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Many-body perturbation theory was applied to calculate the specific mass shift of the (4s 4p) '3P
states in Ca relative to the 4s ground state of Ca+. The interaction between each valence electron
and the core was treated in the same way as the level isotope shifts in the alkali metals in earlier
work. The strong correlation between the two valence electrons in neutral Ca was treated self-
consistently by iterative solution of the pair equation describing their interaction and its effect on the
specific mass shift was evaluated in the same way as for helium. However, also the correlation be-
tween the pair of valence electrons and the core is important. All second-order and a large number
of third- (and higher-) order diagrams of this type were included, but certain important third-order
diagrams could not yet be evaluated. Our final results, —31 and —1533 MHz, respectively, for the
4 'P and 4'P states between Ca and Ca, show only a qualitative agreement with the experimental
values, —120(9) and —1116(8)MHz. This is not surprising, in view of the many competing effects
with contributions larger than the final value. The remaining discrepancies are consistent with the
expected size of the neglected diagrams and illustrate the importance of the core-valence correlation.

I. INTRODUCTION

Calcium is the only element having two naturally abun-
dant isotopes with doubly magic nuclei. Between these
two isotopes, Ca and Ca, the f7&2 neutron shell is filled
successively and it has been found' that the nuclear
charge radii exhibit a certain degree of symmetry around
the half-filled f7/2 shell (i.e., Ca). In particular, since

Ca and "Ca have essentially the same charge radii, '

there is negligible "volume" or "field" shift between them.
The "specific mass shift, "which is due to a correlation of
the electronic momenta through the motion of the nu-
cleus, can thus easily be extracted from optical isotope
shift data.

Recent years have seen a vigorous experimental activity
in the studies of the isotope shifts in the alkaline
earths. ' Systematic measurements of the isotope shifts
in transitions to series of excited states have made possible
the extraction of level isotope shifts with respect to the
ionization limit for the alkaline earths ' in essentially the
same way as for the alkali metals, " ' although correla-
tion effects between the two valence electrons are evident
in both low-lying and highly excited states and complicate
the spectral analysis. This strong correlation between the
valence electrons leads to complications also in the ab ini-
tio treatments of properties of the alkaline-earth elements.
If perturbation theory is applied it is necessary to treat the
interaction between the valence electrons to high orders.
Salomonson has recently performed an extensive calcula-
tion of the hyperfine structure in the 4s 4p ' P and
4s3d' D states in Ca. ' The pair correlation between
the valence electrons was then treated self-consistently us-
ing iterative solution' of the pair equation. In addition,
important core-valence correlation effects were included
by modifying the valence orbitals to approximate

Brueckner orbitals. ' In the present work the specific
mass shift of the 4s 4p ' P states in Ca is calculated using
the pair functions obtained by Salomonson' to evaluate
all second and a large number of third- and higher-order
contributions. Many new diagrams, which describe the
interaction between the pair of valence electrons and the
core, appear in addition to the diagrams evaluated for the
alkali metals' ' and for He. In Sec. II the diagrams are
presented together with the numerical results obtained for
the 4s4p ' P states in Ca. Section IIA gives the results
for Ca+ and a comparison with earlier results for the
isoelectronic system K and also with experimental data.
The correlation between the valence electrons is discussed
in Sec. IIB and its effect on the specific mass shift is
presented in Sec. II C. The results are summarized in Sec.
IID and compared with experimental results as well as
with results from other calculations.

II. EVALUATION OF THE SPECIFIC
MASS SHIFT

The level isotope shift of the 4s 4p ' P states in Ca with
respect to the doubly ionized inert-gas-like system Ca +
can be illustrated diagrammatically as in Fig. 1, where the
box includes one interaction line corresponding to the
specific-mass-shift (SMS) operator'

=$p; pj /2(M +m)

(M and m are the masses of the nucleus and the electron,
respectively) and an arbitrary number of interaction lines
corresponding to the electrostatic repulsion I/ri2 between
the electrons. Experimentally it has so far been possible

31 1985 The American Physical Society



SPECIFIC MASS SHIP'I OF THE (4s 4p) ' P STATES. . .

) 4s 4p 4s), )( 4p ~&&i A 4p

lt
4a 4p

I + I I ~ I I
+

I

$p 4s

N

0 a) Cb) Cc) Cd)

FICx. 1. Schematic illustration of the types of diagrams con-
tributing to the specific mass shift of the 4s 4@ states in Ca with
respect to the inert-gas-like core of Ca +. The norm of the wave
function for the valence electrons, which enters due to the use of
intermediate normalization, is illustrated in Fig. 2.

(c)

to obtain the level shifts only with respect to the alkali-
metal-like system, Ca+. This shift can be evaluated by
subtracting from the expression given in Fig. 1 the level
isotope shift of the 4s ground state of Ca+ with respect to
the inert-gas-like system Ca +, given by Fig. 1(a), which
represents the interaction between the 4s electron and the
core. [Similarly, diagram 1(b) represents the level isotope
shift of the 4p state in Ca+.] It should be noted that due
to the normalization correction (given in Fig. 2) which
enters in the expression for the shifts in neutral Ca, the
cancellation between the 4s one-electron contributions to
Ca and Ca+ is not complete and it is thus necessary to
evaluate Fig. 1(a). The third and fourth diagrams in Fig.
1 describe the effective direct and exchange interaction be-
tween the valence electrons including their interaction, as
a pair, with the electron core. Parameters corresponding
to the diagrams in Fig. 1 have been used in the analysis of
experimental data for Sr (Ref. 4) and Sa.2'

A. The level shifts in Ca+

The one-body diagrams, Figs. 1(a) and 1(b), which cor-
respond to the level shifts of the 4s [Fig. 1(a)] and 4p
[Fig. 1(b)] states in Ca+ with respect to Ca +, were
evaluated in the same way as the level isotope shifts in the
alkali-metals' ' including all contributions up to second
order (Fig. 3). The diagram in Fig. 3(a) is the core-valence

part, —g "(Oa
~

P& P2
~
aO)/(M+m), of the expecta-

tion value of h . It contributes —1078 MHz for the 4s
state and —595 MHz for the 4p state to the shift between" Ca and Ca. For a scalar operator like h terms in-
volving only core electrons also contribute to the expecta-
tion value. However, when the isotope shift with respect
to the ionization limit is considered, only the change in
the core-core contribution induced by the valence electron
is relevant. This change is represented by the diagrams in

$s&i )l ~p

(~) (y) t:6) ti) lJ )

FIG. 3. Contributions. to the level shifts in an alkali-metal-
like system. Dashed line with (without) a dot represents the
specific mass shift (electrostatic) interaction, and the dot in (b)
and (c) represents the "effective" SMS operator given in Fig. 4.
A line with double arrows is used to denote a valence electron
and a down- (up-) going line, with one arrow denoting a core
(excited) orbital. The first-order diagram in (a) is the core-
valence part of the expectation value of hs s, (b) and (c)
describe a "screening" of the SMS interaction due to the core
electrons, (d) and (e) are due to a correlation between the core
and the valence electron, and (f ) and (g) describe the correlation
between two core oxbitals. (i)—(j) are examples of diagrams irn-

plicitly included when Brueckner orbitals (Fig. 5) are used in the
evaluation.

Figs. 3(b) and 3(c), as discussed in Refs. 18 and 19. The
effective one-particle SMS operator used in these dia-
grams is defined in Fig. 4. Obviously, certain higher-
order diagrams are included in the "second-order" dia-
grams 3(b) and 3(c) when the SMS operator from Fig. 4 is
used. In hyperfine-structure calculations, diagrams analo-
gous to 3(b) and 3(c) are referred to as "core polariza-
tion. " However, for a scalar operat6r they do not
describe a real polarization of the core, but only a modifi-
cation of the radial parts of the orbitals, which is the same
for all m, and m, states. They could also be considered
as a "screening" of the SMS interaction, in analogy with
the terminology used for the field shift. We have here
used both terms to refer to these diagrams, which lead to
a reduction of the SMS by about 40%, as seen from Table
I, where the values are given in atomic units. The results
in MHz are obtained from these results by using the elec-
tran mass m, =5.485 80& 10 amu and the nuclear
masses 41.9476502 amu and 39.9516191 amu for 2Ca
and ~Ca, deduced from the atomic masses given in Waps-

- tra and Bos to evaluate the conversion factor
m, (M4z M40)/[(M—40+ m, )M42] =4298.97 MHz/a. u.

FIG. 2. Diagrammatic representation of the square of the
norm of the valence wave function. The positive (negative) sign
for the exchange contribution is used for the singlet (triplet)
state. Wavy line represents a pair function describing the corre-
lation between the pair of valence electrons.

FIG. 4. Diagramxnatic illustration of the effective SMS one-
body operator.
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TABLE I. Results for the level shifts of the 4s and 4p states in Ca+ with respect to Ca + (10 a.u.).

First order
[Fig. 3(a)]
All-order screening
[Figs. 3(b) and 3(c)]
Core-valence correlation
[Figs. 3(d) and 3(e)]
Core-core correlation
[Figs. 3(f) and (3g)]

HF
orbitals

—25.0779

11.6324

5.3077

2.6417

4s
8rueckner

orbitals

—28.8198

13.6215

5.7551

2.8803

HF
orbitals

—13.8420

5.7289

2.9957

0.4799

4p
Brueckner

orbitals

—16.7191

6.8287

3.3152

0.5495

Total —5.4961 —6.5629 —4.6375 —6.0257

It is well known that inclusion of only single-particle
effects [diagrams 3(a)—3(c)] is not sufficient to obtain re-
sults close to experimental data, not even for alkali-
metal-like systems. For the SMS operator, correlation ef-
fects enter already in second order as shown in Figs.
3(d)—3(g). Inclusion of these diagrams leads to the level
shift —236 MHz for the 4s state and —199 MHz for the
4p state between Ca and Ca.

The results for the level isotope shifts in Ca+ can be
compared to those obtained in K.' The larger nuclear
charge, which pulls the valence electron further in, leads
to larger momenta and a larger overlap between the.
valence electron and the core. Consequently, the expecta-
tion value of pi. pz is increased. For the 4s state all con-
tributions shown in Table I are about twice the size of the
corresponding contributions in K although small changes
in the degree of cancellation leaves the final result 4 times
larger. For the 4p state the first-order contribution is
about 4 times larger than in K, but the remaining terms,
which involve changes in the core orbitals, are changed by
different amounts. Most of the contributions from the in-
dividual pair excitations are 2—4 times those in K and
the total core-core correlation effect is very small for both
systems. The total result for the 4s state is about 7 times
the value for K, leading to a shift of nearly the same size
as the 4s shift and thus a large cancellation between these
two values when the transition shift, —39 MHz, is
evaluated.

It was found in connection with hyperfine-structure cal-
culations' that iinportant higher-order correlation effects
could be included by modifying the orbitals to approxi-
mate Brueckner orbitals (Fig. 5). A drastic improvement

/

Jh + ~L
/W

FICx. 5. Diagrammatic illustration of the modification of a
valence orbital to an approximate Brueckner orbital.

has been obtained also in a SMS calculation for the 4d
state in K by using approximate Brueckner orbitals.
When the HF orbitals are replaced by the Brueckner orbi-
tals a number of higher-order correlation diagrams are
implicitly included. For exainple, the first-order diagram
of Fig. 3(a) will include the third-order diagram 3(h) and
the second-order diagram 3(d) will include the fourth-
order diagrains 3(i) and 3(j) (and even higher-order terms).
The corrections in Fig. 5, which modify the HF orbital to
an approximate Brueckner orbital, make the core aware of
the presence of the valence electron, which adjusts to the
new electron core This .leads to a small expansion of the
core and a corresponding contraction of the valence elec-
tron. This tends to increase the SMS, which is sensitive to
the wave function close to the nucleus. As seen from
Table I, the use of Brueckner orbitals increased the size of
the SMS by about 20% to —282 MHz for the 4s state
and by about 30%%uo to —259 MHz for the 4p state.

1. Comparison with experimental results of Ca+

To our knowledge there are no experimental results for
the level shifts in Ca+ and only few measurements have
been made on the 4s~4p transition shift. Fifteen years
ago the isotope shifts of the resonance line in the even iso-
topes 40, 42, 44, and 48 were measured by Bruch et al.
and combined with muonic data in a King plot ' in or-
der to estimate the relative importance of mass and field
shifts. In a table, they give the result ' hv = —24
MHz, which agrees very well with our result, —23 MHz.
However, this good agreement is only accidental. The use
of the proper nuclear masses rather than the approxima-
tion Mz ——Am~ (Ref. 28) in the evaluation of the normal
mass shift leads to the experimental value —29 MHz for
the SMS.

The result by Bruch et al. obtained from the King
plot can also be expressed as a SMS constant, —24(10)
GHzamu. This value has been somewhat modified by
Paliner et a/. in a recent analysis of available experimen-
tal data for Ca where the results by Bruch et al. were in-
cluded in a multidimensional King plot. Palmer et al.
obtain the estimate —34(12) GHzamu for the SMS con-
stant in the 4s~4p transition. In any case, our value,—19 GHzamu, appears to be too small. However, this is
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not surprising since we have still neglected a large number
of third- (and higher-) order diagrams, which cannot a
priori be expected to be negligible.

B. The interaction between the two valence electrons in Ca

The two valence electrons in an alkaline-earth element
interact strongly with each other. Our initial description
of the 4s4p states in Ca, where the wave functions for the
two valence electrons are created in the potential from the
Ca + core, but do not feel each other, is thus not a very
good starting point. As a first step to improve the wave
function the correlation between the valence electrons is
treated to self-consistency, in analogy with the calcula-
tions for He. This can be represented in diagrammatic
form by Figs. 6(a)—6(d). About 30 iterations were needed
in order to obtain a self-consistent solution. As a second
step Brueckner orbitals' (Fig. 5) for the valence electrons
were used in the evaluation of the valence-valence pair
functions. In this way important correlation effects be-
tween each valence electron and the core [e.g., Fig. 6(e)]
are included in the calculation. As a third step also pair
functions describing the care-valence [Fig. 6(f ), e.g.] and
core-core [Fig. 6(g)] correlation were included on the
right-hand side of the valence-valence pair equation. All
pair functions were obtained in three logarithmic grids
with 59, 69, and 79 points, respectively, in the range
exp( —7. 1) to exp(4. 1). More details on the wave function
used in the present work are given by Salomonson. '

It is often convenient to use "intermediate normaliza-
tion" in perturbation theory. The initial HF description
of the valence pair is then normalized and the pair func-
tions are added, leaving the total function unnormalized.
After the third step described above, the norm of the 4'P
state was 1.23 and of the 4 P state 1.05.' If we were stay-
ing strictly to the formalism described by Lindgren and
Morrison and treating the SMS operator together with
the electrostatic interaction in the perturbation expansion
and in the pair equation, the lack of normalization would
cause no problem. Although tQis is feasible, the computer
programs to implement this scheme have not yet been
developed. Instead we use the unnormalized wave func-
tion for the valence pair to evaluate the expectation value
of h s and divide the total result by the square of the

norm as indicated in Fig. 1. Of course, the normalization
is taken into account also in the pure perturbation expan-
sion. For example, the lowest-order normalization correc-
tion to the first-order one-particle diagram [Fig. 3(a)] is
given by the "backward" diagram in Fig. 7(a). Similarly,
the diagram in Fig. 7(b) describes a normalization correc-
tion to the first-order two-body diagram shown in Fig.
8(a). It can be noted that the diagram 7(a) is a two-body
diagram and that in the pure perturbation expansion the
shift of the 4s 4p states with respect to the 4s state in Ca+
does not include the 4s one-body diagrain [except as a
part of two-body diagrams analogous to that shown in
Fig. 7(a)].

C. Two-body contributions to the specific mass shift

The valence-valence correlation

The first-, "second"- and "third"-order two-body dia-
grams involving only valence-valence pair functions are
shown in Fig. 8. As discussed in Sec. II 8, each diagram
includes implicitly a number of higher-order diagrams

ladder one- particie poiarisation or "screening

first
order

"second"
order

FIG. 7. Example of "backward" diagrams taken into account
when (a) the first-order one-body contribution [Fig. 3(a)] and (b)
the first-order two-body contribution [Fig 8{.a)] are divided by
the lowest-order normalization integrals.

(e)

"third"
order

( tel

+ + ~ ~ ~

FIG. 6. The valence-valence pair function. (a)—(d) describe
the correlation among the valence electrons, (e)—(f) include
core-valence correlations and (g) core-core correlation effects.

FIG. 8. Valence-valence contributions to the specific mass
shift. (a) is the valence-valence part of the expectation value of
hsMs. The second- [(b)—(f)] and third- [(g}—(k)] order dia-
grams, which involve one or two valence-valence pair functions
(shown in Fig. 6) include implicitly also higher-order effects.
Diagrams analogous to (d) and (i), where the effective SMS in-
teraction is below the electrostatic interaction, have not been
shown explicitly but are included in the calculations.



LINDROTH, MARTENSSON-PENDRILL, AND SALOMONSON 31

TABLE II. Results for the valence-valence correlation dia-
grams in Fig. 8 evaluated in different angular limits (10 a.u.).

Correlated valence pair
in the HF potential from
the Ca~+ core

sp limit
pd limit
df limit

With Brueckner orbitals
pd limit

With lowest-order valence-
core and core-core
correlation and Brueckner
orbitals

pd limit
df limit

4s4p ( P)

1.7063
3.4407
3.5159

7.4924

7.9790
&.0717

4s4~ (3P)

—0.2662
0.5040
0.4538

2.1336

2.6771
2.6103

when Brueckner orbitals and iterated pair functions are
used.

The first-order twobody diagram, g(a&, is the valence-
valence contribution, —(4s4p pt ps (dp4s)/((tf4m, ),
to the expectation value of hew . Only the exchange term
enters since the momentum operator p is an odd-parity
operator with rank 1. These properties also restrict the
possible pair excitations in the second-order "ladder" dia-
gram, 8(b), to 4s 4p —+ps,pd and 4s 4p ~sp, dp, respective-
ly, for the direct and exchange two-body contributions.
Thus, in the pd limit, all excitations contributing to true
second-order diagrams are included, whereas in the sp
limit several of them are missing. It is then not very
surprising that there is a rather large change in the results
when the pd excitations are included and that the in-
clusion of df excitations is less important, as shown in
Table II,. where the sum of contributions from the dia-
grams in Fig. 8 evaluated in different angular limits and
with different types of valence-valence pair functions are
given.

The results in Table II are presented as the contribu-
tions to the singlet and triplet states. As discussed above,
these are obtained by adding (subtracting) the exchange
contribution to (from) the direct contribution and then di-
viding the result by the appropriate normalization correc-
tion. The use of Brueckner orbitals is even more impor-
tant here than for the one-body contributions (Sec. II A).
For example, the contribution to the singlet state is dou-
bled when Brueckner orbitals are used, showing that the
correlation between each valence electron and the core has
a large influence also on the correlation between the
valence electrons. Most of the correlation between the
core and the valence electrons is, indeed, taken into ac-
count by modifying the valence orbitals; the inclusion of
the core-core and core-valence diagrams [Figs. 6(f ) and
6(g)] on the right-hand side of the valence-valence pair
equation gives only minor contributions, as seen from the
last two lines of Table II.

Table III gives the contributions from different groups
of diagrams in Fig. 8 evaluated with pd-limit pair func-
-tions based on Brueckner valence orbitals. It is somewhat

TABLE III. The contributions from the different diagrams
in Fig. 8 to the pd limit when Brueckner orbitals are used. The
values for the individual diagrams are calculated in a 59-point
grid only, whereas the extrapolated results are based on three
grids. Given after the order of the contributions are the corre-
sponding figure numbers (10 ' a.u.).

Ladder diagrams
First order, 8(a)'
Second order, 8(b)
Third order, 8(g)

Direct

3.9373
—1.1706

Exchange

5.9475
0.0069
0.0397

One-particle diagrams
Second order, 8(c)
Third order, 8(h)

16.3306
—9.9695

1.6224
—6.2043

Polarization diagrams
Second order, 8(d),8(e),8(f)
Third order, 8(i),8(j),8(k)

—7.2957
4.2625

—0.5611
2.5970

Total

Extrapolated

6.0950

5.9173

3.4481

3.6839

'The HF result for the valence-valence expectation value [Fig.
8(a)] is 5.3891X 10 2 and the extrapolated result with
Brueckner orbitals is 5.9221 &( 10

surprising that the SMS interaction between the valence
pair and the core electrons ["one-particle, " 8(c) and 8(h)
and "polarization, " 8(d)—8(f ) and 8(i)—8(k) diagrams] is
even more important than the SMS interaction between
the two correlated valence electrons themselves [Figs. 8(b)
and 8(g)]. Possibly this can be ascribed to the large mo-
menta of the core electrons.

The polarization diagrams 8(d)—8(fl and 8(i)—8(k) were
calculated using single-particle functions containing the
screening of the SMS operator by the core electrons (Fig.
4), as discussed in Sec. IIA, which were used to evaluate
also the "all-order screening" contributions to the level
shifts of Ca+.

As seen from Table III, there is a large cancellation be-
tween the different diagrams. For example, of the large
second-order one-particle contribution, 8(c), to the direct
part, 16X10 (atomic units are used unless otherwise
stated), only 3 X 10 remains after addition of the "polar-
ization" diagrams 8(d)—8(f ) and 8(i)—8(k) and the
"third-order one-particle" contribution 8(h). This cancel-
lation makes the result quite sensitive to small changes in
the wave function and is one reason for the drastic
changes when the HF orbitals are replaced by Brueckner
orbitals in the calculation of the pair functions (Table II).
When HF orbitals are used to obtain the pair functions,
the second-order diagrams 8(b)—8(f ) give a positive con-
tribution of 7.95&10 to the singlet state, while the
third-order diagrams 8(g)—8(k) give a somewhat larger
negative contribution, —8.31 X 10 . The use of
Brueekner orbitals increases the positive contributions to
10.28X10 and reduces the negative contribution to—7.4X10 . The sum of these terms thus raises from—0.4~10—' to +3.0X10—'.
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2. The core-valence correlation

Although a large number of diagrams are shown in Fig.
8 and many important core va-lence correlation effects are
included in the valence orbitals and pair functions, there
are diagrams already in second order not yet included.
These are shown in Figs. 9(a)—9(f). Figures 9(g)—9(i)
show some similar third-order diagrams.

The diagrams in Figs. 9(a)—9(d) contain one core-
valence pair function and describe how the SMS interac-
tion between the core and one valence electron is screened
by the other valence electron. There are two types of con-
tributions to each diagram, one where the core-valence
pair functions contains the 4s electron and one where it
contains the 4p electron. Diagrams 9(b)—9(d) were found
to be rather small, as seen from Table IV, which shows
the contributions from pair functions describing the 4s-
core correlation. Diagram 9(a) contributes only to the ex-
change part due to the angular restrictions of Ii . It is
about 10 times larger than diagrams 9(b}—9(d), in spite of
large cancellations; the 4s part contributes 4.1504& 10
and the 4p part —4.7561&(10 to diagram 9(a).

Diagram 9(f) describes the SMS interaction between
the valence pair and a pair of core electrons and is
evaluated using one core-core pair function. The corre-
sponding third-order diagram 9(i) needs also a valence-
valence pair function in the evaluation. As seen from
Table V, these core-core correlation diagrams are much
smaller than the core-valence correlation diagrams.

Of the third-order diagrams analogous to the second-
order diagrams, 9(a)—9(e), only those in Figs. 9(g) and
9(h), corresponding to diagrams 9(a) and 9(c), were includ-
ed. They were evaluated using one core-valence and one
iterated valence-valence pair function. As seen from
Table IV, they are about 5 times smaller than their
second-order counterparts 9(a) and 9(c) [except for the
direct contribution where 9(a) and 9(c) do not contribute
due to angular restrictions]. The contribution from 9(g) is
significant, whereas that from 9(h) is very small. Since
diagrams 9(b) and 9(d) are of the same size as 9(c), we as-
sume that their corresponding third-order contributions
are very small, just as 9(h) was found to be.

TABLE IV. Contributions from the 4s-core correlation to
the different diagrams in Fig. 9. The individual values are given
for a 59-point grid. Thus the total "second"- and "third"-order
results differ somewhat from the extrapolated values given in
Table V (10 2 a.u.).

Second order
Fig. 9(a)
Fig. 9(b)
Fig. 9(c)
Fig. 9(d)
Fig. 9(e)
Total second order

Direct

—0.0240

—0.0084
—0.3736
—0.4060

Exchange

4.1504
0.0073
0.0123
0.0332
0.4823
4.6855

Third order
Fig. 9(g)
Fig. 9(h)
Total third order

—1.1875
—0.0095
—1.1969

0.7942
0.0012
0.7954

Diagram 9(e) was evaluated using a valence single-
particle function containing the "effective one-body SMS
interaction" (Fig. 4}. However, no orthogonality was en-
forced to the core and the overlap with the core orbitals
was used in the evaluation of diagram 9(e). At present, we
are not able to calculate the third-order diagrams corre-
sponding to 9(e), but in view of the relative smallness of
9(e), we do not expe:t very large contributions from this
neglected diagram. Table V gives a summary of the re-
sults obtained for the diagrams in Fig. 9.

3. SMS corrections to Brueckner orbitals

The diagrams in Figs. 10(a)—10(d) contain a part analo-
gous- to the approximate Brueckner valence orbital shown
in Fig. 5, with the upper electrostatic interaction replaced
by a SMS interaction. However, instead of obtaining such
"SMS Brueckner orbitals, " we evaluated them using one
iterated pair function and one core-valence [Figs. 10(a)
and 10(b)] or core-core [Figs. 10(c) and 10(d}] pair func.-
tion. Diagram 10(e) is very similar to diagram 10(a)—
only the SMS interaction and the first electrostatic in-
teraction are interchanged. Also this diagram contains a

TABLE V. Summary of the contributions from the core-
valence correlation diagrams in Fig. 9 (10 ~ a.u.).

(g)

(c) [e)

Second order Figs. 9(a)—9(f ):
core-valence correlation with 4s
core-valence correlation with 4p
core-core correlation [Fig. 9(f)]

Direct

—0.3846'
—0.0616

0.0067

Exchange

4.5324
—3.3779

0.0181

FIG. 9. Core-valence [(a)—(d) and (g)—(h)] and core-core [(f )
and (i)] correlation diagrams contributing to the two-body SMS
parameters. Of the third-order diagrams analogous to the
second-order diagrams (a)—(f ) only those shown in (g)—(i) have
been evaluated.

Third order Figs. 9(g)—9(i):
core-valence correlation with 4s
core-valence correlation with 4p
core-core correlation [Fig. 9(i)]

Total

—1.1598
—0.8986
—0.0018

—2.4997

0.6818
—0.5339
—0.0050

1.3155
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TABLE VI. Contributions due to SMS modification of
Brueckner orbitals (Fig. 10). The individual values are given
from a calculation in 79-point grid, but the total value is calcu-
lated in three grids and extrapolated (10 a.u.).

(e)
Direct Exchange

FIG. 10. Diagrams containing a part which can be con-

sidered as a SMS contribution to a Brueckner orbital (Fig. 5).

part which could be considered as a contribution to a SMS
Brueckner orbital. However, to evaluate this diagram we
would need a pair function involving the SMS operator it-
self and we have not yet implemented the computer pro-
grams to obtain such pair functions.

Diagrams 10(a) and 10(b) were found to be very impor-
tant (Table VI). The contribution to the triplet state, e.g.,
was larger than the contributions from the ladder, one-
particle, and polarization diagrams in Fig. 8. Since these
diagrams were found to be so important, we expect impor-
tant contributions also from diagrams like 10(e). These
probably account for a large part of the remaining
discrepancy between our final results and the experimental
values (Table VII).

D. Summary and discussion of the results

A summary of the contributions obtained from dif-
ferent groups of diagrams included in the present work is
shown in Table Vj:I, together with the experimental re-
sults for the level shifts with respect to the ground state of
Ca+. Only the values obtained with the best orbitals and
pair functions available are given.

The valence-valence correlation diagrams in Fig. 8 are
important for both states considered, but in particular for
the singlet state. This is consistent with the observation
that there is a larger admixture of excited states in the
singlet state (the normalization integral is 1.23 compared
to 1.05 for the triplet state). The diagrams in Fig. 9,
which include core-core and core-valence correlation ef-
fects, are much more important for the triplet state. This

Core-valence corr'elation with 4s
[Figs. 10(a) and 10(b)]

Core-valence correlation with 4p
[Figs. 10(a) and 10(b)]

Core-core correlation
[Figs. 10(c) and 10(d)]

Total

—1.7796

—2.1788

—0.4680

—4.4264

0.3594

—0.6674

0.0102

—0.2978

Extrapolated —4.2023 —0.3020

is due to a certain cancellation between a negative direct
contribution and a positive exchange contribution of
about the same magnitude (Table V). The modification of
the valence orbitals to SMS-Brueckner orbitals (Fig. 10) is
of similar importance for both states since, as seen from
Table VI, the direct contribution is more than 10 times
larger than the exchange contribution. A large part of the
diagrams in Fig. 10 can probably be described as a poten-
tial correction on one valence electron due to the presence
of the other and would be included in the "one-body" dia-
grams shown in Fig. 2 if another potential was used for
the valence orbitals.

There is a large cancellation between different groups of
diagrams, but also within the groups (as seen from Table
II, e.g.). For the 4 P state, certain individual contribu-
tions are up to 50 times as large as the final result. In
view of these cancellations it is not surprising that a
discrepancy remains between our final results, —0.21
X10 and —10.81X10, respectively for the singlet
and triplet state, and the corresponding experimental
values, —0.80(6)X 10 and —7.41(5)X 10 . [These
values are obtained from the level shifts —120(9) MHz
and —1116(8)MHz between Ca and Ca, given in Ref.

TABLE VII. Summary of contributions to the level isotope shift constant E for the (4s4p) 'P
and P states in Ca relative to the 4s ground state of the ion Ca+ (10 a.u.).

Fig. 8, valence-valence correlation
Fig. 9, core-valence and core-core correlation
Fig. 10, SMS modifications
of Brueckner orbitals
Fig. 3, one-body contribution from 4p
Fig. 3, contribution from 4s due to
the normalization correction

(4s 4p)'P

8.0717
—0.9615
—3.6573

—4.8926
1.2341

(4s 4p)3P

2.6103
—3.6373
—3.7185

—5.7448
0.3060

Total'

Experiment'

—0.2056

—0.80(6)

—10.1843

—7.41(5)

'For the shift between Ca and Ca, the conversion factor 15057 MHz/a. u. , gives the theoretical
values —31 and —1533 MHz, respectively, for the singlet and triplet state, which can be compared to
the experimental results —120(9}MHz and —1116(8)MHz (Ref. 2).



SPECIFIC MASS SHIFT OF THE (4s4p) ' P STATES. . .

2.] Since the diagram in Fig. 10(a) is so important, a large
part of the discrepancy can probably be ascribed to
neglected diagrams of the type in Fig. 10(e). The evalua-
tion of the one-body contributions (Fig. 3) may be another
cause of the discrepancy. No attempt has yet been made
'to include systematically the third-order contributions to
the level shifts in Ca+ and we know that our value for the
4s~4p transition shift is somewhat smaller than the ex-
perimental value (Sec. IIA). However, we have no infor-
mation about the error in each level shift. It may seem
surprising, but, since we know exactly which diagrams
correspond to the level shifts in Ca+, experimental values
for these level shifts, if available, could be used instead of
our second-order results to obtain better values for the lev-
el shifts in neutral Ca.

E. Comparison with other work

The first ab initio calculation of the SMS in Ca was
performed by Bauche. In separate Hartree-Fock (HF)
calculations for the singlet and triplet states ("LS-
dependent HF") he obtained the shifts —130.1565 a.u. for
the singlet state and —130.2561 a.u. for the triplet state
with respect to the fully ionized system. The difference,
—0.0996, is very similar to the difference between our fi-
nal results in spite of our inclusion of a large number of
correlation effects. In order to compare also the level
shifts with respect to the 4s ground state of Ca+ we need
the HF value for the total shift in the 4s state. This can
be obtained by adding to the HF value, —130.0448, for
the core-core contribution the sum of the "first-order
core-valence" and screening effects for the 4s state, given
in the first column of Table I. The total shift —130.1792,
for the 4s state in Ca+ is then subtracted from the HF
values for the shifts of the singlet and triplet states, giving
the results shown in Table VIII. The value for the triplet
state agrees well with the experimental result, whereas for

the strongly perturbed singlet state the wrong sign is ob-
tained.

Due to our somewhat unphysical starting potential
from the inert-gas-like core of Ca +, a large part of the
effects classified as "valence-valence" correlation (Fig. 8)
are taken into account in a complete HF calculation. For
comparison, we give in Table VIII the sp-limit value ob-
tained when all correlation effects with the core are
neglected (and using the norm obtained in the sp limit' ).
These values are quite similar to the HF values, particu-
larly for the triplet state. The differences are due to our
admixture of higher excited sp states. The inclusion of
excited pd configurations (which enter already in second
order) was found to give important contributions as well.
By including such configurations in a multiconfiguration-
al Hartree-Fock (MCHF) calculation, e.g., it would be
possible to include a large part of the diagrams in Fig. 8
to the pd limit, but again no correlation with the core
would be accounted for. The pd-limit results neglecting
the core-valence correlation are given in the third row of
Table VIII. A MCHF calculation including valence-
valence correlation was performed by Bauche and cowork-
ers for the field shift in Ca (Ref. 30) and for both field
and mass shift in Sr.' At this level the difference be-
tween the singlet and triplet states is quite well repro-
duced, but the singlet state still has the wrong sign.

Recently, Chambaud et al. ' attempted to go beyond
the HF level using the CIPSI method (configuration in-
teraction by perturbation of a multiconfiguration wave
function selected iteratively, Ref. 32). They found very
large correlation contributions, about —13 a.u. , not ob-
served in the present work. However, most of this effect
is the same for all the states considered (4s, 4s4@, 4s 3d,
and 4s 5s)—the variation between the states is at most 0.2
a.u. This enormous contribution obtained when the corre-
lation with the core is included is most likely due to
closed diagrams, which describe the correlation among the

TABLE VIII. Comparison between theoretical and experimental results for the 4s 4p ' P states in Ca
(10 ~ a.u.).

1p

I.S-dependent HF'
HF + valence-valence
correlation (Fig. 8)

sp limit
pd limit"

Brueckner orbitals +
total correlation
[Figs. 3, 8, 9, and 10(a)—10(f)]b
Experiment

2.27

1.925
1.452

—0.206

—0.80(6) '

—7.69

—7.392
—6.155

—10.184

—7.41(5)"

—9.96

—9.32
—7.61

—9.98

—6.61(2)~'

—6.604(12) ~

'Bauche, Ref. 24.
This work.

'Lorenzen et al., Ref. 2.
~Brandt et al., Ref. 5.
'Bergmann et al., Ref. 7.
~Andi et a/. , Ref. 6.
IPalmer et a/. , Ref. 9.
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core electrons. These enter the shifts of Ca + with respect
to the fully ionized system, but cannot be observed in op-
tical spectroscopy. Obviously, if these pure core-core
correlation effects are included, it is very important to cal-
culate them to the same level of accuracy for all states
considered in order to make the cancellation between their
contributions complete. The final result by Chambaud
et al. ' for the isotope shift between the 4'P and 4 P
states, —0. 14, is actually worse than the HF value, in
spite of the inclusion of a large number of correlation ef-
fects. The same is true for our result for the triplet state.
As we have seen in the preceding sections, there are many
competing correlation effects and they all have to be con-
sidered very carefully.

fects and a careful theoretical study is thus needed to ob-
tain sufficiently accurate and reliable values. The correla-
tion between the valence electrons in Ca is very strong and
gives large contributions to the specific mass shift. How-
ever, as seen from the present work, the correlation be-
tween each valence electron and the core cannot be
neglected. Although the valence-valence interaction has
been treated to all orders, certain third-order core-valence
correlation diagrams could not yet be evaluated and only a
qualitative agreement with experiment was obtained. We
thus conclude that it is necessary to treat also the correla-
tion between the core and the valence electrons more accu-
rately in order to gain a better understanding of the
specific mass shift in Ca.

III. CONCLUSION

In spite of the need for theoretical calculations of the
electronic factors for the specific mass shift and field shift
in the interpretation of the results of the extensive experi-
mental studies of isotope shifts, only few attempts have
been made to calculate these factors ab initio. The specif-
ic mass shift, which depends on a coupling between pairs
of electronic momenta, is very sensitive to correlation ef-
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