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A theory of nonlinear three-wave interaction is presented, where a finite bandwidth of the in-
teracting waves is considered (Aw=-0). Dissipative processes are neglected, and a Hamiltonian for-
mulation is used. The evolution equations for the wave intensities are obtained with the aid of a
projection-operator method, similar to those used in nonequilibrium statistical mechanics, but our
formulation is deterministic and no statistical hypothesis is needed. These equations generalize the
well-known fixed-phase equations (Aw=0) and are formally analogous to them, if the ballistic and

memory effects are neglected.

I. INTRODUCTION

The nonlinear evolution of a wave in a plasma is
governed by two different processes: the wave-particle in-
teractions and the wave-wave interactions.! The dom-
inant aspect of the wave-wave interaction is the so-called
three-wave interaction. In many situations, where the
wave-particle effects are negligible, the wave evolution
mainly depends on the three-wave interaction processes.
This is relevant, for instance, for the stimulated Brillouin
and Raman scattering leading to anomalous reflection and
absorption of a laser beam interacting with a plasma.?

The study of nonlinear three-wave interaction is usually
done using two different approximations. The first one is
called the fixed-phase approximation® and was first
developed in the field of nonlinear optics.* Its use can be
justified when the spectral width Aw of the waves in-
volved in the interaction is much less than the inverse of
the characteristic time 7 for the energy exchanged between
them.” This approximation deals with coherent waves
propagating with a slowly modulated amplitude. The
second approximation is known as the random-phase ap-
proximation and it was developed in the framework of the
weak-turbulence theories.">® It deals with a large num-
ber of plane waves with random phases and its use can be
accepted in the reverse situation, when the wave spectral
width Aw is much larger than 71

When applied to particular problems these two dif-
ferent theories can lead to qualitatively different con-
clusions. Recently, attention has been given to the insta-
bility saturation of waves by subharmonic generation or
more generally by three-wave decay into stable waves.
This is pertinent to the estimation of drift wave saturation
levels.” In this case the fixed-phase theory shows that a
strange attractor can occur and the amplitude of the un-
stable wave can behave chaotically.>® But it is easy to
show, using the random-phase approximation, that in

quite general conditions the unstable wave amplitude.

tends to a well-defined saturation level and no chaos is ob-
served.l® Similar qualitative differences between the
random- and fixed-phase results have already been noted
in the study of stimulated rescattering.!!

To our knowledge there is no consistent theory for the
wave interactions with arbitrary spectral width Aw, in-
cluding the intermediate case Aw~7"". Most of the time,
finite spectral width effects are added to the fixed-phase
equations, introducing phenomenological phase fluctua-
tions'? or considering a finite number of wave triplets.!3
As an exception we refer the work of Nishikawa and
Fried!* which presents a wave-packet formulation of elec-
trostatic turbulence.

In the present work we describe a different, and we
hope more consistent, approach to the study of nonlinear
three-wave interaction, considering an arbitrary spectral
width which includes the case Aw~7""'. This approach is
based on a projection-operator technique. Projection
operators are commonly used in nonequilibrium statistical
mechanics in order to derive macroscopic transport equa-
tions from the microscopic dynamical equations.’> The
statistical properties of the systems are usually included in
the definition of the projection operators, but we show in
this work that the same kind of téchniques can be useful
in the frame of a deterministic description and no statisti-
cal hypothesis is needed.

The evolution equations for the wave amplitude and
phases obtained with our projection-operator method take
the form of generalized Langevin equations. They con-
tain three different terms. The first one, which we call
the macroscopic term, is formally analogous to that ap-
pearing in the fixed-phase equations and reduces to it in
the limit Aw—0. However, the two other terms have no
equivalent in the fixed-phase equations. One of them is a
time integral which is associated with memory effects. Its
presence means that the wave-wave interaction in a plas-
ma is not a Markovian process and it cannot be described
as instantaneous collisions of wave quanta (plasmons,
photons, or phonons) as is usually done in the weak-
turbulence theory.’ The third term is associated with the
evolution of the initial perturbations and can be called the
ballistic term.

The plan of this paper is the following. In Sec. II we
describe our model for the three-wave interaction and
show how a suitable projection operator can be defined.
The model mainly consists of three waves, each one con-
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taining a large number of monochromatic modes. Each
mode is allowed to interact with all the other modes, ex-
cept those belonging to the same wave. Dissipation is
neglected and a Hamiltonian description is used. In Sec.
IIT we derive the evolution equations for the total intensi-
ty and phase of the three waves. Section IV is devoted to
the discussion of the macroscopic dynamics and to the ex-
plicit calculation of the macroscopic terms. In Sec. V we
consider the memory effects in detail and discuss the im-
plications of these effects to the overall consistency of the
theory. Finally, in Sec. VI we state the conclusions.

II. PROJECTION OPERATORS

Let us consider three waves, each one containing a large
number of modes, n>>1 (see Fig. 1). Each mode is
. monochromatic, having a frequency wj; where j=1,2,3
and k=1,2,...,n. Its evolution is described with the
aid of two variables: the photon number, or wave action,
N, and the phase 0. Actually, the modes (j, k) are only
nearly monochromatic, in the sense that their amplitude
and phase are allowed to slowly vary in time. They are
very narrow wave packets, as defined by Nishikawa and
Fried.!* The spectral width of the three waves
Awj~w;;—wj, is assumed arbitrary but small enough to
prevent nonlinear three-wave interactions inside the spec-
trum of one wave. Then, each mode (j, k) exchanges ener-
gy via the three-wave coupling process with all the other
modes (i,1),(i,2), ..., (i,n) (with i=%j). If dissipation is
neglected, the evolution of such a system can be described
with the aid of the following Hamiltonian:®

3 n
H(Njk,ejk)= 2 2 wjkNjk
j=1k=

—_

+2w

b

1k=

T M=

n n
> VN ipnoNysinpy ,
1i=1
(1)
where
Opk1 =01, — 02 — 63 . 2

Here we have assumed for simplicity that the nonlinear
coupling coefficient w is a constant and does not depend

172
dby e ro& | NaNy :
—‘:;;—:Aa)prklll+w kgl Igl { Nlp, Slnep'kl
172
Lo | NNy |
~33 [ LACE R
p=11=1 2k’

Here we have used the frequency mismatch

Avpy =01, —0y —03 . (6)
Obviously, Egs. (4) and (5) could be obtained directly

N

w

FIG. 1. Model for the three-wave nonlinear interaction. The
frequency spectrum is composed by three distinct waves
(j=1,2,3) with a finite bandwidth. Each wave contains n >>1
internal modes.

on the frequencies of each mode triplet (1p,2k,3/). This is
only approximately true and requires that Aw; are very
small. However, this assumption is not a limitation to the
theory because the generalization to the case where
w=w(wp,wk,w3) is straightforward.

When the nonlinear coupling is absent (w=0) the equa-
tions of motion reduce to

Njk =const, ij =it +¢jk ) 3)

where ¢ =const. Clearly, Ny and 6j are the action-
angle variables describing an ensemble of 3n independent
harmonic oscillators. In the general case (w=£0), howev-
er, the canonical equation of motion for the Hamiltonian
(1) became quite complicated and can be written as

dNy, n. n

“—tlf—: —2w 2 2 V Nlp'Nszy cos@l,:k, ’

d k=11=1
dN n n
dr =+42w 21 121 V NleZk’N3I cosepk’l > 4)
p=11=
dN 2y n n
2 yow > > V' NpNyuNyycosbpy
dt p=1k=1 i

" and

(5)

from the Maxwell’s equations and the (kinetic or hydro-
dynamic) plasma equations. But the Hamiltonian deriva-
tion used here is more convenient for our purposes. The
wave action Ny is related to the electric field Ej of the
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plasma eigenmode (j, k) through the expression

1 |aD
Ni=7 [aw

] | Ex |2, ™
@k

where D=D(w,k)=0 is the dispersion relation pertinent
for this mode.

When we make n=1 in Eqgs. (4) and (5) we obtain the
fixed-phase equations, which have already been studied in
detail.> In the general case, n>>1, the system of 3n
modes evolves in a 6n-dimensional phase space. We will
call it the microscopic phase space, because it contains all
the information about the internal structure of the three
groups of n modes each.

We now look for the representation of the motion in a
reduced phase space with six dimensions, where we try to
represent the evolution of the three waves as a whole.
This space will be called the macroscopic phase space, and
the corresponding six macroscopic variables are defined as

n n
NjZkEINjk, ej:kzl ij (8)

with j=1,2,3. It is obvious that N; and 0; are linearly in-
dependent variables and can be used as a basis in the mac-
- roscopic phase space, which is a subspace of the micro-
scopic one. N is the total number of photons, or the total
action, associated with the wave j and is related to the to-
tal wave intensity by I;=&;N;, where the mean frequency
@; is defined by
1 n
EJj:F Z a)jkNjk . (9)
J k=1
I_he wave intensity 7 i, Or the mean number of photons
Nj=N;/n, could also be used to replace N; as macro-
scopic variables. The physical meaning of 6; is somewhat
less clear than that of Nj, but we can call it the total
phase for the wave j. It could also be replaced by the
mean phase: 6;=06;/n.

In order to obtain a subdynamics in this six-
dimensional phase space we have to define a suitable pro-
jection operator P. Let u(x) be an arbitrary dynamical
variable defined on the microscopic phase space, denoting
by x the ensemble of the 6n canonical variables Ny and
0jx. The projection operator P acts on every u (x), reduc-
ing it to a function of the six macroscopic variables,
u(N,0), where N=(N,N,,N3) and 6=(0,,0,,0,):

u(N,0)=Pu(x) . (10)

We define P in the following way:!% 1

1
Pulx)=ggy J 4 (0BNG) —N)8(6(x) —O)dx
(11
where
3 n
j=1k=1
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FIG. 2. Schematic representation of the microscopic
(Nj1,Nj2, ..., Nj») and macroscopic (N;) variables. The pro-
jection operator P integrates each dynamic variable u over the
plane 3, N =N;=const represented here.

k

S(N,0) is a normalization coefficient defined as
S(N,0)= f8(N(x)—~N)8(9(x)——0)dx . (13)

Its presence in Eq. (11) is necessary to assure that P is a
true projection operator: P?>=P. Let us explain in more
detail the meaning of this projection operator. The prod-
uct of the two Dirac 6 functions appearing in Eq. (11)
represents in fact a product of six 8 functions of the form
S(Nj(x)~Nj), or 8(8;(x)—6;), with j=1,2,3. By N;(x),
or 6;(x), in these expressions we want to represent N;, or
0;, as functions of the microscopic variables, as defined by
Egs. (8). And by Nj, or 6;, we represent the actual value
of the macroscopic variables. Then, each of the six &
functions defines a hyperplane in the microscopic space,
as represented in Fig. 2. The macroscopic variables are
then the coordinates which parametrize these hyperplanes.
And the projection of the dynamic variable u (x) is the
amount of u(x) contained on the hyperplane defined by
the macroscopic variables (N,0). On the other hand, the
normalization coefficient S(N,0) can be seen as the area
of this hypersurface.'®

A simpler projection operator P’ could be defined,
which is a mere integration over 6(n — 1) of the 6x micro-
scopic variables, if we make a suitable orthogonal canoni-
cal transformation over the Hamiltonian (1), in such a
way that the variables N; and 6; defined by Eq. (8) appear
now as microscopic variables (see Appendix A). But this
new form of projection operator is less suited for the ex-
plicit calculations described in Secs. IV and V, because the
domains of integration on the hyperplanes are not so
clearly defined. For this reason we conserve the form
(11).

III. EVOLUTION EQUATIONS

Using well-established results of the Hamiltonian
dynamics we can now derive an evolution equation for the
dynamical variable u (x). If u(x) does not depend expli-
citly on time we can write!”

d . ,
dtu(x)—zLu (x), (14)

where L is the Liouvillian operator:



31 PROJECTION-OPERATOR METHOD FOR THE NONLINEAR THREE-WAVE . .. 3901

iL=—{H, }. (15)
Equation (14) can be formally integrated to give
u(x)=e"u(0), - (16)

where u (0)=u(x(t=0)) is the initial value of u(x).
Taking the total derivative of Eq. (16) with respect to time
we obtain a different evolution equation, which is
equivalent to (14):

Tu(0) . 17

Now we can use the following operator identity:!®

d ; L toop. is(L—Ly),
Et—e”Lze"LzLo—k foe’“ ILiL e Yi(L —Lgy)ds

eiz(L—Lo)i(L Ly, (18)

where L, is an arbitrary operator. In our problem it is
convenient to define L, as the projection of the Liouvilli-
an operator on the macroscopic phase space:

Lo=PL . (19)

Using Egs. (18) and (19) in Eq. (17) and replacing u (x) by
N; and 6;, we obtain the evolution equations for the total
number of photons and the total phase of the three in-
teracting waves:

— =P+ [ M©N;(t —s)ds +-B(1N;(0) ,
(20

do; do;

—L=P—L 4 [[M()6;(t —s)ds +B(16;(0) ,

with j=1,2,3. There we have used two new operators,
M (t) and B (t), which depend on P and L:

M((t)=PLB(t),
. 1)
B(t)=e*1-PLi(1_P)L .

Let us make some comments on Egs. (20). These equa-
tions show that the total evolution of N; and 6; is deter-
mined by three different terms. The first term is just the
projection of such an evolution on the macroscopic phase
space. We can call it the macroscopic term. The second
one describes the influence of the past on the actual value
of N; and for this reason is called the memory term. The
third term shows that the actual value of N; also depends
explicity on the free streaming of the initial conditions.
In a certain sense it is also a memory term because it con-
tains the memory of the initial perturbation. But it is not
a cumulative term as the previous one and we can call it
the ballistic term. For the same reasons we refer to M (z)
and B(t) as the memory and the ballistic operators,
respectively.

If we want to have a simplified description of Egs. (20)
we can assume, for a moment, that N; do not significant-
ly change during the characteristic time for the nonlinear
wave interaction:

N;(t —s)~N;(t) fors<7t.

This is equivalent to assuming a Markovian process, and
the memory reduces to

S M6N(t —s)ds=y (N (1) , 22)

where y(t) is some macroscopic dissipation. In a similar
attempt to simplify we can see that N;(0) depend on a
great number of microscopic initial values which will
evolve independently from each other, and we can imag-

ine that the free streaming of these initial conditions cor-

responds to very complicated oscillations. We can then
eventually replace B(#)N;(0) by some random variable
R(t). Then, Eqgs. (20) are replaced by evolution equations
of the form

Wy ™ (0N, + R0 (23)

dr g TYIONERE
This is analogous to the usual Langevin equation of
motion for a Brownian particle in a fluid. The deter-
ministic term, or the macroscopic projection, represents
now the external forces acting on the particle, for in-
stance, gravity or the interacting forces due to other
Brownian particles. The memory effect is here the
viscous damping due to the mean friction of the fluid on
the particle. And the ballistic term is the random force
due to the collisions with the molecules of the fluid.

In our problem the Brownian particle is the wave j and
the molecules are the microscopic modes (i,k), with
k=1,2,...,n and is4j. But in general the nonlinear
wave interaction is not Markovian, because by definition
N; change significantly during a time interval of the order
of 7, and (22) is not valid. On the other hand, it is not ob-
vious that the ballistic term B (z)N;(0) can be simply as-
similated to a random force.

IV. MACROSCOPIC DYNAMICS

We now present explicit calculations of the macroscop-
ic terms appearing in Egs. (20). Replacing N; by (8) in
the arguments of the Dirac § functions which are present
in the definition of P, and after some rearrangements, we
can write the following expression for the macroscopic
terms of N:

dN n n n
P 2 S 3 S 4,(N)BL(O) 24)
t S =1 ,

i=1s=1

where we define

3
A(N)= 3 45,
A-:l

(25)
3
Biu(@)= [ | II By | cos6,4d6;d6,,d6;, ,
A=1
and .
n
A = f\/NUS(Nl(x)—Nl) IIéNw .- (26)
k=1

The expressions for 4, and A3 can be obtained by replac-
ing in this expression the subscripts 1 and j by (2,s) and
(3,2), respectively. The coefficients B, are defined by



3902 A. M. MARTINS AND J. T. MENDONCA 31
_ 2 and schematized in Fig. 2 we can write explicitly the lim-
By= f 8(62(x)—62) kI;I‘ de"k_ : @7 its of integration for the integrals appearing in Egs. (26)

kj

Taking into account the hyperplanes determined by (8)

|

and (27). We only retain in the integration that portion of
the hyperplanes corresponding to positive values of N;
and 6;. Equation (26) then becomes

Ny - §'2N1a
Ny Ni=Ny, Z;}
A‘=fo dN 1 fo ANyp—1" " fo dNy lNl_ leall/.Z’ (28)
a=1
asj

with similar expressions for 4, and 4;. In the same way
we get from Eq. (27)

n
h— 2 O
a=2

6y, 6= astj
B, = fo, dé,, fo dOy 1" fo do,, .
(29)

After carrying out the (n —1) integrations for 4, and the
(n —2) integrations for B,, we obtain

n—1 (6r—6,,)" 2
A, = 2 N2 g =AM (30)
n-1 (n —2)!
IIp+1)
p=1
Replacing these results in Eqgs. (25) we can write
2n—1 3' 12 v
Aj(N)= | ——; (N N,Ny)—1/ (31)
II e+
p=1
and
B, (0)————1—-—
t [(n—2)1]
0 0 0
X feldx fezdy f93dzcos(0—x +y +2)
X(xyz)" =%, (32)

where we have defined a macroscopic phase difference 0
and used auxiliary variables x, y, and z such that

0=0,—0,—0;, X=91—91j ’
. (33)
y=0,—0p, z=0;—0; .

The phase difference 6 is not to be confused with the vec-
tor 6=(0,,0,,6;). Developing the cosine in (32) we can
write By, (0) in a more appropriate form:

1 .
‘m[M(e) sinf—N(0)cosb] , (34)

[

where the expressions for M (8) and N(0) are

Bjs;(o)z

M(0)=g(f>f3—8283)—f1(g2f/3+83/2) ,

(35)
N(@)=f1(f2f3—8283)+81(82f3+82f2) -
f» and g, are well-known integrals defined by
0
fk}zf Aun_zx {c.osu wdu . (36)
g 0 sinu

We see from Egs. (32) and (34) that the functions A4, (N)
and B;,(0), which determine the action and angle depen-
dence of the macroscopic projection of the time derivative
of N,, are independent of the subscripts. This means that
we only have to calculate the normalization factor S in
order to evaluate the macroscopic terms of (20). Rear-
ranging the integrals of Eq. (13) we obtain

3
S = [I D(6:)D(N,) , (37)
A=1
where
D(Ny)= [ d(Ny(x)—N;) [T dN - (38)
k=1

and D(6,)=D(N,—0,). Using the same limits of in-
tegration as before, we get

Ny Na=Nan
DW= [, "aNu 7 T dNiaos
Na= %ﬂ)N
x4, dN;,
N;~!
The normalization factor then becomes
3
[y—— VSV (40)

[(n —1)']6 A=1

Now, using Egs. (31), (34), and (40) we can write (14) in
the final desired form,

dN,

P~ =—20V/NiNoN:F () , @

where F(0) contains all the phase dependence:
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F(O)=— " [4(6)sing—N(8) cost] ,
(010,60
. “2)
n—1,2
F(n)= "_21 n e (n—1)
II 2 +1)
p=1

Similar calculations can be made for the macroscopic
time evolution of N, and N3. The results are

pN2 _pdNs __ paN 43)

dt — dt  dt

We can also make the same kind of calculation for 6,, ,,
and 0;. The integrals are somewhat different but the pro-
cedure is straightforward (see Appendix B). The final re-
sult is

172 172
Pii—e——Aco—}-w Ny, — NNy
dt N, N,
N1N2 172
— G, (44)
3

where we have defined a new angular function:

En) [ pf(0)coso—N(O)sing] . (45)

GO)=—""-—
(6,6,03)"~

The macroscopic frequency mismatch appearing in Eq.
(44) is determined by
n
Aco=—l— S (01— —o3x) - (46)
k=1

Equations (41)—(44) give the macroscopic evolution equa-
tion for the three interacting waves in closed form. They
give a rough description of the nonlinear interaction. A
complete description is contained in Egs. (20), which are
equivalent to the microscopic evolution equations (4) and
(5.

It is interesting to compare Eqgs. (41)—(44) with the so-
called fixed-phase equations, which correspond to the case
n=1 in Eqgs. (4) and (5). Such comparison leads us to the
" striking conclusions that P(dN, /dt) for the general case
(n>>1) and (dN, /dt) for the fixed-phase case (n=1) are
described by the same equations, excepting the phase
dependence. The cosf and siné appearing in the fixed-
phase equations®> are replaced by F(8) and G(8) in the
general case. Of course, when we make n=1 in Egs.
(41)—(44) we obtain F(0)=cos® and G(0)=sinb, as it
should be. This means that Egs. (41)—(44) contain the
fixed-phase equations as a limiting case.

In the opposite limit of very large n, we can see from
(42) and (45) that F(0) and G (0) become very rapidly os-
cillating functions of 6. This suggests that the mean
values of F(0) and G () tend to zero, even for short time
intervals, and the nonlinear interaction becomes less effec-
tive than it was for small n. This is also the expected
behavior in the limit of large Aw; (or large n), when the
random-phase approximation becomes valid. Again, we
note that the random-phase equations require a second-

order correction to the Hamiltonian (1), with nonlinear
terms proportional to N; instead of V/N;.

V. MEMORY EFFECTS

Let us now discuss in detail the memory terms con-
tained in the evolution equation (20). These terms
describe (with the ballistic ones) the subdynamics on the
6(n — 1) space which is complementary to the macroscop-
ic phase space. But, contrary to the ballistic terms which
cannot be described in macroscopic ‘“language,” the
memory terms can be written as functions of the macro-
scopic variables. This is a great advantage of the method
because it allows us to keep in the macroscopic phase
space part of the evolution of the system which occurs
outside of this space.

In order to obtain simple expressions for the memory
terms, we develop the operator M (z) defined in Eq. (21) as
a series expansion in powers of the Liouvillian operator L
and retain only the first term in the expansion. The
operator L is equivalent to a total time differentiation and
the neglect of the higher-order terms corresponds to the
neglect of the high-frequency oscillations.!® The memory
operator is now reduced to

M (t)~iPL?—PLPL . 47)

Making the explicit operations associated with PL?, we
obtain, after carrying out lengthy but straightforward cal-
culations,

iPL*N|= —2w*[N{N,F3(0)+N{N3F,(0)—N,NF;(0)]
—2wAG(0)V'N1N,N; , A 48)

where the angular functions G,(8) and F;(8), with
j=1,2,3, contain a large number of terms similar to G (8)
and F(0). For simplicity their explicit definition is omit-
ted here.

When the frequency mismatch A is nonzero and the
coupling coefficient is very small, w << 1, we can eventu-
ally neglect the first term on the right-hand side of Eq.
(48). In this case the first memory contribution to the
evolution of N is formally analogous to the macroscopic
term, apart from the time integral. But, in the general
case we have to retain the first term in (48). It is remark-
able that this term is formally analogous to those appear-
ing in the random-phase equations, excepting again the
time integral. This can be seen more clearly when we as-
sume that F(0)~F,(0)~F;(0). Assuming further that
w /A >>1, we can write Eq. (48) in the approximate form

iPL2N1=—2w2F1(0)(N1N2+N1N3—N2N3) . (49)

The expression inside the parentheses represents the typi-
cal behavior of the nonlinear interaction in the random-
phase approximation.® This is a remarkable result be-
cause we know that the Hamiltonian (1) from which we
started is not able to describe the nonlinear wave interac-
tion in the random-phase approximation. We can then
conclude that the first contribution to the memory effects,
described by the time integral of Eq. (48), consists on two
terms, one of the random-phase type and the other of the
fixed-phase type.
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Let us now return to Eq. (47) and calculate the second
contribution to the memory effects. We obtain

aF, oF,
N\N,—~+N,N

iPLPLN, = —2iw a0, + VN335,

NN G lo)
—4¥24¥3 801
oF oF
—V N1N2N3 0)1’_1+a)2—2

96, a6,
oF,
-3 (50)

“+ w3 893 .

It is clear that the same qualitative dependence on the ac-
tion variables N; appears. The first term is of the
random-phase type and the second one is of the fixed-
phase type. Integration of (48) and (50) in time gives the
memory contribution to the evolution of N, to first order
in the operator L. Similar expressions can be obtained for
the evolution of N, and Nj.

Let us now consider the case of ;. If we apply (47) to
the second equations (20) and proceed as before we obtain
a singularity. Such singular behavior of the angular
memory terms is associated with that which is already
present in the microscopic equations of motion. As we
can see from Egs. (5) the time derivative of Opk1 goes to in-
finity when N tends to zero, for j=1,2,3. This leads to
an infinite contribution to the memory effects associated
with the macroscopic variables 6;. If we add to the action
variables. appearing in the denominators of (5) a
phenomenological constant € the memory term goes like
€~ !. Instead of looking for some ad hoc explanation of
such phenomenological correction it is perhaps more con-
venient to investigate other Hamilonians more consistent
than the usually assumed Hamiltonian (1). This will be
done in a future work.

VI. CONCLUSIONS

We have shown in this work how a projection-operator
method can be used in order to obtain general equations
for the nonlinear interaction of waves. These equations
contain three kinds of terms: the macroscopic, the
memory, and the ballistic terms. If we neglect the second
and the third terms, we get an approximate picture of the
interaction, which corresponds to the projection of the
dynamics into a six-dimensional subspace of the entire
phase space. In this approximation, Eqs. (41)—(44) can be
considered as a generalization of the fixed-phase equa-
tions,> for the case of interacting waves with a finite band-
width (number of modes n >>1, or Aws£0). The well-
known fixed-phase equations are obtained as a limit of
Eqgs. (41)—(44), when the number of modes tends to 1
(n—1 or Aw—0).

On the other hand, for n large, the nonlinear interac-
tion becomes less efficient due to the rapid oscillations of
the phase factors F(0) and G(@). This is compatible
with the fact that in the random-phase approximation
(n— 0 or Aw— ) there is no three-wave interaction
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process, as long as the Hamiltonian (1) is considered.

But, in order to get a more precise description of the
three-wave interactions we must also retain the memory
effects. They describe the influence of the unwanted
6(n — 1) variables on the retained six macroscopic ones.
The analysis of Sec. V has shown that these effects can be
explicitly calculated. It has also shown that the Hamil-
tonian (1) is not appropriate to describe these effects, be-
cause the singularities appearing in the microscopic equa-
tions of motion (5) give an infinite contribution to the an-
gular memory terms of Eq. (20).

In a future work we intend to develop the present
theory to more complete and appropriate Hamiltonians, in
order to obtain nondivergent memory terms for the angu-
lar variables and to include other nonlinear interaction
processes. The transition from the present discrete theory
(where the wave spectrum is constructed with a finite
number of monochromatic modes) to a continuum theory
where the wave spectrum is a superposition of an infinite
number of modes will also be considered. Detailed nu-
merical calculations for particular situations and small
numbers of modes are also necessary to understand the
precise meaning and the typical behavior of the ballistic
terms appearing in the evolution equations.

Finally, we recall that we have not made any restriction
to the interacting waves or to the nonlinear medium where
they propagate. This means that our calculations are not
restricted to a plasma and remain valid for other non-
linear media as well.
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APPENDIX A

We show in this appendix how-to construct a projection
operator P’, equivalent to (11), with the aid of an orthogo-
nal canonical transformation. Let us consider a canonical
transformation from the 6n microscopic variables
(Nj,0j) to other 6n variables called P; and Q;, with
J=12,...,3n defined in such a way that the first P;
coincide with (or are proportional to) the macroscopic ac-
tion variables N j» and the first Q; coincide with the mac-
roscopic angular variables 6;:

{Pj}:{Nl’NZ’N3yP4,P5,-..,P3n},
: (A1)
{Qj}={91,92,03,Q4,Q5,...,Q3"} .

If the canonical transformation is orthogonal, we can
write!”

3n 3n
Qi= 2 apdr, Pi= 3 appk , (A2)
k=1 k=1

where aj; are the elements of an orthogonal matrix 4,
> axap=>5; , (A3)
k

and we assume that
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-’03n} ’

3Ny N3y, ..

{a} =10, ..

{pk}:{Nlla--

From this we can get the general form of the matrix
A=(ay):

. 91"’621 PECEECEEIEY 62,1,931 9.
(A4)

-’Nln’N21’~' "N3n]'

2 3

1
Vn

I; are 3Xn matrices with all the elements zero, except
those of the ith row which are equal to 1, and A4; are
(3n —3)Xn matrices which we do not need to specify
here. The factor n~!/? is necessary to guarantee the
orthogonality condition (A3). This also implies that the
definition of the macroscopic variables N; and 6; is now

1 < 1 &
= s 0i=—— 3 05 . A6
Ny="m Z N 0=17= 3 Ok (A6)

(AS)

I~
I~

I,
4= 4,

2 3

The difference between this definition and Egs. (8) is ir-
relevant to the theory. The inversion of (A2) leads to

3n 3n
Nyp=Ni+ 3 auPi, Op=0;+ 2 anQ; - (A7)
B i=4

The generating function for this orthogonal transforma-
tion is simply written as'’

C 3
F=N161+N202+N393+ 2 PiQ,' . (A8)
i=4

This function does not depend explicitly on time and the
new Hamiltonian H'(P;,Q;) can easily be obtained replac-
ing (A7) in Eq. (1). Such canonical transformation has
the effect of rotating the hyperplanes shown in Fig. 2,
making them parallel to the coordinate planes. The mac-
roscopic subdynamics can then be obtained simply by in-
tegration on the 6(n — 1) variables P; and Q; correspond-
ing to i>4. The corresponding projection operator P’ is
now an integration operator:

u(N,0)=P'u(P;,Q;)
3n
=5 [ u(P,0) [] dPxdQs . (A9)
k=4

Such a projection operator is, in principle, equivalent to
the one defined in Eq. (11). Although formally simpler,
this new projection operator P’ presents practical disad-
vantages with respect to P in the appropriate choice of the
limits of integration.

APPENDIX B '

For the sake of completeness we present here the
derivation of Egs. (44) and (45). Replacing 6; by (8) in the
arguments of the Dirac 8 functions appearing in (20) we
can write

do n n
P—L=0+23 3 3 4,(N)Bj(6), (B

j=1s=1t=1

where o is defined by
n
w1=-l— 2 wlp . (B2)
n p=1

If we assume that the energy associated with the first
wave is uniformly distributed over the n integral modes,
which means that N;~N;/n for all k, we can see that
o is nearly equal to the mean frequency @; defined by
(9). On the other hand, the action-dependent functions
Ajy(N) are of the form

Ajy(N)=414,4;, (B3)
where A, and A; are given by Eq. (26) if we replace the
subscript 1 by 2 and 3, and A is defined by

I[Ny . (B4

n
Ai= [ N8 |Ny+ Elele I
a= =

asj

More explicitly, we can write

N Nl“EZNla -

' 1 Nl 1n a;j n -

A1= fo dNy, fo ANy, fo dNy [Ni— 3 Ny, . (B5)
a=1
as#j

—
After integration we obtain on—t 3
’ . 2n—1 n—3/2 AJ’S’(N)= n—1 N7_3/2(N2N3)"“1/2 .
A1=55 N (B6) I 2o +1)
(2p+1) p=1
p=1

Using these results we can write Eq. (B3) in the form

(B7)
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We now turn to the angle-dependent functions Bj,(6) ap-
pearing in (B1):
3
Bi(0)= [ | II Bx | cos6,,d6,,d0,,d6;, ,  (BS)
A=1
where B, are defined by Eq. (30). Using (40) and replac-
ing (B7) and (B8) in (B1) we obtain

G(9) . (B9)

Making similar calculations for 8, and 6; we can finally
obtain the evolution equation for the phase difference
60=60,—0,—6;, which is precisely Eq. (44), with
Aw:wl—wz—m3za71—52—a73.

IR. C. Davidson, Methods in Nonlinear Plasma Theory
(Academic, New York, 1972).

2D. F. Dubois, in Laser Interaction and Related Plasma Phe-
nomena, Vol. 3A, edited by H. J. Schwarz and H. Hora (Ple-
num, New York, 1974).

3J. Weiland and H. Wilhelmsson, Coherent Nonlinear Interac-
tion of Waves in Plasmas (Pergamon, Oxford, 1977).

4J. A. Armstrong, N. Bloembergen, J. Ducuing, and P. S.
Pershan, Phys. Rev. 127, 1918 (1962).

5V. N. Tsytovich, Nonlinear Effects in Plasma (Plenum, New
York, 1970).

6R. Z. Sagdeev and A. A. Galeev, Nonlinear Plasma Theory
(Benjamin, Amsterdam, 1969).

7P. W. Terry and W. Horton, Phys. Fluids 25, 491 (1982).

8J. M. Wersinger, J. M. Finn, and E. Ott, Phys. Fluids 23, 1142

(1980).

9M. N. Bussac, Phys. Scr. T2/1, 110 (1982).

10A, M. Martins and J. T. Mendonga, Port. Phys. 14, 243 (1983).

11C. Montes (private communication); Phys. Rev. Lett. 50, 1129
(1983).

12J_J. Thomson, Nucl. Fusion 15, 237 (1975).

13p, W. Terry and W. Horton, Phys. Fluids 26, 106 (1983).

14K. Nishikawa and B. D. Fried, Phys. Fluids 16, 1321 (1973).

I5H. Grabert, Projection Operator Techniques in Nonequilibrium
Statistical Mechanics (Springer, Berlin, 1982).

16R. Zwanzig, Phys. Rev. 124, 983 (1961).

17H. Goldstein, Classical Mechanics (Addison-Wesley, Reading,
Mass., 1959).

18K, Kawasaky, J. Phys. A 6, 1289 (1973).



