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We draw attention to a new reference system. This is a system of charged hard spheres embedded
— in a rigid, uniform, and neutralizing background. The model is attractive since analytical expres-

sions such as the free energy, internal energy, structure factor, etc. , are available. The usefulness of
the model as applied to the variational study of thermodynamic properties of liquid alkali metals is
explored. This model is then compared with similar thermodynamic calculations using separately
the neutral hard spheres and the classical one-component plasma as reference systems. Results from
this comparison show that the charged-hard-sphere system may be preferred as a reference liquid
over the neutral-hard-sphere system or, from the economical and computational viewpoint, over the
one-component-plasma system.

I. INTRODUCTION

Much effort' has been devoted to the study of ther-
modynamic properties of liquid metals. Because of their
simple electronic structures, the liquid alkali metals have
often been chosen as prototype elements for research. The
thermodynamics of rigid alkali metals has been examined
recently' ' with use of the variational perturbation tech-
niques. In this approach, " one starts with a well-known
inequality, namely the Gibbs-Bogoliubov inequality. In
very simple terms, this inequality states that the true
Helmholtz free energy of a system is bounded above by a
chosen reference Helmholtz free energy plus the differ-
ence in potential energies between the actual and the refer-
ence systems, the latter being averaged over the distribu-
tion of the reference liquid. Thus it is clear that the
whole variational thermodynamic calculation of liquid
metals hinges on the choice of a reference liquid.

A system of neutral hard spheres (NHS) in the Percus-
Yevick' (PY) approximation has been employed widely
as a reference liquid. Availability of analytical expres-
sions for all thermodynamic quantities serves to improve
numerical accuracy and to facilitate computations, and is
one of the main reasons for its popularity. In addition it
was discovered' that the essential features of the struc-
ture in liquid metals is characterized mainly by the repul-
sive part of the interparticle potential ~ Naturally the NHS
system provides quite a good starting point. Attempts'
to apply the NHS as a reference system in the thermo-
dynamic variational calculation have led to a general con-
clusion that the NHS model is just as good a reference
liquid when applied to liquid polyvalent metals such as
Al, Mg, etc. , as it was originally tested against Monte
Carlo (MC) or molecular-dynamics (MD) computer "ex-
periments" for systems of insulating liquids such as ar-
gon. The main reason for its success is found to be inti-
mately related to the stiffer nature of the repulsive part of
the pair potentials of polyvalent metals. ' Thus it is no
surprise that when applied to liquid alkali metals, the
model was found to be a less appropriate reference sys-
tem. This realization of the inadequacy of the NHS sys-
tem to simulate liquid alkali metals has spurred further
attempts to find an alternative candidate which would

duly consider the characteristic softness of the potentials
of liquid alkali metals.

The classical one-component plasma (OCP) naturally
emerges as the next model for investigation. One obvious
advantage of using OCP is, of course, that this system has
a soft interparticle potential and thus at least the pertain-
ing soft-potential property of the liquid alkali metals can
be incorporated. The works of Evans and Sluckin, Mon
et a/. , Iwamatzu et al. ,

' and others' ' ' represent
some very recent efforts to explore the usefulness of this
model as applied to metals. While the results of these
studies point to the fact that the OCP is generally superior
(in the sense of predicting lower free energy) over a system
of NHS, progress in exploiting the OCP as a useful refer-
ence in the study of thermodynamics of simple metals has
been slow. The reason is that in order to carry out an ac-
curate thermodynamic calculation it is highly desirable to
a priori obtain reliable MC or MD computer-simulation
results. But highly reliable simulation can only be
achieved at the expense of enormous computing time.
Moreover, although presently available simulation results
for the thermodynamic quantities have been fitted to
empirical formulas, there is as yet ambiguity regarding
the reliability of the formulas proposed. Such implica-
tions can be seen from the most recent work of Slattery
et al. ' who raised the question about the number-of-
particle dependence in the simulation process. One conse-
quence is that for each newly available simulation result,
strictly speaking, one has to repeat the whole calculation,
a procedure which is time consuming and cumbersome.

In this paper we draw attention to another promising
reference system which not only retains many of the at-
tractive features of the NHS system discussed above, but
is also capable of taking proper account of the less repul-
sive nature of the pair potentials. This is the model of
charged hard spheres (CHS). As a prerequisite to thermo-
dynamic variational studies, one needs to know the ther-
modynamics (such as the Helmholtz free energy, the radi-
al distribution function, etc.) of this system. In the mean
spherical approximation, such a system has been solved
exactly by Palmer and Weeks. ' These authors derived
analytical expressions for the structural and thermo-
dynamic quantities which can be used in the variational
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treatment. Just as the NHS model has been tested against
exact MC or MD computer simulations, the CHS model
has also been examined' very recently against
machine calculations. Remarkably good agreement is
found, as compared with MC simulation works of an
OCP system. Already the CHS model has been adopted
by Blum and Narten, Singh and Holz, and Chaturvedi
et al. to understand the liquid structure factors of alkali
metals. The theoretical results obtained are encouraging.

In the following we choose the CHS model as our refer-
ence system. Conceptually this model is essentially sirni-
lar to the classical OCP (for review, see Baus and Han-
sen and also Ichimaru ) except that in the CHS model
we attach a hard-sphere (HS) radius to the point charge so
that penetration of other "plasma" particles is strictly
prohibited. It should be recognized that the introduction
of a HS diameter as a distance of closest approach is not a
theoretical artifact but is based on realistic physical
ground; the situation can be considered to correspond to
the operation of a strong Coulomb repulsive force that
comes into effect when the ions are coming too close to
each other. ' In principle, therefore, we have two free
parameters, the HS diameter and the plasma parameter
(defined to be the ratio of the electrostatic energy to
thermal energy of a particle), to be determined for a com-
plete specification of the CHS system. However, as a
reasonable approximation, we choose the variational pa-
rameter to be the HS diameter. Some justification for this
choice can be drawn from the works of Minoo et al. ,
Hansen, ' and Singh and Holz. While keeping the plas-
ma parameter constant, our calculation appears to yield a
better description for the calculated thermodynamic prop-
erties. This conclusion can be inferred from current ther-
modynarnic results ' obtained from the same variational
approach but using the NHS as a reference. Generally,
the latter has been found to be not very realistic in simu-
lating a reliable liquid structure factor [denoted herein by
S(q)] appropriate for the liquid alkali metals and hence
the accuracies of the computed Madelung and band struc-
ture energies are themselves in doubt. We shall find in
this work that the calculated Helmholtz free energy for
the CHS model is slightly higher than that determined us-

ing a NHS system. From the variational viewpoint, this
seems to suggest that the NHS system is a better reference
liquid. As it turns out, this result for the NHS system is
only fortuitous resulting from the cancellation of errors in
the inaccurate terms. We shall present numerical results
and show that such a discrepancy may be attributed to (i)
an inconsistent use of the radial distribution function and
(ii) a less-accurate description of S(q) for the alkali metals
within the HS theory. Further, from its physical resem-
blance to OCP, when the S(q) obtained for both CHS and
OCP reference liquids are compared, we find that they
agree very well with each other and with experiments. We
conclude this paper by examining the effects of
exchange-correlation corrections on the free energies cal-
culated using the three reference systems considered here.

II. CHARGED-HARD-SPHERE MODEL

In the mean spherical approximation, a system of CHS
interacting through a pairwise, central potential

r &o.
P'(f ) —,Z2e2

r )0
r

where Z and o are, respectively, the nominal valence and
HS diameter, has been exactly solved by Palmer and
Weeks. ' Singh and Holz, in their studies of the liquid
structure factors of alkali metals, have carried out a
Fourier transform of the direct correlation function de-
rived by Palmer and Weeks. We shall make use of this
analytical S(q) in the following; the interested reader
should refer to their original papers for mathematical de-
tails.

This system of CHS is now our reference system for the
variational calculation. In the present work, we use the
Gibbs-Bogoliubov inequality ' which states that if we
have a Hamiltonian H for which the Helmholtz free ener-

gy is F (the actual system), and if we have a reference sys-
tem at the same density and temperature as the actual sys-
tem where H„f and F„f,are, respectively, its Hamiltonian
and Helmholtz free energy, then

F &F„,f+(H —H, f) f . (2)

The ( )„f in Eq. (2) means an ensemble average over
all the configurations of the chosen reference system. It is
clear from Eq. (2) that if the reference system mimics
very closely the actual system, then the perturbation term
would be small. ' On the other hand, if F„f does not
characterize the true system very well, one would antici-
pate a large perturbation and the free energy obtained will
poorly approximate the correct value.

Having stated the variational method, we proceed to
calculate the model Helmholtz free energy. The reference
Helmholtz free energy can be obtained from the work of
Palmer and and Weeks. ' This is done by noting that the
excess internal energy given by them is integrable immedi-
ately, giving
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where q is the packing fraction, k~ is the Boltzmann con-
stant, T is the temperature, and v=(12' ~ I")'~ in which
I is the conventional plasma parameter. In deriving this
formula use is made of the fact that the case K=O corre-
sponds to a system of NHS. We have three possibili-
ties at hand depending on the equation of state used.
Here we choose the Carnahan-Starling equation of state
for the system of NHS because it has been checked in
the literature to reproduce the MC results extremely well.

As for the perturbation term in Eq. (2), we have formu-
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lated our theory using the energy-independent nonloca1
model pseudopotential. Because of the nonlocal nature
of the pseudopotential, the perturbation term looks some-
what different as compared with those using local poten-
tial. ' Operating straightforwardly we have

( H' —M„t );,"r

we use the readily accessible table of Rogers et al. All
computations were done at or near the freezing point of
all alkali metals. [Li was excluded in the OCP calculation
as the minimum value of I lies outside the maximum I
(I „=180) available to us. Moreover, this I,„value
also corresponds to the I at which the OCP system
freezes to a solid phase. ' '" ]

2
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III. RESULTS AND DISCUSSION

We present in Table I our theoretical calculations of the
excess Helmholtz free energies. Scrutinizing the entries
carefully, the following two points are observed.

Jo dtI~cHs(e)Gt't (V) .

Here pd is the depletion charge which vanishes in local'
pseudopotential theory, Z,~~

——Z —pd is the effective
charge, ScHs(q) is the structure factor given by Eq. (5)
in the work of Singh and Holz and G& (q) is the nor-
malized energy wave-number characteristic with
exchange-correlation corrections included. When corn-
pared with the usual OCP model derived from Monte
Carlo simulation, ' the first term in Eq. (4) is just the de-
viation -of the Madelung energy from its value in the
reference system. It can be written in this form because
the variational parameter is now chosen to be the HS di-
ameter. The second term in Eq. (4) is the band structure
energy. It is interesting to note that when I ~0 (corre-
sponding to 1~~0) Eqs. (3) and (4) reduce exactly to the
familiar NHS result.

Although, for the purpose of comparison, we also cal-
culate the thermodynamic properties of alkali metals us-
ing NHS and OCP as reference systems, we will not write
down the mathematical expressions here. For the NHS
we refer the reader to the work of Lai et al. and for the
OCP to the work of Iwamatzu et al. '

The variational thermodynamic calculation can now be
done by varying the HS diameter appearing in the sum of
Eqs. (3) and (4). To carry out OCP calculations, the
liquid structure factors Socp(l, q) are needed. For these

(a) The Helmholtz free energy using the OCP as a refer-
ence system has the lowest value for any EC correction.

(b) The NHS reference system has a Helmholtz free en-

ergy lower than that of the CHS but higher as compared
with the OCP. This is true for all of the EC corrections
considered.

The first point noted above is consistent with that found
by Mon et al. applying a 1ocal pseudopotential theory to
the case of liquid Na. There is, however, one minor
difference. The present calculation which adopts a full
nonlocal pseudopotential appears to yield a slightly better
S(q) (r1.=0.456 for Na) relative to that obtained by Mon
et al. (g=0.44, to compare well with experiment the
value of g should be 0.47). At this point it is perhaps ap-
propriate to mention a similar work by Ross et al. '

These authors have also carried out a similar variational
calculation for liquid lithium at various temperatures.
However, the model potential used in their work is too
crude to validate the conclusion that the OCP is a good
reference fluid. For example, we note that at the
minimum of I', they obtained a plasma parameter, at the
melting point, equal to 130.5. This I is significantly dif-
ferent from the one predicted by Iwamatzu et al. '

(I ) 180) using the same nonlocal pseudopotential theory
as used in this work. Point (b) is unexpected because the
proposed CHS model, as already mentioned in the Intro-
duction, was claimed to be physically closer to the actual
system as compared with the NHS model. But then why

TABLE I. Excess Helmholtz free energies I'" for liquid alkali metals. EC refers to exchange-
correlation correction (see text). SI, Singwi et al. {Ref. 50); VS, Vashishta-Singwi (Ref. 51); TW,
Toigo-Woodruff (Ref. 52). Calculations were done at the melting points of each metals. All in atomic
units.

EC

SI

Model

NHS
CHS
QCP

—0.209 11
—0.208 91
—0.209 64

—0.156 64
—0.156 50
—0.157 13

—0.138 97
—0.138 78
—0.13939

—0.11754
—0.11745
—0.11801

VS NHS
CHS
OCP

—0.209 03
—0.208 74
—0.209 49

—0.155 79
—0.155 47
—0.156 12

—0.137 75
—0.137 30
—0.137 95

—0.11549
—0.115 10
—0.11570

TW NHS
CHS
OCP

—0.209 44
—0.209 16
—0.209 90

—0.156 96
—0.'156 65
—0.157 28

—0.13927
—0.138 85
—0.13947

—0.11760
—0.11724
—0.11780
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Na Rb Cs

TABLE II. Contribu
'

ributions of structural terms [Eq. (3.4) of
anRef. 45] of all liquid alkali metals. PY d VW stand, res ec-

tively, for Percus- Yevick and Verlet-Weis see
e . exchange-correlation correction was used.
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PY (10 a.u. )

VW (10 a.u. )

PY (a.u. )

VW (a.u. )

—0.3930
—0.2888

—0.236 36
—0.236 16

0.1459
0.2077

0.2646
0.3207

0.9330
0.9875

FIG. 1.
T = 100'C si

Liquid structure factor for N 1r a ca culated at
using three reference systems. Notations are

———for CHS, ———for NHS, and for OC
mental results denoesu s, enoted by solid circles, are provided by van der
Lu . , p

' c es are taken from Greenfield et ILugt (Ref. 48), and o en circles
Re . 46).

ces '
e a.
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FIG. 2. Liquid structure factor for K calculated at
T =63.5 C using three reference systems. See Fig. 1 for nota-
tion.

mimic well the true I' of alkali metals. Indeed, examina-
tion of the reference structure factors of all alkali metals
obtained via OCP and CHS (see Figs. 1—4) shows striking
agreement between the two. (In detail, the OCP model
appears to agree slightly better in all the alkali metals,
especially for the higher-q regions. That explains why the
OCP system yields a lower Helmholtz free energy. ) The
corresponding results for the NHS model, on the other
hand, deviate significantly from the OCP and CHS and
from experiments.

To explore further we give in Table III the values of the
HS diameters obtained in the CHS and NHS models for
all of the alkali metals. Systematically we observe that
the 47's for the CHS are smaller than those determined in

FIG. 3. Liquid structure factor for Rb calculated at
T =38.9 C using three reference systems. See Fig. 1 for nota-
tion. Here the experimental results, denoted by solid circles, are
taken from Zei (Ref. 47).

the NHS model. This result is encouraging because. a
smaller o. value means a better and closer description in
the physical situation of the repulsive cores of the alkali
metals (for metals with softer pair potential, the ions
should be able to come a bit closer before the strong
Coulombic repulsion comes into play and prevents the
ions approaching any closer). In this context we find that
the CHS system not only retains many of the desirable
features of a NHS system but, most importantly, accounts
for the characteristic softness of the interparticle poten-
tial.

We now turn to the discussion of the effects of EC
correction on the three reference systems used (see Table

TABLE III. Hard-sphere diameters o. determined variationally using NHS and CHS systems. EC
refers to exchange-correlation correction (see text). SI, Singwi et al. (Ref. 50); VS, Vashishta-Singwi
(Ref. 51); TW, Toigo-Woodruff (Ref. 52). All in atomic units.

SI

Model

NHS
CHS

6.2331
6.1678

7.6877
7.5859

8.2102
8.1106

Cs

8.8560
8.7095

NHS
CHS

6.2062
6.1621

7.6038
6.5621

8.0695
8.0683

8.6637
8.6444

NHS
CHS

6.2133
6.1712

7.6422
7.6084

8.1338
8.1377

8.7724
8.7661
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NHS=. 0 449.
+CHS=0.427

='1 3O

and Geldart and Vosko to the case of sodium. They
found that with the inclusion of EC corrections, the OCP
leads to lower I' relative to the NHS model. The present
work quantitatively justifies their calculation and shows
that this is true for all the alkali metals (except Li). The
second point to be noted is that the present calculations
provide evidence that the fact that the free energy EcHs is
found to be higher than the FNHs is not due to the use of
different EC functions.

IV. CONCLUSION

2 ~ 3q{k' j

FIG. 4. Liquid structure factor for Cs calculated at
T =28.6 C using three reference systems. See Fig. 1 for nota-
tion.

I). We consider three commonly used EC functions, i.e.,
those of Singwi et al. (denoted by SI in the present
work), Vashishta and Singwi (VS), ' and Toigo and
Woodruff (TW). Our calculated results show that the
Helmholtz free energies using T%' EC corrections have
the lowest free energy, though, for the three reference
systems corresponding to the same TW or in fact for any
EC function considered here, the relation

~
Focp

&
~

FNHs
~

& ~FCHs remains unchanged. There'are two
points deserving attention. First, this result substantiates
the work of Mon et al. who applied a local pseudpoten-
tial theory along with the EC corrections of Hubbard

It is proposed in the present work that a system of
charged hard spheres may be a useful reference liquid in
the thermodynamic variational calculation for those met-
als w'here the pair potentials are known to be soft (com-
pared, for example, to the liquid argon). Although the
OCP computer-simulation experiment remains the best
reference system (in the sense of yielding lowest free ener-

gy), it has the practical disadvantage of not being analyti-
cally available, in addition to requiring a large amount of
computing time for an effective implementation. In this
respect the CHS model may be a good reference liquid to
use; this model, besides being analytically solvable, has all
the advantages that a neutral-hard-sphere system has.

Analysis of the calculated free energies has led to a con-
clusion that the Percus-Yevick hard-sphere theory is not
accurate enough for yielding a reliable free energy. Both
the OCP and the CHS reference liquids characterize very
well the liquid structure factors of all alkali metals (rela-
tive, of course, to the NHS model) and compare favorably
with most recent experiments. On the other hand, the
NHS system, though fortuitously having lower free ener-

gy values (through cancellations of inaccurate terms in in-
tegrations) than the CHS system, does not simulate the
structures of liquid alkali metals very well and hence its
use for quantitative studies requires further investigation.
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