic calculation which
represents very closely the experimental spectra at this
condition. The agreement indicates that our formulation
describes the Xe-He system very well so far as density
fluctuations at long wavelengths are concerned. One sees
that imperfect-gas effects and thermal diffusions are both
important, and these effects cause the central peak to be-
come narrower. Notice also that the low-density kinetic

. model for Maxwell molecules is not able to give a satisfac-
tory account of the data.

Nonhydrodynamic behavior in the Xe-He spectra are
shown in Figs. 3—5. In going from Figs. 2 to 3 only the
He concentration is decreased, and yet one observes a
more pronounced propagating mode. This is an illustra-
tion of an enhanced damping of sound waves in a mixture
which has been previously noted.>'® The experimental
spectra in Figs. 3—5 cannot be well explained by the low-
density kinetic model for Maxwell molecules. On the oth-
er hand, agreement with the present calculation is seen to
be excellent. In Fig. 6 we show a comparison at lower Xe

$(s.0)

0 560 13;36 W (MHz)
FIG. 4. Dynamic structure factor of Xe-He mixture
Pyx.=5.97 atm (Yx,=5.35), Pge=4.79 atm (Yy.=0.908). For
this figure symbols are as follows: @@®, experiment; ,
present calculation.
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)

1
0 500 W (MHz)
FIG. 5. Dynamic structure factor of Xe-He mixture at
Px.=3.75 atm (Yx,=3.36), Py.=3.51 atm (¥Yy,=0.64). Sym-
bols are as follows: @@®, experiment; ——, present calculation;
— — —, hydrodynamic calculation.

and He pressures. Here, nonideality correction and
thermal diffusion effects are much less important, and
one has agreement between the kinetic models.

VI. CONCLUDING REMARKS

We have developed a kinetic model for binary mixtures
which is based on the generalized Enskog equations for
hard spheres. This description is an improvement over an
existing model® for dilute mixtures which was successful
in explaining light-scattering spectra!? of Xe-He systems
at very low Xe pressure and small Xe molar fraction, con-
ditions under which imperfect-gas effects and thermal dif-
fusion can be ignored.® More recent data on Xe-He mix-
tures have shown that at higher pressures and larger mo-
lar fractions those effects are significant and that an ex-
tension of the kinetic model for Maxwell molecules is
needed.”

The formulation of the present model follows closely a
previous derivation® where it was already recognized that

s (n0)

|
500 W (MHz)
FIG. 6. Dynamic structure factor of Xe-He mixture at
Py.=1.82 atm (Yx.=1.63), Py.=2.65 atm ( Yy, =0.48). Sym-
bols for this figure are the following: @@®, experiment;
low-density kinetic model (Ref. 2); — — —, present calculation.

>



1088

the generalized Enskog equation provides an effective ex-
tension of the linearized Boltzmann equation to high den-
sities.! The previous work was lacking in two respects, an
important state representing the longitudinal part of the
stress tensor was not included in constructing the kinetic
model (see Sec. III), and numerical calculations were not
carried out far enough to allow the model to be used for
-comparison with later experiments.® As we show in this
work, a quantitative test of the Enskog theory can be
made by comparing density-fluctuation spectra with
light-scattering measurements. The theory is able to ac-
count for the effects of nonideality and thermal dif-
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fusion,’® and judging from the success of the Enskog
theory for pure fluids,'* our model should be useful over a
wide range of densities.
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APPENDIX

We will describe the evaluation of a typical matrix of the memory function. Starting from (2.14) we have

. . .nﬂV
My (i | j)=2i
T

XYjla/e—ep)[¢i(a—p)—yj(a—p+2r(rp))],

b
3 ° (a“b)zgab(a"b)v_zy_zfdsa d’p dQexp

(r.p)e( __r_p)eik‘?a'“b

_ [¢+gi
Y v

where £ =V"v/y, T is unit vector in r direction, () is the solid angle. Post-collision momentum is of the form

p*=p—2%t(%p).

For the basis functions 1, we use the standard Hermite polynomial. As an example we calculate the (o | ¢35 | 001) term

in Table I. From (3.1) we find

172
3

Miy(c | 001)= 1

V3

(M (002 | 001) — —=M,, (E | 001) | .

(A2)

It is sufficient to evaluate only the first term. The second term is composed of matrix elements of the same type,
M,;,(002 | 001), M,,(020|001), and M,,(200|001). M,,(i lj)=KabIMab(i | j), where K, is a constant and

IMab(002|001)=fd3ad3p d3r e’ (r-p)O(—rpgoi(a/e+ep)[gor(@ —p) — Yool @ —p+2r(r-p))] .

(A3)

Introducing Hermite polynomials H;(&;) we have the basis function

£2—1

Yoo §)=""5=" Yoo(§)=¢;

with z along the k direction. Note that
[ e Pumdy =g~ " +V2D((m +1)/2)
if m is even and I'(n) is the gamma function. Then
—4

Iy, (002 |001)= V5

2

I,
?—1284‘138

where

1= fdn d’ad’p e™* O —r-p)e“”2/7+“2’V’(r-p)2a§rz )
Iz=fde3ad3p e*TQ(—r-ple ~ P T+ M (1.p) 22y, |
I3=fdﬂd3ad3p eik"e(—r-p)e‘(P2/7+02/V)(I‘P)3Pz2rz .

We give only the calculation of one of these integrals,

Il=fdQe“‘"rzfd3pe_"z/“/(r-p)ze(—r-p)fd3ae"’2/"af .

(A4)

(AS)

(A7)
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Using (A4) for m even, we have

1089

f d3ae —al/vag =135 (A8)
To evaluate the p integral we consider first the identity
. tode " O s
Tp)O(—rp)=1 — —leorp A9
(¥:p)'®(—rp) al—% —w 27 w—Ii€ Jdw” (A9)
Then
3/2 5/2 + o dCl) i2 2
1:— dQe’*r, —_— d3pe=p/r—iorp A10
! f € —w 27 (@—Ii€) aw2f pe (410
The last integral is of the form
fd pe? 2/y —ior pplpép 3/2,},(3+k+1+m)/2 2i)~k+1+m)y —va /4Hk(xl)Hl x2)H,(x3) , (A11)
where x; =Vyor; /2. Now
Mfdﬂe'kr do 3% —re?/4 (A12)
w—i€ Jdw?
Using the Plemel j identity
lim—— =P |1 | 4inb(e)
e—->0W—I1E
we obtain
3,5/2,,2
1= fdaet, (A13)
For integration over solid angle we use the integral relation
ik " |Jk+nrX)
[ aQrkrleme™ 5 okol D[ (k 4 1) /21011 +1)/2)(—iym24+k+072 S |7 (A14)
where 0/=[1+(—1)] and j,(X) is the spherical Bessel function of order a. Thus we find for I(X),
4,5/2,,2
Ilw—zl"z—” jo(X) . (A15)
Using the same method we obtain for the other integrals in (A6)
o (X)
L =i 3 |jo(x) — 102 2
(A16)
Li=i2m%3 230 (x) .
Introducing I;, I,, and I in (A5) gives
M, (002 | 001)=r,v5g,( 0%b)(gab)2 AT 5ok a®) . (A17)
Using the relation
J§ X0 =313/(X)—2j5X)],
and combining with the result for M_,(E | 001) from Table I, we get finally
' 372
M, (0 | 001) —%5— 1V () 0®0)2(j (X)) — 2 j3(X)) . (A18)
This is the desired expression in Table 1.
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