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The theory of free-electron lasers is extended to include the new coupling between an electron
beam and optical wave propagating at an angle 9 in an arbitrary harmonic. The coupling allows the
laser to be tuned to a wider range of wavelengths and to include the effects of emittance in the elec-
tron beam. The formulation of the results in terms of coupling constants means that the existing
knowledge of high gain, low gain, weak optical fields, strong optical fields, and short pulses in free-
electron lasers can be immediately generalized to off-axis propagation in an arbitrary harmonic.

I. INTRODUCTION

In a free-electron laser (FEL) oscillator, a beam of rela-
tivistic electrons is injected into an undulator magnet
where they undergo transverse oscillations. The undulat-
ing electrons couple to and amplify co-propagating laser
light which may be stored in an optical resonator. There
is significant research exploring both the experimental
and theoretical aspects of FEL operation in the range
from millimeter to x-ray wavelengths.!~°

One of FEL’s most attractive features is its ability to
produce tunable radiation. This is usually accomplished
by changing the initial electron beam energy, ymc?, but it
has been shown that the range of tunability may be fur-
ther extended to shorter wavelengths by exploiting odd-
numbered higher harmonics on axis in a linearly polarized
undulator.!°~!*> Gain off axis at the fundamental wave-
length has been calculated for the case of a weak elec-
tromagnetic undulator field.'®!” The electromagnetic un-
dulator can be related to the magnetic undulator using the
Weizsicker-Williams approximation.'® !

In this paper, we calculate the FEL gain at all angles in
both the helical and the linearly polarized undulators in
all higher harmonics. Shown in Fig. 1 is an FEL oscilla-
tor schematic with the optical mode skewed at angle ¥
with respect to the electron beam and undulator axis.
Relativistic electrons with longitudinal velocity [3,c travel
along the magnetic undulator and oscillate in the trans-
verse direction with frequency B,w,, where w, =2mc /A,,
A, is the undulator wavelength, and ¢ is the speed of
light. In weak undulator fields B, ~1—1/2y? and the re-
sulting emission frequency received at an angle ¥ is cen-
tered at?%2!
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where n labels the harmonic (n =1 denotes the fundamen-
tal). Since the emission is predominantly confined to a

forward cone with 9 <y~!, a small angle expansion is
used when y>>1. The large factor y? shows how the
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FEL makes use of a large Doppler shift to emit at fre-
quencies much higher than the electron oscillation fre-
quency [B,m,. A typical undulator wavelength is A, ~3
cm so that ¥ ~200 gives optical frequencies in the funda-
mental n =1. If the eleventh harmonic is used, then only
¥ =60 is needed to reach the same wavelength. In any
wavelength range, a change in the angle ¥ can be used to
tune the FEL frequency with n,A,, and y fixed. If
y¥ =1, the emission frequency is decreased by half.
Sometimes experiments with y >>1 are not sufficiently
aligned, nor is the electron beam of sufficient angular
quality (nonzero emittance) to allow all electrons to radi-
ate coherently at the expected frequency. In that case, the
coupling calculated in this paper can help diagnose the
operation of an FEL.

In Sec. II we derive the perfect trajectories of an elec-
tron in a helical undulator and present the resulting spon-
taneous emission spectrum d*I(w,d¥)/dQdw. Also in
Sec. II the FEL gain surface G (w,d) is calculated for the
helical undulator. In Sec. IIl, we discuss the same results
for a linearly polarized undulator. In Sec. IV, an expres-
sion is calculated for the net gain from an electron beam
with nonzero emittance. Finally, in Sec. V there is a dis-
cussion with some remarks on the Madey theorem.??

II. SPONTANEOUS EMISSION FROM PERFECT
HELICAL TRAJECTORIES

The emission spectrum from any electron is determined

by its trajectory, or path through the undulator. Unlike

FIG. 1. FEL schematic shows an electron beam propagating
through a periodic undulator, but with the optical resonator
tilted at an angle 9.
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the broadband synchrotron radiation from a relativistic
electron in a bending magnet,?® the FEL undulator radia-
tion can have a spectrum rich with detailed structure?* in
frequency @ and emission angle ¥. The same physical
principles give the detailed structure to the FEL gain
spectrum that will be calculated later.

The electron trajectories are determined by the Lorentz
force equations of motion

—

dBr e =z = dy _3 2 2
dt - ’}’mc (BXB)T) dt ‘—09 7/ _I—BZ_‘BT ’

(2.1)

where fc is the electron velocity, Brc =(Bxc,Byc,0) is the
transverse electron velocity, B is the undulator field, m is
the electron mass, and e =|e | is the electron charge
magnitude. We ignore the longitudinal equation " of
motion because it’s first integral is already known from
the Lorentz factor y, so that (2.1) completely specifies the
general motion. The magnetic field of the helical undula-
tor is

ﬁ;, =(B cos(k,z),Bsin(k,z),0) forO<z<L , (2.2)

where B is the peak field strength, A, =27 /k, is the un-
dulator wavelength, and L =NA,, is the undulator length.
This representation is only accurate if the electron’s path
remains near the undulator axis where there are no beta-
tron oscillations.?>2¢ With perfect injection into helical
orbits the first integral of the motion is exactly

J
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Br= —%—cos(kuz)p——[;—sin(kuz),o ,i (2.3)

where K =eBA,/2mmc? and B=B is the root-mean-
square magnetic field for the helical undulator. We will
see that K is an important parameter determining the

_characteristics of spontaneous emission and gain spec-

trums in higher harmonics. The last equation in (2.1)

gives y~H14+KY)=1— /35. Integrating further with con-

stants of integration set equal to zero (perfect injection),
the exact trajectory is

KA, . KA,
rt)= |— sin(B,w,t), ——cos(B,w,t),B,ct | . (2.4)

2y 2y
In a typical FEL A, =3 cm, N =10% y=10% and K =1
so that the electrons travel at speed ~c along the z axis
for several meters while executing small transverse oscilla-
tions with amplitude KA, /27y ~50 pm.

The transverse deflections cause radiation in the for-
ward direction. The characteristics of the spontaneous
emission spectrum from an electron in a helical trajectory
has been discussed in a number of previous pa-
pers,'2027=32 byt we review the work again to better clar-
ify the calculation of off-axis gain in the next section.
The energy emitted into a frequency interval dw and a
solid angle dQ is calculated by means of the Lienard-
Wiechert potential in a straightforward way.’>?! It has
been shown that for a large number of undulator periods
N >>1, the radiation must become azimuthally sym-
metric;®! this fact simplifies the derivation. For ¥ >>1 we
can expand the small emission angle ¥ and write the in-
tensity distribution as

(nX)

2
M‘]’f ; (2.5)

where J,, is the nth order Bessel function of the first kind, and

2Ky9 K?
x=—="X0 e 2
1+K2+929° ¢ 1+ K2+

v, = [n—

The spectral width of each emission line is determined by
the number of periods N in the argument of sin*(v,)/v%.
Emission occurs in a narrow range of wavelengths satisfy-
ing v, =~0. The resonant frequency o* satisfies v,=0.
The existence of energy spread or emittance in the elec-
tronnbeam will cause inhomogeneous broadening of the
line.

The properties of the emitted radiation as expressed in
(2.5) depend crucially on the size of the parameter K. For
K <1, only small harmonic numbers contribute to the
emission. For K ~1, the energy in the fundamental in-
creases, and the first few harmonics also have comparable
intensity. For K > 1, more harmonics appear. Finally for
K >>1, there are many closely spaced harmonics, and the
emission spectrum is close to the broadband synchrotron
spectrum of a bending magnet.”> For K < 1, the magnet
is called an ‘“undulator,” while for K >>1 it is called a

Y0y

(1+K24+y%?) |N7 .

—

“Wiggler.”zg’ 30

Figure 2 plots the radiated intensity distribution
d?I/dQdw for the helical undulator with K =0.5 as a
function of 9 and the dimensionless frequency /272w, .
Figure 2 actually plots intensity with brighter points
(white) in the (y¥,0/2y%0w,) plane indicating peak emis-
sion of [8(eyN)?/c]x0.04, while black areas indicated no
emission. The scale at the top can be used to evaluate the
intermediate grey emission intensities. Only the narrow
regions satisfying v, =0 show significant amounts of radi-
ation. We have plotted (2.5) for a relatively short undula-
tor with N =35 in order to make the emission more visible;
typically, N =100, and the lines are much more narrow.
The fractional linewidth is given by |v,| <w, or
8w /w* <1/2N. The frequency at the line center of each
harmonic is shifted towards lower frequencies with in-
creasing ¥ according to the relationship
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FIG. 2. FEL spontaneous emission intensity from a helical undulator is plotted as a function of y& and frequency w/2y%w, for
K =0.5 and N =5. The intensity scale is indicated in grey X [8(eyN)?/c]. Only the fundamental shows emission at this small value
of K.

. 2y%w,n able intensity compared to the intensity in higher harmon-

On axis only the first harmonic contributes, but for & >0

ics.
Figure 3 shows the same plot as Fig. 2, but with
K =1.0. The grey scale at the top indicates peak emission

of [8(eyN)?/c]x0.063. Increasing K from 0.5 to 1.0 in-
creases the contribution of the harmonics off axis. There

other harmonics may be present. When K is small
(K =0.5 in Fig. 2), only the first harmonic has appreci-

K=1.0 N=5
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FIG. 3. FEL spontaneous emission intensity from a helical undulator is plotted for K =1.0 and N =5. Due to the higher value of
K, there is more emission in the higher harmonics off axis and the emission frequency at each harmonic is lower with increasing K
and y9.
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is still no emission on axis except in the fundamental for
the helical undulator. The line centers at »* decrease with
angle ¥ according to (2.6), but keep the same fractional
width.

To better illustrate the angular dependence Fig. 4 plots
the intensity at the line center w* for the first eight har-
monics as a function of y9 with K =1. Off axis the peak
emission is near Y9 ~1, and moves farther off axis in
higher harmonics. The intensity is again plotted in units
of [8(eyN)*/c].

Figure 5 shows the intensity of the line center »* versus
K at y9=1 in the first six harmonics. For all the har-
monics at this characteristic angle, the peak emission is
near K ~V'2. While the power in each lower harmonic
first increases then decreases with K, the total power in-
creases with K, and the spectrum starts to become broad
with contributions from many harmonics.

A. Imperfect helical trajectories

When electrons enter the undulator with imperfect ini-
tial conditions, they will deviate from the ideal helical or-
bits. There will then be oscillations in the resonance con-
dition with respect to a co-propagating light wave. The
more complex motion caused by the imperfect injection
reduces the coupling to the optical fundamental frequen-
cy, and ‘also causes emission and gain in higher harmon-
ics. For slight angles, a misaligned electron beam is
equivalent to a slightly misaligned light wave.

We integrate the equations of motion (2.1) in the helical
field (2.2), but now with a constant of motion
¥ =p,(0)/3,(0) describing the imperfect injection angle.
The resulting paths are not perfect helices as in (2.3).
Now we have

B}= ——g—cos(kuz)—h‘),—f—sin(kuz),o . 2.7
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FIG. 4. The peak FEL spontaneous emission intensity from a
helical undulator is plotted as a function of ¥ in the first eight
harmonics for K =1.0. Only the fundamental has emission on
axis at 9=0. As the harmonic number increases, the peak in-
tensity decreases and moves to a larger value of y9.
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FIG. 5. The peak FEL spontaneous emission intensity from a
helical undulator is plotted as a function of K in the first eight
harmonics for y9=1.0. As the harmonic number increases, the
peak intensity first increases, then decreases, and moves to
smaller values of K. The fundamental, n =1, is broader in K,
while the higher harmonics are progressively more narrow.

The constant 9 leads to a drifting of the electron beam in
the x direction. For a long helical undulator, it is clear
that a drift in x is equivalent to a drift in y so we neglect
the y component constant of integration without loss of
generality. The effect of this drift is accumulated over
the undulator length L =NA,. The slow drift alone can
be obtained by averaging (2.7) over an integral number of
undulator periods to get 7r =3¢t =9L 7T, where T=ct /L.
Note that 7=0-—1 when an electron passes through the
undulator. Typically L ~3 m, and 9 ~ 1072 so that 7y at
7=1 gives a deflection in the transverse direction of about
0.3 mm.

The transverse motion is directly coupled to the longi-
tudinal motion z(#) because the electron energy is con-
stant. So

2K9

2
1+K7 + —y—cos(kuz) —92. (2.8

ﬁg__‘l— 2

Y

Averaging over one or a number of undulator periods

breaks up the motion into ““fast oscillating” terms and
“slow-drift” terms. The slow-drift terms are

— 1+K%2 9 _ 4
Bz=1——27—7, Z=p,ct , 2.9
where we have assumed y>>1 and ¥ <<1. The fast
motion is
KA
A@(:):ﬁcos(wut), Az () =—"sin(w,1) . (2.10)
Y 2wy

We have used B, ~1 to simplify the argument of the fast
oscillating terms. The exact solution involves integrals
over elliptic integrals, and small oscillations within the ar-
guments of the oscillating terms of (2.10), but since the
coefficients KV /y are already small, these extra oscilla-
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tions have been shown to be inconsequential in the results
that follow.!! The fast oscillations (2.10) accurately ex-
press the physics that we need to address in this calcula-
tion. These z oscillations cause emission into higher har-
monics and reduce the coupling to the electromagnetic
wave when 3 > 0.

Before actually calculating the new coupling, we can es-
timate when the fast z motion becomes important. Since
bunching on the optical wavelength scale is the key to any
coherent emission process, the fast z motion becomes im-
portant when its amplitude is comparable to A. Consider
the oscillating phase

K9k 2Ky

u . o
~——sin(w,t) =~ ——————sin(w,1?) ,
2y S R e

(2.11)

where k =27 /A=2mc/w. When y9 and K are compar-
able to unity, the amplitude of kAz is large enough to
cause emission and gain into higher harmonics and reduce
the coupling to the fundamental.

B. The pendulum equation with imperfect
helical trajectories

To calculate the off-axis coupling, we add an optical
field to the equation of motion (2.1). The calculational
technique is similar to that exploited earlier to evaluate
the gain in higher FEL harmonics on axis.!"!* The opti-
cal vector potential is

—

A, =—E—[sin(¢), cos(1),0] , (2.12)
nk;

where Y =nk,z —nwit +¢, the carrier frequency in the
fundamental is w,=kc, the carrier frequency is w =nck,
and the harmonic number is n =1,2,3,... . This form of
K,, explicitly displays the dependence on the harmonic
number », and will simplify our results to the same form
as those already known for the fundamental. A, is taken
to have a slowly varying amplitude E and phase ¢.
Neglecting the small transverse optical force®® when
¥>>1, in the Lorentz force equation, the transverse
motion is solved immediately and the result is the same as
2.7).

Substitution of [3’} into the fourth component of the
Lorentz equation gives
dy __e A 5 ¢E

K
dr " me? 3t P e ycos(ku2+¢)+ﬁcosw) .

(2.13)

I'he two terms on the right oscillate at quite different fre-
quencies. The argument (k,z +1) evolves slowly when
the FEL is near resonance, while 1 evolves ~v? times fas-

ter. When (2.13) is averaged over a discrete number of

undulator periods, the fast oscillating term become very
small or even zero. The important phase evolution is
(k,z +1) which can be written in a more convenient and
sufficiently accurate form:

kyz+y¢Y=(nk,+k,)z—noit+¢
=n(k,+ky)z—noit—(n -Dk,z+¢
~nl+e@—(n —1w,t +nXsin(w,t)—nAvr,
(2.14)
where
E=(ki+k,)z —wyt ,
X=KU8k A, /2wy
~2Ky3 /(14K +y2?)
and
Av=27Ny*¥*/(1+K*+929?) .
Then (2.13) becomes

dy _eKE = .
dt = yme cos[n+@—nAvr—(n —1w,t +X sin(w,?)] .

(2.15)
217'/wu
Averaging, fo dt(---), eliminates the fast motion
and gives
4y _ eEKL Jy_1(nX)cos(n€+@p—nlAvr) , (2.16)

dr - T/mcz
where we have used 7 2~72!" For 9=0, and X=Av=0,
(2.16) reduces to the well-known FEL result.!! The elec-
tron phase with respect to the optical field is nZ. These
phases evolve slowly and bunch to drive the optical wave
coherently. The Bessel function describes the reduced
coupling to the optical wave when 9 > 0. There is greater
reduction in the higher harmonics. The factor » Av modi-
fies the resonance condition, or phase velocity, when the
electromagnetic wave is viewed at a slight angle . The
form of (2.16) is a clear representation of the effects of
misalignment (¥ > 0). The complicated “fast” oscillations
created by misalignment have been simply expressed as a
new coupling constant J, _;(nX), and a new phase veloci-
ty nAv experienced by the electrons.

Another useful form of (2.16) is the pendulum equa-
tion.33—3 When N >>1, the electron energy y is almost
constant, and £=v=4xN v/y, where () indicates the
derivative with respect to 7. So (2.16) may be written as

n?:nzz |ay | cos(né+@—nAvr), (2.17)

where the dimensionless optical-field strength is

I ap I =47T_]:7eK%E-[an—1(nX)] ’
v*mce

and v=d{/dr is the electron phase velocity. The pendu-
lum equation (2.17) and even (2.16) can be written in the
more usual form with the substitution v, (¥)=(v—Av)n;
then §(¥)=(5— Avr)n. The pendulum equation can now

be written in the standard form:
vy=& = |ay | cos(&+o) . (2.18)

The physical meaning of (2.18) has been fundamental in
the understanding of the FEL. We quickly review the



main features again to clarify the new definitions when
d>0. A beam of electrons occupies a range of initial
conditions §y=¢,(0) and vo=v,(0) in phase space at 7=0.
If the beam is monoenergetic and all electrons propagate
at the same angle 3, then only one phase velocity vq is
populated. For short wavelengths, a uniform distribution
of phases &, will cover every 27 section of phase space.
Bunching and coherent emission occur when the phase
&y~ is overpopulated and the average electron energy
(v, ) decreases. In order to maintain an overpopulated
phase for a significant time we must have |v;| <.
Since the field strength |a, | changes the rate at which
each v, evolves, we see that |a; | <7 implies weak fields
and slight bunching, whereas |a, | > implies strong
fields and strong bunching. If |aj | >>, bunching is no
longer possible over long times. Such strong fields reduce
- the amount of bunching, or gain, and lead to saturation.

The parameter v, defines a resonant wavelength where

there is optimum -coupling between the electrons and
light. This requires A/n ~A,(1+K2+y*92)/2ny? which
agrees with the expression for the wavelength emitted at
angle ¥ in (2.6) and establishes the equivalence between a
“skewed electron beam and resonator mode.

C. The wave equation with imperfect helical trajectories

We now go on and develop the modified coupling of
electrons to the self-consistent wave equation. The calcu-
lation follows and generalizes previous work.!''3¢ The
wave equation in the Coulomb gauge is

A,=—TF  —dre S BroVE-T)),
c "
J

ga_ 19
c? ar?

(2.19)

where J r is the transverse electron current, and T; is the
trajectory of the jth electron in the beam. When the form
7\,, is substituted into (2.19), the slowly varying amplitude
E(z,t) and phase ¢(z,t) guarantees that higher order
derivatives are small compared to single derivatives. The
contribution of each electron is then proportional to
[(K /y)e'(k"z+¢)—-1‘}e""’]. This is the same phase behavior
we saw in (2.13) during the derivation of the pendulum

equation; the term proportional to ¥ again oscillates fast, .

and can be averaged away. The argument (k,z+14) is
evaluated in the same way as in (2.14) to obtain the re-
duced coupling expressed by the Bessel function in (2.16).
The complete sum in the current can be replaced by an
average { - - - ) over sampled electrons if the electron den-
sity p is used as a weight factor.3® The wave equation is
then simplified to its final form by the substitution
s =z —ct and 7=ct /L.

ap=—jale ), (2220)

where the dimensionless current density is

2 2p2r 2
87°Ne'K'L'p
S Ne 2L [ndy_1(nX)] .

Jh= y3mc

Together with (2.16) or (2.18), the self-consistent wave and
electron equations of motion yield a powerful formulation
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of the FEL problem. These equations are valid for weak
or strong optical fields | aj | with high or low gain. High
gain effects occur when j, >>1, and the fields must be in-
tegrated self-consistently. When j, <1, the gain is con-
sidered low and the field does not have to be integrated
self-consistently. The equations can be easily extended to
include short pulse effects,’” mulitmode behavior,’®3 and
Coulomb forces.!! In each case the modified coupling due
to misalignment is expressed through the simple new cou-
pling factor nJ,_;(nX). Since the form of (2.18) and
(2.20) remains the same as in the & =0 case, all the previ-
ously derived mathematical results remain unchanged in
form.

The important expression of FEL low-gain (j; <1) in
weak fields (| aj | <) can be straightforwardly calculat-
ed. Solving (2.18) and (2.20) together gives the gain, de-
fined as (| a,(1)|2— | @;(0)|?)/ | a,(0)|?, in the nth har-
monic at angle ¥ with the initial electron beam at reso-
nance parameter vj.

. [2—2cos(vy) —vsin(vy)]

G =
h=Jh vg
. . 2 : 2
__Jn_d |sin (vs/2) ’ 2.21)
2 dvg | (v /2)?

where we recall that v =vo—Av(9d). The maximum gain
occurs at v,=2.6 and v,=0 gives no gain. The gain
bandwidth is |v; | <27 and the gain curve has the usual
antisymmetric shape. Note that the gain spectrum is pro-
portional to the slope of the spontaneous emission line-
shape sin(v,) /72

Figure 6 shows an intensity plot of G, in the helical un-
dulator versus the angle y9 and the dimensionless fre-
quency ®/2y%w, for K=0.5. The brightest points (white)

~ indicate peak gain of [8N (meKL)%p/y3mc?]x(0.135),

while the darkest points (black) indicate peak absorption,
or a loss of [8N (meKL)*p/y*mc?]x(—0.135). Zero gain
is indicated by the intermediate grey shown in the scale at
the top. The gain clearly follows the resonance condition
vs(w,9) =0 as did the spontaneous emission spectrum. At
each harmonic, the shape of the gain curve in o is approx-
imately determined by the slope of sin’[v,(w)/2]/v(®)
when N >>1, since the frequency dependence in jj, is rela-
tively broad. Note that N =10 in Figs. 6 and 7 so that
their features can be seen more easily; usually N =~100. In
the fundamental, the gain far off axis remains comparable
to the gain on axis. With K =0.5, the off-axis gain in
higher harmonics is small compared to the fundamental.
Figure 7 is identical to Fig. 6, but with K =1.0. The cou-
pling, or gain, in higher harmonics is increased with
respect to the fundamental.

III. SPONTANEOUS EMISSION FROM
PERFECT LINEAR TRAJECTORIES

The electron trajectories for the linearly polarized un-
dulator (referred to as the “linear” case) are more compli-
cated than in the helical case. Even with perfect injection
there is fast oscillatory z motion which causes spontane-
ous emission on axis into the odd higher harmonics.!®~13
The magnetic field of a linear undulator near the axis is
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FIG. 6. FEL gain spectrum in a helical undulator is plotted for K =0.5 and N =10. Black indicates peak absorption, or negative
gain, while white indicates peak gain; the intermediate scale is indicated in grey X[8N (meKL)*0/y*mc?]. There is substantial gain
off axis and the frequency w can be tuned over a large range with almost no decrease in coupling. At this low value of X, the gain in
higher harmonics is much less than in the fundamental. There is no gain on axis except at the fundamental.

ﬁ,:(o,Bsin(kuz),O) forO<z<L . (3.1) [3’}: —-V%cos(k“z),O,O , (3.2)

For perfect injection, the Lorentz force equations (2.1) can

be solved exactly to give where K =eBA, /27mc?, and now B=B/V2. The elec-

YOEEX Heficd Gain Spectrum YO0

K=1.0 N=10
2 3 .2 . .
[BN(neKL)>“p ¥ mc“Ix ~0.135 0 0.:35
2,0
58
O.O
0.0 0/ 28% 3.0

FIG. 7. FEL gain spectrum in a helical undulator is plotted for K =1.0 and N =10. Again there is substantial gain off axis, but
with this increased value of K, the gain in higher harmonics is now comparable to the gain in the fundamental. Comparison with
Fig. 3 shows gain only occurs where there is spontaneous emission, since each process must roughly satisfy the resonance condition
vn =0. As the optical resonator is tilted in angle ¥, the FEL can be tuned to a large range of frequencies with good coupling.
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tron z motion now dependents of z even though perfect
injection has been assumed

2

Bi=1—y2— ZK; cos*(k,z) . (3.3)
14
The next integration gives elliptic integrals for z(z).
However, we are interested in the specific case where
K /y <<1 so we expand to order (K /y)? to get the trajec-

tory

KA, | ~ A K?
_-V—E—;T—;sm(wut),o,ﬁzct—i— 8 cos(2wy,t)

()~

b

(3.4)

where B,=1—(1+K?)/2y*~1 is the average z

J

2
d’ I 8(eyN) &

dQdw c

né sin(v,,)

292
YO 2
A
K Va ont

2K%2 77

n=1

where

,\/_
——Z—Zicos(d))Ao_,,A LatAia |,
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velocity/c. To order (K /y), the oscillating part of the
trajectory is purely transverse, but to higher order the z
motion has another oscillatory part. The size of these os-
cillations can become comparable to an optical wave-
length when K =~ 1; then there is significant emission into
higher harmonics both even and odd.

The energy emitted into a frequency interval dw and a
solid angle dQ is calculated as in (2.5) but using the tra-
jectory (3.4). In the linear undulator, the intensity distri-
bution is not azimuthally symmetric as it was in the heli-
cal case. The angle ¥ is measured away from the z axis
while @ rotates in the x-y plane, and is measured away
from the x axis. For small values of the emission angle,
the energy radiated per unit solid angle and frequency
bandwidth is'»?°

X (3.5)

Agn=(= 1"+ 3 (D" T nE) T _wr— o NZ)+ Ty 4D ,

n'=—o

for =0 and 1, where Z =V"2X cos(®P).

To evaluate this complicated expression Fig. 8 shows an
intensity plot of d*I /dQdw for K =0.5 with ®=0. The
maximum emission (white) is [8(eyN)?/c]x0.036, and
lower levels of emission are indicated in grey; black indi-
cates no emission. At this low value of K, the only signi-

ficant emission occurs in the first two harmonics.

Figure 9 shows the intensity plot for K =1 with ®=0.
The maximum emission (white) is [8(eyN)?/c]x0.046.
As in the helical case there is more emission in higher
harmonics with respect to the fundamental when K in-
creases. The most striking difference from the helical

Kk Linear Spontaneous Emission 30K
N=5

K=0.5
(8Ce¥N>2/c] x

2,0

88

0.0

$=0.000

0 0.036

2
0.0 Ww/28°w

FIG. 8. FEL spontaneous emission intensity from a linear undulator is plotted for K =0.5, N =5, and observed at ®=0. The in-
tensity scale is indicated in grey X [8(e¥N)?/c]. In addition to emission at the fundamental, there is emission in the first harmonic off
axis. ‘

3.0

U
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¥ Linear Spontaneous Emission XK

K=1.0 N=5 $=0.000
2 O
[BC(e¥N)“/c] x 0 0.046
2.0
38
0.0

0.0 w/28% 0, 3.0

FIG. 9. FEL spontaneous emission intensity from a linear undulator is plotted for K =1.0, N =5, and observed at ®=0. At this
higher value of K, there is increased emission in several higher harmonics. Unlike the helical undulator case, the linear case has emis-
sion on axis in the odd harmonics n =1,3,5,... . In all harmonics, there is structure in the angle ¥, which gives a more complicated
spectrum. This is because the motion in a linear undulator is more complicated than in the helical case.

case is the presence of odd harmonics at 9=0, and the ry even for perfect injection.

number of peaks in each harmonic as y{ is increased. Figure 10 shows the intensity plot for K =1, but with
The number of peaks in each harmonic over the full angu-  the observation point rotated to ®=/2. The emission in
lar range is equal to the harmonic number n. These new  the even harmonics decreases sharply, and the structure in
features are due to the fast oscillatory term in the trajecto- the odd harmonics disappears. The intensity plot for

VK Linear Spontaneous Emission 0B
K=1.0 N=5 $=1.570
(8<e¥N>2/c] x i

0 0.046
2.0

38

0.0
0.0 w282, 3.0
FIG. 10. FEL spontaneous emission intensity from a linear undulator is plotted for K =1.0, N =5, and observed at $=1/2.
When the detector is moved to this observation point, the emission in the even harmonics n =2,4,6, . . . vanishes and the structure in

the angle ¥ is removed from the odd harmonics.



® =1 is the same as for ®=0; see (3.5). In Figs. 8—10,
the number of undulator periods (N =5) is smaller than
typical to make the emission pattern more visible.

A. Imperfect linear trajectories

The trajectories calculated here will include an imper-
fect injection angle which will give more complex fast os-
cillations. Solving (2.1) in the field (3.1) with more gen-
eral constants of integration gives

Br=|— V2K cos(k,z)+94,9,,0|, - (3.6)
where 9, =p,(0)/B,(0)=Jcos(®) and I¥,=p,(0)/
B.(0) =~V sin(P) are constants of integration describing
the injection angle. Unlike the helical case, the motion is
not azimuthally symmetric so that the angles ¥, and J,
have different effects on the mode coupling. The z
motion is ’

2
Bi=1—y2— 2; cosX(k,z)

+2£2—K—%§9—S(—9)—COS(I€“Z)—‘32 , 3.7

where 92~ 92 +8§. Average over an integral number of
undulator wavelengths to separate the fast and slow oscil-
lating terms as before. In the limit of ¥ >>1 expand to or-
der (K /v)? to get

K? V2K 9 cos(P)

AB(t)~ — —2—7005(2@, 1)+ cos(w,t) ,
Y

(3.8)
K2\, . KA, dcos(®)
8772 sm(2a)“t)+——-7_2—7;—-sm(wu ),

where B,=1—(14+K?)/2y*—92/2=~1. Now there are
two kinds of fast oscillations and their amplitudes can be
comparable in typical cases. The effect of ¥, > 0 alone is
a change in 8, and the resonance condition, but there are
no additional oscillations.

Az(t)=—

dy _ eKEL
dr 7m02

1
V2

n'=—co

S SO o sn 112+ Ty _1(n2)]
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As for the helical case, the fast z motion becomes im-
portant when it is comparable to optical wavelength A.
This occurs when :

2 V2K A, d cos(®) |

- KA,
kAz ~— sin(2w, )+ sin(w, t)
Ay

4ry?

~ —Esin(20,1) +V2X cos(P)sin(w, 1) =1 , (3.9)
where £=K2?/2(1+K?+7%9%) and X=2Ky9/(1+K?
+729%). For K~1 and y¥, ~yJcos(®)=~1 the fast z
motion can be important. )

B. The pendulum and wave equation with imperfect
linear trajectories

To calculate the coupling for the linear case we must
introduce the electromagnetic wave. The vector potential
of the linearly polarized optical field is

- E .
A,= E[Sln(d)),o,O] , (3.10)

where again Y=nk,z —nwt +¢@. Substitution into the
energy equation gives

dy _ _eEK _
Tt _——__\/iymc [qos(k,,z-f—l//)—i—cos(k,,z )]
eEY,
— cos(y) . (3.11)
mc

The three terms on the right in (3.11) oscillate at different
frequencies. The phases (k,z —1) and 1 oscillate ~7y?
times faster than (k,z +1) and can be averaged away as
in (IFB). The important slow, resonant phase (k,z +1)

may be rewritten as ‘
Y4k z=nl+e—(n —1Dw,t —nésin(2w,t)
+nV2X cos(®)sin(w, 1) —nAvr , (3.12)

where £ and Av are defined below (2.14). Inserting (3.12)
into (3.11) and averaging over a number of discrete
undulator periods to eliminate the fast motion we get

cos(né+@—nAvr), (3.13)

where Z =V2X cos(®). When §=0, then X=Av=0 and (3.13) reduces to the previous result describing gain at odd
higher harmonics.!!> When N >>1, we can introduce the variables v,(&)=n (v—Av) and £,(¥)=n (E— Av7) so that we

get the pendulum equation
‘.’s =.é:s = | a I cos(é‘,, +@),
where the dimensionless field strength is now

47NeKEL
| a | = 2 2
yime

n

V2

n'=—ow

(3.14)

i Jn'(ng)[']2n’+n+l(nz)+J2n’+n—-l(nZ)]] .

The wave equation can now be derived with the same procedure as in the helical case. In its simplified form we have

. ., —ik,
a;=—ji{e 6 )

(3.15)
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where the dimensionless current density is now

n
n

where Z =V2X cos(®). The form of the wave and pen-
dulum equations are exactly the same as in the helical un-
dulator case so that the all results for each may be directiy
related with the substitution j, —j; and a,—>q;. The new
coupling is expressed in the Bessel functions of these vari-
ables. The gain Gj is determined by replacing j, —j; in
(2.21):

. 8m2Ne?K 2L 29

Ji 7/3mc2 2 Jn’(ng)[J2n’+n+1(nZ)+J2n

=—o00

. [2—2cos(v, ) —v,sin(v,)]
Gr=j; 3 .

Vn

(3.16)

Figure 11 shows the gain Gj in the linear undulator as a
function of angle yd and the dimensionless frequency
©/2y’w, for K=0.5 and ®=0. The brightest points
(white) indicate peak gain of [8N (meKL)*p/y°mc?]
X (0.12), while the black points indicate negative this
value; intermediate values are shown in the grey scale at
the top. Recall that K in the linear case is V2 times
smaller than in the helical case for the same peak field B;
this means that for the same weak undulator field B, such
that K << 1, the gain in the linear undulator case is only
half of the gain in the helical undulator case. The detailed
shape of the gain curve is the same as in the linear case,
but the large scale structure in (¥,w) differs because of
new coupling factor j;. Now the odd harmonics have gain
on axis at 3 =0, and in each harmonic there is more struc-
ture with changing angle y 9.

W. B. COLSON, G. DATTOLI, AND F. CIOCCI

'tn—1(nZ)]

1

Figure 12 shows the gain for K =1.0 and ®=0. The
peak gain (white) indicates [8N (meKL)*p/y>mc?]
x(0.10). The figure shows that the amount of gain in
higher harmonics is increased just as in the helical case.
The structure of the gain in each harmonic is more clear
because it’s brighter compared to the fundamental.

Figure 13 shows the gain for K =1.0, but the observa-
tion angle is rotated to ® = /2. The peak gain (white) in-
dicates [8N (meKL)*p/y°mc?]x<(0.124). The gain in
even harmonics is now greatly reduced for all values of
9. The gain for ® =7 is the same as for ®=0. This az-
imuthal structure in the gain angular spectrum can cause
excitation of higher order modes in a spherical mirror
resonator.*3

IV. ENERGY AND ANGULAR DISTRIBUTIONS

The new couplings calculated here may be used to ex-
tend the tunable range of an FEL, but may also be used to
analyze the effects of emittance or misalignment of an
electron beam. Excess emittance is like a large energy
spread which destroys the resonance condition and de-
creases gain. Electrons cannot be effectively bunched
within an optical wavelength for an extended interaction
time if there is significant spread in their z velocities. The
gain reduction in higher harmonics is larger than in the
fundamental simply because the wavelength is shorter;

IVOBE Linear Gain Spectrum  IS0OEE

| K=0.5
IBN(teKL)zp/83nc21x_O
2.0
¥8
0.0

0.0

N=10

w/282mu

.1200

0.1200

3.0

FIG. 11. FEL gaih spectrum in a linear undulator is plotted for K =0.5, N =10, and ®=0. Black indicates peék absorption,
while white indicates peak gain; the intermediate scale is indicated in grey X [8N (meKL)*0/y*mc?]. Again, there is substantial gain
off axis in several harmonics, but unlike the helical case, there is now gain on axis in the odd harmonics n = 1,3,5,....



31 .ANGULAR-GAIN SPECTRUM OF FREE-ELECTRON LASERS 839

JOOOEX  Linear Gain Spectrum  3SISIEK

K=1.0 N=10  $=0.00
2 3.2
[BN(xeKL)“p ¥ mcIx_g 1 00q 0 0.1000
2.0
88
0.0

0.0 0/282wu 3.0

FIG. 12. FEL gain spectrum in a linear undulator is plotted for K =1.0, N =10, and ®=0. At this higher value of K, there is
much more gain available in the higher harmonics. The structure of the gain spectrum as a function of & can lead to some interesting
effects when the optical wavefront is amplified.

this is the primary difficulty for FELs operating in higher  thus the associated angular spread o, affects the z velocity

harmonics. of electron and also alters the resonance condition. An

From the definition of v,, a variation in energy 6y electron traveling at an angle ¥ has a change in resonance
causes a variation in the resonance of &v~47N&y /yn.® of dv=—2aNy?92/(1+K*n."3 In terms of emittance
A beam with v~ suffers a gain decrease of about half  this is S&v=—Ny2€*/r(1+K?)n, where r is the electron

compared to the monoenergetic case. Emittance € and beam radius.

JOOOX  Linear Gain Spectrum  ¥000EK

K=1.0 @ N=10  $=1.57
[8NCxeKL ) 2p  83mc2Ix : B
-0.1240 ) 0.1240
2.0
8
0.0

0.0 w282, 3.0

FIG. 13. FEL gain spectrum in a linear undulator is plotted for K =1.0, N =10, and ®=m/2. At this observation angle, the gain
in the even harmonics n =2,4,6, . . . and the angular structure of the odd harmonics disappears.
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An electron beam with poor quality has a range of ini-
tial resonance conditions v,. In our formulation, an
electron’s initial coordinates are specified by §o=4(0),
vo=v(0), and ¥. We neglect 3, here for simplicity. The
average over sampled electrons in the wave equation must
be interpreted as (- )=(((- "))y )o Typically,
these separate averages over &y, v, and 9 are not correlat-
ed and the average (- - ) is taken to be uniform,

f 02"( -+ )do/2m. The average ( - - - ), may describe a

Gaussian energy spread, for example. The angular spread
due to emittance can be taken to be Gaussian

(- Vo=@/mI\2 [T d(d/0)e 10,
where o << is the characteristic rms angle. The electron
beam here is centered on axis and the spread in angles is
due to emittance. '

When the spread ¢ is small enough so that Av << for
all electrons, there is no significant spread of resonance
conditions in the electron beam and the average ( - )s
can be done analytically. When yo << 1, both Av <<,
and X << 1 can be satisfied, and we expand in the small ar-
gument X. On axis the gain from a perfect beam (o=0)
only occurs at the fundamental (n =1) in the helical case,
and only at the odd harmonics (n =1,3,5,...) in the
linear case. These gains are reduced by the presence of
emittance. In the helical case

Gy(0)=GL(0)1—=X%/24 ), 4.1)

where X =2Kyo/(1+K?, G,(0) is the on-axis (3=0)
gain for the perfect beam in (2.21), and n=1. In the
linear case

Go)=GO)[1—=(nX)>+ -1, (4.2)

where G;(0) is the on-axis gain (9=0) for a perfect beam
in (3.16), and n =1,3,5,... .

In addition to decreasing the gain at those (®,?9) points
where gain is nonvanishing, the existence of emittance
creates new gain where there was no gain. This occurs be-
cause the electron beam’s angular spread mixes off-axis
couplings in j; and j,. In the helical case, the new gain
occurs at n =2,3,4,... and is given by

(2n =3 | nKyo b
[(n =% | 14K? '

Gh(O‘)th(O) (4.3)

In the linear case, the new gain occurs at n =2,4,6,. ..
and is given by

2

V2nKyo cos(P)

Gi(0)~G)(0) | ERYICSD) | (4.4)

1(0’) 1 1 +K2

V. CONCLUSIONS

In both the helical and linear undulator cases we saw
that when K increases, a larger number of harmonics ap-
pear in the spectrum. The harmonics become more close-
ly spaced and the spectrum starts to resemble the broad-
band spectrum of a bending magnet which is useful as a
synchrotron radiation source.””*® A simple argument
gives an understanding of the transition from the undula-

tor radiation spectrum to the bending magnet spectrum.
As the undulator field strength B is increased, electrons
deviate further from their linear path along the z axis.
When B is large enough an electron would be trapped in
an orbit smaller than the undulator wavelength A, ; trajec-
tories along the undulator are no longer possible. In a
bending magnet with constant field B the bending radius
of a relativistic electron is p~2mymc?/eB.! The field at
which p~A, means that K ~y. At this limit 8,—0 in
the helical trajectories of (2.4), and the K /y expansion
breaks down in the linear trajectories of (3.4). The limit
K ~y indicates that the electron deflection angle is larger
than the radiation cone, so that the cone passes rapidly
through a detector at any position and produces a broad-
band spectrum. The synchrotron spectrum from an elec-
tron in a circular orbit of radius p?! is

' 2
d’l 3e?y? wp 292)2
d0de = | 3% (1497
< |K2 50+ L2 g2 g 5.1)
2/3 1+72’32 1/3 ’ .

where W=(wp/37°c)(1+y?3?)*?, and K,,3,K,,3 are
modified Bessel functions. Figure 14 shows an intensity
plot of (5.1) versus yd and the dimensionless frequency
wp/3y3c. The peak intensity (white) indicates an emission
of [3e?y?/m%c]x0.37. The spectrumi is featureless com-
pared to the undulator spectrum and the emitted energy
drops off at the characteristic angle y9~0.5 and the
characteristic frequency wp/3y%c~1. Comparing the
synchrotron emission rate in (5.1) to the undulator emis-
sion rates in (2.5) and (3.5), we note that the undulators
radiate N? times the energy into an element dQdw. The
total emission is more nearly equal since a synchrotron
source covers more elements dQQdw as can be seen in the
figures.

Another point desetving comment concerns the Madey
theorem.?? The Madey theorem states that the FEL gain
spectrum is proportional to the slope of the spontaneous
emission spectrum. A straightforward application of the
theorem to the spectra presented here shows that this is
not the case for & >0. The gain off axis is not propor-
tional to the slope of the spontaneous emission, and the
original derivation of the Madey theorem only applies on
axis. It may be possible, in principle, to generalize the
theorem’ to off-axis propagation, but this effort must be
weighed against making the direct calculation as is done
here. Our experience is that the direct calculation appears
more clear and less difficult.

An application of the gain calculations presented in this
paper is to use the higher harmonics to extend the tunable
range of an FEL to higher frequencies. The angular gain
spectrum in each harmonic can, in turn, be used to tune
the laser to lower frequencies. See Figs. 6, 7, and 11—13.
In combination, these two tricks can significantly extend
the tunable spectrum of an FEL without changing the
electron energy. Since there is often a reduction of gain in
off-axis higher harmonics, it is important to start with
respectable gain in the fundamental on axis. The amount
of reduction depends on K and the harmonic number »; if
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K Synchrotron Emission K

[3Ce¥ 12/ x

10

%8

0.0 :
0.0

0.37

wp 738> ¢ 20

FIG. 14. Synchrotron spontaneous emission spectrum is plotted as a function of y & and frequency wp /3y for an electron in a
path of radius p. The intensity scale is indicated in grey X[3(ey/7)*/c]. In contrast to the undulator cases, the synchrotron spec-
trum is broad in both frequency and angle. The characteristic angle is & ~0.5/7, and the characteristic frequency is 3y’ /p. While
the total energy emitted is comparable to the undulators, the peak emission is less than an undulator by X N —2.

the undulator has K ~ 1, then the reduction in gain for the
first few harmonics is not too large. The electron beam
quality must improve in proportion to the harmonic num-
ber n ~! in order to maintain optimum coupling. Specific
limitations are given in the last section.

The coupling factors calculated assumed a plane-wave
form for the optical field. The plane-wave approximation
is valid when the Rayleigh range z, of the optical wave-
front is much greater than the undulator length zo>>L.
The Rayleigh range is the distance over which the optical
wavefront propagates as diffraction doubles its transverse
area. Some aspects of the resonator mode problem can be
incorporated in the electron and wave equations of motion
in a simple way,*® but as the angle ¥ is increased in order
to tune the FEL, we must be aware of the resonator
mode’s transverse diménsion. See the schematic in Fig. 1.
The waist area of the fundamental mode is Tw§=zA so
that the characteristic angle of the mode is estimated by
Im~(A/20)'/% Tt is often possible to use the undulator
length L as an estimate of z,. Then, a simple approxi-
mate form is 9,, ~1/yN'/2. Note that 9,, is typically
smaller than the spontaneous emission cone ¥ ~!. Since
angles like 9 ~y ~! are needed to change the optical wave-
length significantly, staying within the resonator mode
can place an important restriction on the tunable range.

It is also possible to make zg >> L so that the mode area
is wide enough to provide a large range of angles. But an
FEL design, where the optical mode area is much larger
than the electron beam cross section, suffers a serious
reduction in gain because of this mismatch.'33? There are
several practical aspects of the FEL design that have not
been included in the discussion here. Our goal has been to
evaluate the new coupling factors in a way that allows im-

mediate generalization to include the many other concepts
already understood in FELs. These improvements are a
natural extension of the work presented here.

Although no measurement of off-axis gain has been re-
ported experimentally, higher harmonic emission on axis
has been observed. Three of the four FEL experiments re-
ported have observed emission at harmonics just above the
fundamental.>~* Another experiment** has measured
gain on-axis in the third harmonic of a linearly polarized
undulator. '

An example of an FEL system which could make good
use of higher harmonics is a low-energy microtron. Such
an FEL system has good electron quality, is small, com-
pact, and relatively inexpensive. But because of the low-
electron energy, say ¥ ~8, the FEL tends to work at rath-
er long wavelengths and the use of higher harmonics can
extend the operation to shorter wavelengths. Generally,
the goals of high gain, large K, and good electron beam
quality are common to all FEL work, so that the use of
higher harmonics should become more wide spread in the
future. The choice of an undulator with only a few
periods is an advantage, since the characteristic mode an-
gle 1/yN1/? allows large excursions in &. The higher-
harmonics gain mechanism can also be used to achieve
coherent emission in several harmonics at the same time.
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FIG. 1. FEL schematic shows an electron beam propagating
through a periodic undulator, but with the optical resonator
tilted at an angle 9.
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FIG. 10. FEL spontaneous emission intensity from a linear undulator is plotted for K =1.0, N =5, and observed at ®=w/2.

When the detector is moved to this observation point, the emission in the even harmonics n =2,4,6, . . . vanishes and the structure in
the angle ¥ is removed from the odd harmonics.
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FIG. 11. FEL gain spectrum in a linear undulator is plotted for K =0.5, N =10, and ®=0. Black indicates peak absorption,
while white indicates peak gain; the intermediate scale is indicated in grey X [8N (weKL)’p/y*mc?]. Again, there is substantial gain
off axis in several harmonics, but unlike the helical case, there is now gain on axis in the odd harmonics n =1,3,5, ... .
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FIG. 12. FEL gain spectrum in a linear undulator is plotted for K =1.0, N =10, and ®=0. At this higher value of K, there is
much more gain available in the higher harmonics. The structure of the gain spectrum as a function of ¥ can lead to some interesting
effects when the optical wavefront is amplified.
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FIG. 13. FEL gain spectrum in a linear undulator is plotted for K =1.0, N =10, and ®=m/2. At this observation angle, the gain
in the even harmonics n =2,4,6, . . . and the angular structure of the odd harmonics disappears.
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FIG. 14. Synchrotron spontaneous emission spectrum is plotted as a function of ¥ & and frequency wp/3y°c for an electron in a
path of radius p. The intensity scale is indicated in grey X[3(ey/m)*/c]. In contrast to the undulator cases, the synchrotron spec-
trum is broad in both frequency and angle. The characteristic angle is #=0.5/y, and the characteristic frequency is 3y°c /p. While
the total energy emitted is comparable to the undulators, the peak emission is less than an undulator by X N ~2,
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FIG. 2. FEL spontaneous emission intensity from a helical undulator is plotted as a function of ¥& and frequency @/2y’w, for
K =0.5 and N =5. The intensity scale is indicated in grey X [8(eyN)?/c]. Only the fundamental shows emission at this small value
of K.
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FIG. 3. FEL spontaneous emission intensity from a helical undulator is plotted for K =1.0 and N =5. Due to the higher value of

K, there is more emission in the higher harmonics off axis and the emission frequency at each harmonic is lower with increasing K
and y9.
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FIG. 4. The peak FEL spontaneous emission intensity from a
helical undulator is plotted as a function of ¥¥ in the first eight
harmonics for K =1.0. Only the fundamental has emission on
axis at 9=0. As the harmonic number increases, the peak in-
tensity decreases and moves to a larger value of y 9.



FIG. 5. The peak FEL spontaneous emission intensity from a
helical undulator is plotted as a function of K in the first eight
harmonics for y9=1.0. As the harmonic number increases, the
peak intensity first increases, then decreases, and moves to
smaller values of K. The fundamental, n =1, is broader in K,
while the higher harmonics are progressively more narrow.
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FIG. 6. FEL gain spectrum in a helical unduiator is plotted for K =0.5 and N =10. Black indicates peak absorption, or negative
gain, while white indicates peak gain; the intermediate scale is indicated in grey X [8N (weKL)p/y’mc?]. There is substantial gain
off axis and the frequency @ can be tuned over a large range with almost no decrease in coupling. At this low value of K, the gain in
higher harmonics is much less than in the fundamental. There is no gain on axis except at the fundamental.
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FIG. 7. FEL gain spectrum in a helical undulator is plotted for K =1.0 and N =10. Again there is substantial gain off axis, but
with this increased value of K, the gain in higher harmonics is now comparable to the gain in the fundamental. Comparison with
Fig. 3 shows gain only occurs where there is spontaneous emission, since each process must roughly satisfy the resonance condition
v, =0. As the optical resonator is tilted in angle &, the FEL can be tuned to a large range of frequencies with good coupling.
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FIG. 8. FEL spontaneous emission intensity from a linear undulator is plotted for K =0.5, N =5, and observed at ®=0. The in-
tensity scale is indicated in grey X [8(eyN)*/c]. In addition to emission at the fundamental, there is emission in the first harmonic off
axis.
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FIG. 9. FEL spontaneous emission intensity from a linear undulator is plotted for K =1.0, N =5, and observed at ®=0. At this
higher value of K, there is increased emission in several higher harmonics. Unlike the helical undulator case, the linear case has emis-
sion on axis in the odd harmonics n =1,3,5,. .. . In all harmonics, there is structure in the angle 3, which gives a more complicated
spectrum. This is because the motion in a linear undulator is more complicated than in the helical case.



