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A new approach to the variational representation of the Dirac equation is presented. The method
takes advantage of the conditions satisfied by the eigenfunctions at the origin. In this way, a varia-
tional representation of the complete Dirac-Coulomb spectrum without spurious roots is obtained.
Rigorous proofs of bounds for the positive and negative variational eigenvalues, as well as differen-
tial and integral properties of the variational eigenfunctions, are given. An alternative approach to
the elimination of spurious roots based on constraining the basis set to satisfy the right nonrelativis-

tic limit is also presented.

I. INTRODUCTION

In nonrelativistic quantum mechanics, variational
methods provide a powerful technique for the construc-
tion of approximate eigenvalues and eigenfunctions and
for calculations involving sums over the complete energy
spectrum. The variational method cannot be trivially ex-
tended to the relativistic case because the Dirac Hamil-

tonian is not bounded from below. Any positive energy

eigenvalue can collapse into a negative-energy eigenvalue
as the basis set is increased or as the nonlinear parameters
of the basis set are varied.

This paper is restricted to the case of an electron in a
Coulomb potential V(r)=—Ze?/r. In the present work
we obtain a variational representation of the Dirac Hamil-
tonian without spurious roots, with a general proof of
bounds for the energy eigenvalues.

To review briefly, the Dirac equation in the case of a
Coulomb potential can be written as’

HY=EVY (1.1)
with
2
H=ca-p+/3mc2—z—f— , (1.2)

where a and S are the usual 4 X4 Dirac matrices. The
solutions to (1.2) can be written in the form

.g(r)
lgrr QﬂM

d’: _MQ ’

r M

=2j—1 (1.3)

where g(r) and f(r) are the large and small radial func-
tions and Qj is a two-component spherical spinor. ~

"The large and small components satisfy the coupled
equations

1 aZ K d
o __ 4L L -2 |f=aEg,
a r g+ r dr f=akg
(1.4)
4 Kl |Li9Z Ry
dr r a r

in atomic units. « is the Dirac quantum number
k=+(j+3)for I =j++.

Defining a two-component radial spinor
g(r)
f(r

the system of equations (1.4) can be rewritten in Hamil-
tonian form as

H,®=E®, (1.6)

, (1.5)

with the radial Hamiltonian H, given by
1l aZ « d

r

a r
dr r a r

The exact positive energy solutions to (1.6) can be writ-
ten in the form

a;
0

0

b 1% —A,r u i
nc=r"e > b,

i=1

+ ) (1.8)

where a; and b; are constants, N =n —1 for k<0 and
N =n for k>0, and
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y=[*—(aZ2)’]'?. (1.9

In a previous work,? Drake and Goldman introduced a
variational basis set of the form

g :r7+ie —Ar

(1.10)

, 1=0,1,2,...,N—1,

f' =ry+ie —Ar 0
4 1

with A an arbitrary positive nonlinear variational parame-
ter. Their results can be summarized as follows.

(i) The 2N eigenvalues split into N-positive and N-
negative eigenvalues.

(i) The negative-energy eigenvalues all lie below
E = —a~? and move progressively up towards —a =2 as
the basis dimension is increased.

(iii) The positive-energy eigenvalues behave exactly as if
the Dirac Hamiltonian were a positive definite operator.

(iv) A spurious root appears in the case k>0. This
spurious root is degenerate with the lowest variational
state of the same |k | but with x <O0.

The above properties of the set (1.10) were not proven
rigorously by Drake and Goldman for a general basis set
of dimension N, although an extensive numerical discus-
sion of boundness and completeness was given.

In this work a new approach to the variational repre-
.sentation of the Dirac-Coulomb Hamiltonian is presented.
The method takes advantage of the conditions satisfied by
the eigenfunctions at the origin. In this way, a variational
representation without spurious roots and a proof of a
generalized Hylleraas-Undheim theorem® are obtained.
As a consequence of this analysis a general proof of some
of the properties of the basis set (1.10) is also obtained, in-
cluding the presence and values of the spurious roots.

The zeroth-order conditions at the origin are first dis-
cussed in Sec. II. Section III presents a variational repre-
sentation without spurious roots for which the right
energy-bound properties and some general rules satisfied
by the eigenfunctions are found. In Sec. IV an alternative
approach to the elimination of spurious roots is intro-

duced. -This method is based on imposing the right non-.

relativistic limit on the basis set.

II. THE ZEROTH-ORDER CONDITIONS
AT THE ORIGIN

Consider an expansion of g(r) and f(r) in (1.4) around
r=0. In general we can write '

gr)=rgo+gir+---),

(2.1)
fin=r*(fo+fir+---).
To lowest order in 7, as r —0, system (1.4) becomes
—aZgo+(k—p)fo=0,
(2.2)

(k+pl)go—aZfy=0.

The solution to (2.2) yields
p=y=[K*—(az)?]'/? (2.3)
and

go K—Yy aZ
—_—= = =q . (2.4)
fo aZ K+y 1

It is interesting to note that according to (2.4), the
eigenfunctions of the Dirac Hamiltonian satisfy the level-
independent constraint at the origin

glr)

;o ) _k=v
ey TP R 23)

This ratio is the same for all eigenfunctions with the same
value of «.

Consider now the simplest basis set satisfying (2.5), i.e.,
the one-dimensional case
q
1

1w, =g(r |5 | . (2.6)

Using (1.7) we obtain

\Ilv Hr \Ilv 2_
(Y, |H, | >__17q 1__ v _m 2.7

<\yv|‘yv> —a q2+1— (ZZK—-“a2 )

A diagonalization of the Hamiltonian yields the same
eigenvalue 7 regardless of the normalization function g (r)
used in (2.6). For k <0, 17 is equal to the exact lowest pos-
itive eigenvalue a?E (e.g., 1512, 2P3 2, etc.). For k>0, 5
is a negative spurious root n= —a’E, lying in the forbid-
den energy gap. -

Results (2.5) and (2.7) can also be obtained directly for
the exact eigenstates. Defining y (r)=g(r)/f(r), one ob-
tains the following uncoupled differential equation for y:

ﬂ+2£(—y— aE+Z aE+—— y2=0-
dr r- r a

_[ oz 1

For the exact eigenfunctions the result (2.7) is equivalent
to the solution y=const, and the result (2.5) to
lim,_, oy=const.

Result (2.7) can be generalized to a basis set of arbitrary
dimension. Consider the orthogonal set

[ W, )=(g>+1)""%,(r)

q9
ll, n:1,2,...,N
(2.8)

Wy ) =(g2+1)"120,,(r)

1
y =12,...,
—q] m M

with
(i 16;>=(6;16;)=8;; ,
<¢i [¢j>= f¢i¢jd7‘-
Using (1.7) we obtain
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(¥, |a®H, |¥;)=78; ,

(\PN+n | azHr | \I’N+m >= —nsnm —2a22<0n

1
7 [om)

92 (4100 +ar(s; | - o

d
dr 0"> ’
with i,j=1,2,...,Nand n,m =1,2,..., M.

The variational eigenvalues are obtained by solving
|H—ALl|=0. Using an expansion in minors it is
straightforward to show that for N > M this determinant
can be written as

<\I’j |a2Hrle+n)=

+a<¢j

M
> bid

i=0

| H—AL| =(n—M"—M

In conclusion, there are at least N —M degenerate
eigenvalues A=m; this result is independent of the func-
tions used in the basis set (2.8). The variational eigen-
values do not cross.as the nonlinear parameters of a basis
set are continuously changed. It would appear then that
for N2 M, any positive eigenvalue A greater than 1 can-
not collapse below 7 as the nonlinear parameters of the
basis set are changed. This result will be rigorously
proved in the next section.

III. THE ZEROTH-ORDER VARIATIONAL
BASIS SET i

The results of the last section suggest that it may be ad-
vantageous to use the following decomposition of the ra-
dial Dirac eigenfunction:

1

| W) =(144%~172 4

+0 , (3.1)

q
¢ |1
instead of the usual one in large and small components.
In the remainder of this paper ¢ and 6 will be called the

upper and lower components, respectively. ¢ and 6 satis-
fy the following coupled equations:

a2l |92, 9 g\ (n_ep=0, (3.2
dr r
d¢ _|ezZ 22

a . 2L g+ n+e+ 6=0,

(3.2b)
where e=a’E.
Defining the new radial spinor as
o(r)
(D( r)= 9(") (3.3)

the equations satisfied by ¢ and 6 can be written in Ham-
iltonian form as

h®=ed (3.4)

with
aZ oy 4
n K + r ta dr
h= ﬁz_+ﬂ_a_‘i_ o 2027 (3.5)
K r dr m r

" Notice that in (3.2) =0 is a valid solution for k <0 with

eigenvalue e=17. In the case k>0 such a solution would
yield a function ¢ diverging at infinity.

We introduce now a specific basis set that will force all
the variational eigenfunctions to satisfy the zeroth-order
condition (2.5) at the origin, and we will show that the
variational eigenstates satisfy Eq. (3.2a) exactly. Consider
the basis set

11
u;=e Mprti ol i=012...,N (3.6a)

w;=e "Mpr+i

J (3.6b)

0
L i=12...,N.

Notice that any spinor ® [Eq. (3.3)] constructed using the
functions u; and wj; in (3.6) will yield a Dirac wave func-
tion [Eq. (3.1)] that satisfies the condition (2.5) at the ori-
gin. This is achieved because the lowest power of 7 is ¥
for the u; and ¥ + 1 for the w;.

Using the functions u; and w;, we construct now the
following basis set:

, i=0,1,2,...,N (3.7a)

N 1
o= 2 bjiuj=s,~(r) 0
j=0

Oiin= zc],wj-—t(r ‘ ’, i=12,...,N (3.7b)
j=1

with
(s; |Sj>=<ti !tj)zﬁi} ,
(s;|s;)= fsi(r)sj(r)dr .

Given the 2N + 1 orthonormal basis vectors o;, one ob-
tains upon diagonalization of the Hamiltonian 4, 2N + 1
variational eigenstates ®; which satisfy

(3.8)
(3.9

(@; |h |®;)=€8y, i=0,1,2,...,2N (3.10)
(@; | ®;)=3; , (3.11)
with
é;
|<I>,~)—2 loj)aj | @)= |, (3.12)
j=0 0

We proceed now to investigate the properties of the
variational radial functions ¢; and 6;, and of the varia-
tional eigenvalues €;. Equation (3.10) can be rewritten as

Summing over i, one obtains the following expression in
terms of the orthonormal basis vectors oy:
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2N
kzo |ak)(0k|h—ej|¢j>=O.

Using (3.7), this expression is equivalent to the following
two equations where we omit the index j:

S 15| 4¥10)+n—6) 3 |5 (5x 1) =0,
k=0 k=0

(3.13a)
N N
S luXuld o)+ 3 [u)e|v]6)
k=1 k=1
N
+(7]+€) E ltk>(tk16>:0’ (3.13b)
k=1
with
At | L2 Y (3.14)
dr  «k r
and
2
v=2Z (3.15)

Due to the fact that the lowest power of ris ¥ + 1 for
the functions #; and y for the functions s;, it follows that
the lowest possible power of r in the radial variational
functions 6 and ¢ is ¥ + 1 and v, respectively. Then, by
construction, we can write

; M
A10= 3 pisi ,
i=0
where the p; are constants, and then the set s; completely
represents 410, i.e., :

(3.16)

N
S IsiXse|AT[0)=47|6) . (3.17)
k=0

The same is automatically true for the second term in
(3.13a), i.e.,

N
> s sk lo)=1¢) .
k=0

We obtain then from (3.13a) the following important
result:

4o
dar

where ¢ and 6 are the variational upper and lower radial
functions, respectively. It is remarkable that both the
variational and the exact eigenfunctions satisfy the same
differential equation (3.18).

From (3.18) and (3:13) the following equations satisfied
by 0 and ¢ are obtained:

a 0+ (n—e)p=0, (3.18)

L |eZ oy
K r

da az "

a<¢ £ 9>+ L(610)+L(p]0[0)+m—e)(g )
=0, (3.19

o(6| 4 14)—2Z(014)—L(0]v | 9)+(n+e)(6]0)

+2(0|v|6)=0, (3.20
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azZ a _
p (0]0)+ aZ(e[u [6)+(n—e){B|¢)=0. (3.21)

Having obtained the equations satisfied by the variational
basis set, we proceed now to show that the variational en-
ergy spectrum has the proper bounds.

Using Eq. (3.11) in the form (¢ |$¢)+(6|60)=1, Egs.
(3.19) and (3.20) yield the following expression for the
eigenvalues:

— n+2(6|v[6)

, 3.22
1-2(6]6) 3.22)
" which is valid for any variational eigenstate.
Calling €y= | 17| we obtain for the case k <0
€+2(0|v|0) ‘
=" 1-2(0]0) (3.23)

All the quantities involved in the right-hand side of Eq.
(3.23) are positive, thus

€2 if0<(0|0) <+ (3.24)

and
e<—(e0+2(0]v |60) < —€ if 12(0]0)> 7 .
(3.25)

Equation (3.23) implies then that in the case k <0, every
positive variational eigenvalue is larger than or equal to
the exact lowest possible energy €y=7/ |« | for that value
of k. In other words, every positive variational eigenvalue
is an upper bound to the ground state. In the Appendix
we show that the negative eigenvalues are lower bounds to
—mc?(—1/a?inau), ie, e < —1.

We have then shown that in the case x <0, no variation-
al eigenvalue will lie in the forbidden gap. All the posi-
tive eigenvalues are upper bounds to €;, and all the nega-
tive eigenvalues are lower bounds to — 1.

These results would not apply in principle to states with
k>0 because 7= —¢y in Eq. (3.22). However, we show
now that if the same basis set is used for the cases
k=1 | k|, the resulting sets of eigenvalues are degenerate
with the exception of the states with e=n.

- Consider a specific variational eigenstate i with k<0
and 6,0, then according to (3.23):

o €0+2€6; [v | 6:)
T1-2(6;16;)

(2.6)

Defining now the function 0; as
(6;|v]6;)+e(1—(6;|6;))

(0; | v [6;)+€0(6; | 6;)
or, correspondingly,

(6; |v |6;)—eo(1—6; |6;))
(6; |v[6;)—eo(0; | 6;)
and using (3.27) in Eq. (3.26) we obtain

—€p+2(0; |v ]6;)

€= . (3.28)
1-2(6; | 6;)

0; ==+

172
J 6; (3.27a)

172

0,—+ 6,, (327b)




But according to (3.22), Eq. (3.28) is the expression
satisfied by a state with «>0. 0; satisfies Eq. (3.28) with
eigenvalue €; and ¢; can be obtained from the differential
equation (3.18) satisfied by the variational eigenstates.
Equations (3.18) and (3.28) are simultaneously satisfied,
implying that this is a variational solution of the eigen-
value equation (3.10). Since the variational solutions are
unique, we conclude that for every state with quantum
number «, energy €; and lower component 6;-40, there is a

state with k' = —«, the same energy, and lower component
€+ 172
6=+ |= 0; . (3.29)
€—N

The last equation is obtained using Eq. (3.22). It is re-
markable that the lower components of the degenerate
levels with opposite signs of « differ only by a constant.
It follows from this degeneracy that all the results ob-
tained for states with k <0 and 6,50 apply identically to
the states with x>0. The states with 6=0 are trivial in
the sense that in this case the energy eigenvalue is a con-
stant: e=¢; for k <0 and €= — ¢, for k > 0. This finishes
the proof that the variational eigenvalues do not lie in the
forbidden gap €,>e€> —1, with the exception of the
spurious root €= — g, for the case k> 0.

We prove now that the number of positive- and
negative-energy eigenvalues (excluding e=7) is the same.

Consider the 2N + 1-dimensional basis set introduced
in (3.7) and call

oF

o , j=12,....M

'

the set of eigenvalues with positive energies ej >€p. We
show first that all the 0+ are linearly independent. Sup-
pose that 6% is linearly dependent on the other 6+

P L
9 = 2 Cjej .
j=1
We can define a vector

p=th— S ¢t
M. At
j—_—

such that

M-—1
(plu)=1+ 3 ¢}
i=1

where we used the fact that the ¢ are orthonormal being
eigenstates of the Hamlltoman, and

(plhp) _ /
(plp)

M—1
1+ 3 ¢f

j=1

>€p .

e
€m+ 2, Ci€j
i=1

(3.30)

Since p is of the form

f

“= 19

>

its eigenvalue should be €,. This contradicts Eq. (3.30)
and we conclude that all the 9}” are linearly independent.
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Similarly it can be proven that the lower component func-
tions 6; of the negative-energy states also are linearly in-
dependent. The only case in which both requirements are
satisfied is when N =M. Then, excluding the state with
€=m, there are as many positive as negative variational
eigenvalues. In a similar way one can show that the ¢} g

are linearly independent as well as the ¢; .

Still the problem of the spurious root €= —¢, for states
with «>0 remains to be solved. We introduce now a
modification to the basis set (3.7) that will eliminate the
spurious root from the variational spectrum.

Equation (3.18) implies that for every variational eigen-
state i with €;5£7,

¢;=const X 4 16; (3.31)

with 4+ defined in (3.14). This proportionality suggests
the introduction of the following basis set, which is a
slight modification of the one presented in Eq. (3.6).

: Define

wy=e M| | i=1,2,...,N (3.32a)

vj=Ate MrrHi

1
—a ol i=12...,N.

d a .,z +l, —Arpy+j
dr

(3.32b)

For every state with ¢;57, the lower component 6; will
be a linear combination of the w; and, by construction,
the upper component ¢; will be the same linear combina-
tion of the v; as stated by Eq. (3.31). [Notice that condi-
tion (3.17) is automatically satisfied by construction.] In
other words, using the set (3.32) we obtain the same set of
eigenvalues as with the previous basis set (3.6) with the ex-
ception that the eigenstate =7 is now missing. All the
proofs obtained until now for the basis set (3.6) apply
identically to the basis set (3.32). The only difference be-
tween both sets is that the basis set (3.32) does not contain
the spurious root €= —¢, for the states with x>0 as well
as the ground state e=¢, for the states with k <0.

The ground state can be reintroduced in the case « <0
by adding to the basis set (3.32) the vector

1
vo=e"Mr? {0 ] .

The addition of this vector makes this set identical to the
previous basis set (3.6) in the case k <0. However, it is in-
teresting to note that the exact (non-normalized) ground-
state function

(3.33)

1

—Zr/Ixlpy (3.34)

Vg =é€

can also be used, because Vg is orthogonal to all the other
vectors in the set
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(vg lv;))=a f dr e —M+Z/ k| ir.2y
X[Qy+iri~'—(A+Z/ |k | )r']=0.
(3.35)
Using Eq. (3.19) and
Dy = (v [v5) g,
Eq. (3.35) implies that
(@, | ®;)=0

(3.36)

and
(leh IQI):O)

so that @, is a valid variational eigenstate with eigenvalue
60.

Finally it is shown now that the eigenvalue spectrum
obtained using the basis set (3.32) satisfies a generalized
Hylleraas-Undheim theorem.3

An infinite power expansion using the functions w; of
(3.32a) is a complete representation of the lower com-
ponent of any exact eigenvector. In other words, as in the
nonrelativistic case, for an exact eigenvector ®, there ex-
ists a set of linear coefficients ¢; such that

N . ) X )
O, =e~ " Y airi=e M Y ciri= 3 cqu; . (3.37)
i=1 i=1 i=1
Such a linear combination will yield the exact eigenvalue
€, as shown by Eq. (3.22). Using the fact that both the
exact and the variational eigenfunctions satisfy the same
differential equation (3.18), one obtains the following
equivalent result for the upper component:

pe=(n—€"" 3 civ; ,

i=1

(3.38)

where the ¢; are the same as in (3.37). We conclude that
the basis set (3.32), with (3.33) and (3.34) for the case
k <0, is a complete representation of the exact wave func-
tions when N — «. In other words, as in the nonrelativis-
tic case, the exact and variational spectra are the same
when N — .

Consider now a variational basis set of dimension N. It
is a general result of the diagonalization procedure that by
adding a vector to the basis set, the resulting eigenvalues
interleave with those of the smaller basis set.* In our case,
adding a vector wy,; (and then vy ;) to the basis set
(3.39) will yield a new set of eigenvalues, half positive and
half negative. The interleaving of the positive- and of the
negative-energy eigenvalues means that as the basis set di-
mension is increased, each positive eigenvalue decreases
and each negative eigenvalue increases. We have shown
that for an infinite dimension of the basis set the varia-
tional and exact bound-state spectra coincide, and that no
eigenvalue lies in the forbidden gap. Then, as the dimen-
sion of the basis set is increased, each positive variational
eigenvalue decreases towards the corresponding exact
eigenvalue, and each negative eigenvalue increases towards
— mc?. In other words, we have a generalized Hylleraas-
Undheim theorem: each positive eigenvalue is an upper
bound to the exact eigenvalue and each negative eigen-

S. P. GOLDMAN 31

value is a lower bound to — mc2.

We summarize now the results of this section. A basis
set is introduced of the form

, i=12,...,N

w;=e ~MprH

|1
v,~=[(2'y+i)/r+Z/‘K——7»]e‘}"r7'+' 0 i=12,...,N

and in the case « <0, either v, or v, are added to the set,
with

1
nge—Zr/|x|r‘y [0’

1
vo=e"Mp? [0 ] .

For this basis set, upon diagonalization of the Hamil-
tonian (3.5), the following results are found.

(i) The exact eigenvalue €, is always present in the ener-
gy spectrum, in the case « <0.

(ii) The variational eigenvalues obtained in the cases
k= |k | and k= — | k|, excluding €, are degenerate.

(iii) If a state with eigenvalue €;5%4€, has lower com-
ponent 6;, then the corresponding state with the same en-
ergy and the opposite sign of x will have a lower com-
ponent

172

€+7 0
i-

€&—7n

0; =+

(iv) Every positive eigenvalue is an upper bound to the
corresponding exact eigenvalue and every negative eigen-
value is a lower bound to — mc?.

(v) The number of positive eigenvalues (excluding ;)
and negative eigenvalues is the same.

(vi) There is no spurious root in the spectrum.

The following properties of the radial variational eigen-
functions can be obtained using the formulas of this sec-
tion and the invariance of the norm of the Hamiltonian
during diagonalization:

(a) <9,. % ¢i>=<9; é“—’r—’¢2>,
®) 3o 16:)=3(6,160=3 (8 4})
=36, 16;)=N,

(© 30, 1v]6)=346|v]6)=—+ e,
-~ d < |l d

(d) 2<¢ilE’9i>=z<¢i ar

(€ 3 60,5=3 (s, 16,)=0,

) S{gilv10)=3 (g |v]6)=0,

01)=o0,
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TABLE 1. Variational eigenvalues for s;,, states for a hydrogenic ion with nuclear charge Z=92.
The basis sets of Egs. (1.10) and (3.7) were used for a and b, respectively. The exponential parameter

was chosen to optimize the positive-energy level n=4.
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n a b Exact

6 1.007947 1032 1.006015528 5 0.9932320939
5 0.990422 8499 0.990396 3235 0.990 122 665 8
4 0.984277 1256 0.9842771256 0.9842771256
3 0.971297 5942 0.9712962355 0.9712925603
2 0.9333039504 0.933 1873692 0.9330419926
1 0.746291088 3 0.7411347198 0.7411347198
1 —1.0166296512 —1.0171958622

2 —1.0294699652 —1.0309794869

3 —1.0526761718 —1.056987963 8

4 —1.103074 0670 —1.1185121579

5 —1.2502411716 —1.342560994 4

6 —2.1014623202

where ' denotes a change in the sign of «, and

>S=3 .
€#€p
The sum rules are particularly useful to check numerically
the computer program generating the basis set.

The completeness of the basis set has been checked nu-
merically using relativistic electric-dipole sum rules.” In
Table I we list the eigenvalues obtained for s, ,, states for
a hydrogenic ion with nuclear charge Z=50. A 12-
dimensional basis set of the form (1.10) was used in the
first column, and an 11-dimensional basis set of the form
(3.32) and (3.33) was used in the second. The exponential
parameter was chosen as to optimize the eigenvalue n=4.
The same is done for p,,, states in the first two columns
of Table II. Note the degeneracy of the eigenvalues with
the corresponding ones in Table I.

With regard to the basis set (1.10), the methods of this
section can be applied only in the case in which the num-
ber of powers used for the large and small components is
the same. In this case Eq. (3.23) proves that (a) the basis
set (1.10) yields positive eigenvalues that are upper bounds

to the ground state, and (b) the states for opposite signs of
« are degenerate, including a spurious root for x>0 de-
generate with the lowest positive eigenvalue for kK <0. The
discussion of Eq. (3.30) also applies in this case, showing
that the set (1.10) will give the same number of positive
and negative eigenvalues.

IV. THE FIRST-ORDER CONDITION
AT THE ORIGIN

In this section an alternative method for the removal of
spurious roots from the basis set (1.10) is presented. In a
review paper, Kutzelnigg® relates spurious roots to wrong
nonrelativistic limits. Following this idea, the spurious
root of basis set (1.10) for the case k>0 is removed by
constraining the basis set to have the right nonrelativistic
form in the limit ¢—0.

Consider the ratio (2.4) at the origin. In the nonrela-
tivistic limit for «k > 0 we obtain

lim._gi_gg
a—»()fo - 2k ’

TABLE II. Variational eigenvalues for p,,, states for a hydrogenic ion with nuclear charge Z=92. The basis sets of Egs. (1.10),
(3.7), (4.3), and (4.3) and (4.4) were used for a, b, c, and d, respectively. The exponential parameter was chosen to optimize the
positive-energy level n=4. The spurious root of set (1.10) is underlined.

n a b c d "Exact

6 1.007947 1032 1.006015528 5 1.0052251854 1.005 6332242 0.9932320939
5 0.990422 8499 0.990396 3235 0.990 3842890 0.9903906408 0.990122 6658
4 0.984277 1256 0.9842771256 0.9842771256 0.9842771256 0.9842771256
3 0.971297 5942 0.9712962355 0.9712957198 0.9712959873 0.9712925603
2 0.9333039504 0.933 1873692 0.933 1524056 0.9331702947 0.933041992 6
1 0.7462910883

AWV HWN -

—1.0166296512
—1.029469 965 2
—1.0526761718
—1.103074 0670
—1.2502411716
—2.101462 3202

—1.0171958622
—1.0309794869
—1.056987963 8
—1.118 5121579
—1.342560994 4

—1.016705 1447
—1.029674 888 6
—1.0532802502
—1.1053788312
—1.266 3269573

—1.0163709813
—1.028801673 1
—1.0508689163
—1.097292622 1
—1.2246698114
—1.9196230882
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This equation reflects the fact that in the nonrelativistic

limit, for x> 0,

limg =r<+! .

r—0
In other words, the lowest-order coefficient for the expan-
sion (2.1) of the large component in the nonrelativistic
limit is g;. The sufficient condition on g; can be ob-
tained from the first-order conditions at the origin in sys-
tem (1.4):

go/a—aZg,+(k—y—1)f1=aEg, ,
4.1)
(k+y+1)—g1fo/a+aZf=aEf, .

From these equations we obtain the level-independent
first-order condition for states with x> O:

(g +2aZ)g+(1—-2aZq)f1=(29/a)fy . (4.2)

From this equation, in the nonrelativistic limit we obtain

gINfI/a’

which is the sufficient condition to avoid the spurious
root for x> 0 in the basis set (1.10).

A basis set satisfying both the zeroth- and first-order
conditions at the origin, can be constructed in the follow-
ing way for states with x> 0:

g+ AZ +wkA)
o [P @z 24 2y)
uy=e r i N
Ay 1
vy =e ¥ 1+ 2q(Z+K)\,) ’
aZ(1—2k+2y)

(4.3)

uy=e " Mpr+i

N

, 1=23,...,N.

.10
y=eMprH

This basis set provides a variational representation of
the Dirac Hamiltonian (1.7) for the case x>0, without
spurious roots. Although no formal proof of bounds for
this basis set is provided, extensive numerical calculations
have been done involving a wide range of dimensions of
the basis set and values of the nonlinear parameter. In all
cases one obtains that a diagonalization of (1.7) using the
set (4.3) results in N-positive and N-negative eigenvalues
which satisfy a generalized Hylleraas-Undheim theorem
in the sense discussed in Sec. III. Completeness was
checked numerically using the relativistic sum rules of
Ref. 4.

The first-order condition at the origin (and then the
right nonrelativistic limit) will still be satisfied if one does
not force the zeroth-order condition at the origin to the
states with k> 0. This can be achieved by adding to the
basis set (4.3) the vector

(4.4)

1
ug=e~Mp¥ L)

The basis sets (4.3) and (4.4) will still satisfy the first-
order condition (4.2). The same numerical results on
bounds are obtained although now there is an extra
negative-energy eigenstate which will accelerate the con-
vergence of sum rules involving high powers of the ener-
gies. In the third and fourth columns of Table II, we list
the results obtained for p;,, states using the basis sets
(4.3) and (4.3) and (4.4), respectively.

V. DISCUSSION

We have shown that by introducing a separation of the
wave function into “upper” and “lower” components, the
Dirac equation with a Coulomb potential can be diagonal-
ized in a suitably chosen finite basis set to obtain a
discrete representation of the complete spectrum without
spurious roots. This separation leads also to a rigorous
proof of bounds for both the positive and negative varia-
tional eigenvalues. Also, by forcing the right nonrelativis-
tic limit, we obtained a method for extracting, before di-
agonalization, the spurious roots from discrete basis sets
that expand directly the “large” and “small” components
of the wave function.

The basis set presented in Sec. III provides a very useful
technique for calculations in which infinite summations
over the complete relativistic spectrum are involved. A
discussion of convergence for this type of calculations will
be presented in a following paper.
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APPENDIX

In this appendix we prove that for the variational repre-
sentation described in Sec. III, the negative eigenvalues
are lower bounds to —mc2. With the notation used in
Sec. III, we show now that |e~ | > 1.

From Eq. (3.23) we obtain for the negative-energy

eigenvalues:

_y/k+2¢0]v |6)
2y |y)—1

le™ | , k=l«|, (A1)

and using Eq. (3.21) we obtain
_k/QaZ)+aZ(2(0]6)—1)/2k)—y{6]|¢)/k

el= 7(2(016)—1)/(2aZ)+(6| ) ’

(A2)
where according to Eq. (3.25),

0<2(0|0)—1<1. (A3)
Consider in (A2) the case (6 |¢)=0:
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- _ k (aZ)?
€™ | oig)=0= 7 2(0]6)—1) + p” sk/y>1,

together with the fact that in (A2), for any value of
(0|0) |e~| is a monotonically decreasing function of
(0| ¢), this implies that | €~ | > 1 for any negative value
of (6|¢). We concentrate then from now on, on the case
(6|¢)>0.

Using

(01¢)
(0]0)(6 |17 <! (A4
and
(0]60)+(d|d)=1 (AS)

together with Eq. (A2), we obtain the following lower
bound for |e™ |:

e | >x (A6)
with »

(A7)

» = k/(2aZ)+aZ(2(6) 16—1)/(2k)—(y/K)[{6]68)(1—(8] O]
y(2(0|0)—1)/2(aZ)+[(6]8)(1—(8]|8))]'/?

where x is always positive because
k/(2aZ)—(y/k)[(0]6)(1—(6]|6))]'/
>k/(2aZ)—vy/(2k)>0.

To simplify the notation in (A7) we define the new vari-
able o,

sinc=2(016)—1, O<o<m/2. (A8B)

With this substitution we can rewrite x in Eq. (A7) as

k/(aZ)+(aZ /k)sino —(y /k)cosa
(y /aZ)sino +coso

x(o)=

’

O<o<m/2. (A9)

Together with the condition |e™ | >x, we obtain from

(A1)
le” | >y, (A10)

where

y(o)=y/(ksino), O<o<m/2. (A11)

Both conditions |€~ | >x and |e€~ | >y are satisfied

simultaneously; it follows then that

| €™ | >max{x,y} . (A12)

b

[

To analyze (A12) consider first the case o=0, for
which x (0g)=y (o). From (A11) and (A9) we obtain

(aZ /k)sinog—(y /k)cosog=0, (A13)
or

sinoo=vy/k , (A14)
and

x(og)=y(og)=1. (A15)

But according to Eq. (A11), y (o) monotonically decreases
with o, then |€~ | > 1 for 0 <oy. We show now that in
the region o > gy, x is an increasing function of o. Con-
sider x'=dx /do,

(aZ /k)sing —(y /k)coso
(y /k)sino +(aZ /k)coso
then, using (A13) we find x’>(aZ)/k >0 for >0, It

follows then that x(o)>x(oy) for o0>0y and then
|e~ | > 1 for o> 0y Finally we obtain

x'=(aZ)/k + X, (A16)

max{x(o),y(0)}>1, O<o<nw/2,
and then
le—| >1

as desired.
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