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A comparison of various methods of calculation of the effect of spin-exchange interaction on the density

matrix of hydrogen and alkali-metal atoms in their ground state is made. The elements connected to the

{F,m =0) ~ {F—1,m~=0) transition are calculated. Matrices necessary for the calculation of any other
, mF =

element are also given.

INTRODUCTION

When two atoms are close to each other, the identity of
their electrons gives rise to the phenomenon of spin ex-
change. This phenomenon has been studied extensively
both theoretically and experimentally by the magnetic reso-
nance technique in hydrogen and vapors of alkali-metal
atoms in their ground state. ' The effect of spin exchange is
to alter the population of the various (F,mp) sublevels and
to produce a small displacement of these levels. The calcu-
lation of these effects can be made in several ways. Many
articles have been published on the subject. Unfortunately,
the connection between these various calculations has not
been made clear. In this paper some of these methods of
calculation are summarized and their interconnection is
made explicit. We also make comments on the relative dif-
ficulty of these calculations, give the general expression for
the frequency shift in the (F,m~=0) (F 1,m~=0) tra—n-
sition, and give tables of matrices which are useful in the
calculation. Some of these matrices have been published
before but appear to contain errors.

where q&' and qI' are the phase shifts introduced in the par-
tial wave I by the singlet and triplet potentials, respectively.
Under the effect of E„we have

yc Epi

pc

where E„ is the adjunct matrix of E„. The superscript i is
used to identify the state of the atoms before collision and c
refers to the state after collision. The density matrix
p'(1, 2) stands for the direct product:

p'(1, 2) = p, x p, ,

~here p ~ and p2 are the initial density matrices of the indivi-
dual atoms. If each matrix is of order n the combined ma-
trix is of order n . The final effect of the spin exchange is
obtained by taking the trace of the resulting matrix, over
one of the atoms:

p~ =Tr2p

METHODS OF CALCULATION

The effect of spin exchange on the wave function and
density matrix of hydrogen and alkali-metal atoms can be
obtained by means of the spin-exchange operator E„defined
as

E„=Fg+ F„cr) ~ cr2

where I'q and F„are the direct and exchange scattering am-
plitudes of the wave function Q and a. t and o.

2 are the Pauli
matrices of the electron spin of the two colliding atoms.
Neglecting the identity of the nuclei, which is a good ap-
proximation at high temperatures, a partial-wave analysis
gives

A. Matrix multiplication method

In the first method that was used in this field, the calcula-
tions are done directly with Eq. (5). The numerical value of
the matrix elements are made explicit for each particular
case considered. The matrix multiplications are then
developed in detail. The size of the matrices that need to
be handled goes up rapidly with the nuclear spin of the
atom studied. For example, in the case of hydrogen-
hydrogen collisions with I= ~ the matrices are 16&16. In
the case of rubidium-rubidium collisions, one deals with

with

F~= ~fc+ ~fi,
F = ~(f~ f*)—

= 1 2H)f„= g (21+ 1)(e ' —1)P, (cos8)
2ik t=o

(2a)

(2b)

FIG. 1. Notation used for identifying the levels.
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64& 64 matrices and the calculations are extremely tedious. Nevertheless, such a calculation has been performed for several
matrix elements of interest in the field of atomic frequency standards.

B. Analytical method

In the second method the spin matrices are left in their analytical form. The contraction is done without making explicit
the actual numerical values of the matrix elements. The expression obtained is somewhat complicated but the size of the
matrices to be handled is more reasonable. The resulting expression is

1

p, = —4 —3 sin —pl +~ sin —g o pplo p+ —sin —X(o ppl +pla. p) Tfz(o ppz)
c 1 . 25 & . 25 ~ 1

4 2 2 p 4 2

1

——sin —gi (a. plop —a pplo. ) Trz(arpz) +i —(sin5) g(a ppl
—Plop) Trz(a ppz)

CX P

where 5 stands for 2(z),' —r),') and the Greek index on a. stands for x, y, or z. In the fourth term it is understood that a per-
mutation of n, P, and y is to be made.

At this stage two approaches are possible.
(1) In the first approach, one evaluates each matrix element po.4 The matrix elements required are then those of the Pau-

li matrices in the (F, mFI representation. They can be obtained from a table published by Feld and Lamb. They are given in
Table I, the notation used being that made explicit in Fig. 1. In many applications, the effect of spin exchange on the
(F, O) ~ (F 1, 0) transi—tion is desired. This is the case, for example, of atomic frequency standards in which the reference
frequency is derived from the so-called magnetic-field-independent transition. A direct application of Eq. (8) using the ma-
trix elements of the Pauli matrices shown in Table I gives for the time evolution of the population difference of the two lev-
els involved, for a single species of atoms

d
(PFOF 0 PF 1,0F—1,0) — nv o (PF GF 0 PF l, oF 1.0)—-

where n is the density, v, the relative speed of the atoms, and o-,„stands for (a. sin (5/2)), the spin-exchange cross section.
The average is made over all 5's. It is observed that the time evolution of the population difference of the (F, O), (F 1,0)—
levels is exponential, independent on the coherence existing between them, and also independent of the nuclear spin.

For the coherence we have, in the interaction picture,

1

d 3 5+1 I' —1
(pF 0 F 10) = nvr rrex —

4 gF (PF 1F 1+PF. —1F.—1)
g

(PF 11F-1 1 + PF-1,—1F 1.—1)--
1 g
+&PF, O;F, G+PF 1,0;F 1,0& ~~ex(-PF, O;FO —PF 1.0;F—1.0) PF0;F-1,0—(10)

The imaginary term produces a small frequency shift in the
transition considered. The parameter X,„stands for,
(~a. sin5), the frequency shift spin-exchange cross section.

These results are in complete agreement with those re-
ported by one of the authors in Ref. 3, in which the first
method was used to obtain the effect of spin exchange in

Rb in a very lengthy calculation.
(2) In the second avenue, which may be qualified as in-

termediate between the first method (A), and the analytical
one just presented, the o- matrices are first calculated in the
(F,mF) representation. This is the approach proposed by
Valberg, who has given the spin matrices up to the case
I= Y. Unfortunately some of the matrices given by the au-

thor are not exact. This may cause some confusion if one
wants to use them in a particular calculation. %'e give, in
Table II, an example for the case I =1.

In the calculation of spin-exchange effects on the density
matrix of hydrogen and alkali-metal atoms in their ground
state, it appears that much simplification results if the con-

TABLE I. Analytical expression of the Pauli matrices in the
IF,mFI repreSentatian (a+ = cr„+i or;a = o.„—i or) . [after
Grossetete (Ref. 4) and Feld and Lamb (Ref. 5)].

(F,micr'IF, m) =m/F

(F,mI cr'IF —1m) = —(F,
z —mz)' /F

(F m la IF m+1) = [(F—m)(F+ m+1)] / /F

I F—i, m +1)= —[(F—m) (F—m —1) ] ' /F

(F,ml o +IF m —1) = [(F+m)(F —m +1)]'/z/F

(F m
I
~+IF 1,m —1) = [(F+m)—(F +m —1)]1/z/F

(F 1,mI a*IF—l, m) = —m/F-.

(F 1,ml a'I F m) = —(F'——m')'/ /F

(F—1,mIcr IF —1,m+1) = —[(F—m —1)(F+m)]1/z/F

(F—1,mIcr IFm+1) =[(F+m)(F+m+1)]'/ /F

(F—1,mIo +IF —1,m —1) = —[(F+m —1)(F—m)] / /F

(F—1,mlo+IFm —1) = —[(F—m)(F —m+1)] / /F
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TABLE II. Example of Pauli spin matrices in the (E,mFI representation used in spin-exchange calculation
for the case 1=1.
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traction to a single atom is made first in an analytical way
[method (B)]. In this method the matrices to be used are
of order 4(I+ ~) rather than 16(I+ 2

)2 in the case where
the contraction is made at the end of the calculation. The
method used by Grossetete in which algebraic expressions
are obtained for the various matrix elements has the advan-
tage of being general but becomes quite involved if off-
diagonal elements are present. On the other hand, the

method proposed by Valberg consists of straightforward ma-
trix multiplication in which any element may be included
but may be some~hat lengthy in the case of high values of
the nuclear spin. The method to be used has thus to be
chosen according to the particular problem at hand. When
no coherence exists the algebraic expressions are best to
use, while when such coherences are present it appears
simpler to use the matrix multiplication method.
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