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Eikonal calculations of electron capture by relativistic projectiles
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The eikonal theory of electron capture by relativistic projectiles has been formulated, and ca1culations are
presented for 140- to 2100-MeV/amu C, Ne, and Ar projectiles incident on a series of target atoms
between Al and U. The eikonal calculations are in good agreement with measurements at high relative
velocities.

In the past several years, there has been considerable in-
terest in electron capture at very high projectile energies.
However, the theoretical discussion has focused on asymp-
totic nonrelativistic energies. Recently, a large body of data'
on relativistic heavy-ion-atom collisions has been analyzed
to extract, among other information, nonradiative electron-
capture cross sections for a variety of collisions. While rela-
tivistic capture theories3 7 are just beginning to emerge, the
analysis of electron capture by relativistic projectiles clearly
shows that the relativistic Oppenheimer-Brinkman-Kramers
(OBK) approximation overestimates the cross sections by
factors of 6 or more, so that neither a reduction by the fa-
miliar factor of 0.295 based on, but not justified by, a
specific second Born calculation nor the inclusion of rela-
tivistic second Born terms7 brings the calculated values close
to the experimental data. In this work we present a compar-
ison with experiment that is based on a parameter-free rela-
tivistic capture theory, the eikonal approximation, which in-
cludes multiple-scattering contributions to the cross sec-
tions.

For projectiles in the intermediate nonrelativistic velocity
range, the eikonal approximation ' has proven to give re1i-

l

able estimates for summed' and state-to-state cross sec-
tions" in symmetric or near-symmetric collisions. It has
furthermore been shown' ' that physically the prior ver-
sion of the theory (to be adopted here) describes a hard col-
lision of the electron with the projectile nucleus, followed by
multiple soft collisions with the target nucleus.

In the present Rapid Communication, we give a brief out-
line of a relativistic generalization of the eikonal approach,
and a comparison of the results with experimental data'
and with theoretical OBK5 and the second Born approxima-
tion7 calculations. The details of the theoretical develop-
ment are given in a separate publication. ' Besides 1s-1s
transitions, we also include capture from initial relativistic
2s~i2, 2pl~2, and 2@312 states into final 1s~y2 states of the pro-
jectile.

It is convenient to describe the collision in the impact-
parameter (b) picture with the hydrogenic target (charge
Zr) at rest and the projectile (charge Zp) moving with a
velocity v along a straight-line trajectory. The transition
amplitude in atomic units is then given in the covariant
form by"'"

Aft(b, u) = —i
&

dt d r(S 'Q (rp, t')) [ —iS 'y„A„' (rp, t')S]gt(rr, t)

where the primed (unprimed) quantities refer to the projec-
tile P (target T) frame, (Q) —= Q, p=p+y4, the y„are the
Dirac gamma matrices, ' and y„A„ is the electromagnetic
interaction. The matrix S that takes the spinor P from the
target to the projectile frame via the relation
Q'(r', t') = Sp (r, t) is given by's

S= [~(y+1)]'t'(1 —S~,), (2)

where y = (1—v2/c2) 't', 5= (u/c)y/(y+1), and n, is the
component of the Dirac' matrix a in the beam direction.

In the prior form of the eikonal theory, appropriate for
Zr Q Zp, the initial and final wave functions in their respec-
tive frames are

(fit (r r) exp ( —iE& t)

I dv
Q .= @I'(r .) exp( —iEft')exp —iZr'~f P rT

where @, and pf' are relativistic target and projectile eigen-
functions and EI and Ef the corresponding eigenenergies in-
cluding the electron rest mass. The final-state wave func-
tion contains a phase distortion caused by the electron-target
action integral taken from the time of capture to infinity.
The associated target charge is denoted by ZT so that, by
letting Z&=0 in Eq. (3), one may obviotlsly retrieve the
OBK.'

The cross section for specific initial and final spin projec-
tions is obtained by taking the absolute square of the ampli-
tude in Eq. (1), and integrating over the impact-parameter
plane. %hile Moiseiwitsch and co-workers5 7 have separate-
ly calculated non-spin-flip (m&= + T + ~) and spin-flip

( + T g Y~) transitions, we find it enormously simpler to
sum (average) over the (currently unobservable) spin pro-
jections from the outset by using a density-matrix formal-
ism. '~ As a result, we obtain the final cross sections' in a
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form that requires the numerical evaluation of two-
dimensional integrals, as compared with the one-
dimensional integrals occurring in the OBK approximation. 5

The evaluation of the cross section poses no basic problem,
and has been done for initial relativistic target E and L
shells, and final projectile K shells for various collisions.

If both the target and projectile charges are small, mean-
ing that aZT and o.Zp are much less than unity, where
A $37 is the fine-structure constant, we may expand in
powers of aZ, and only retain the lowest-order terms. In
this way, we may derive' an approximate closed formula
for the 1s~y2-1s~/2 cross section per electron in atomic units

2'mZp Zr5(7 + 1) m. qZr'
at, t, eik=

2 5 2 2, exp[ —27)ZT'tan '( —p /Zr)]
5(Z +p' )5u27' sinh m7)Zz'

I '2

x 1+ g P + —7)2 P~ + —7)2Zr2 —52+ —54 + 5a(Zp+ ZT)
T T

i

5 o!(Zp+ ZT) + —', 5' + —,
' 5'v)'ZT' + —,'a 5'g'ZP —75ozrr)zr'(I —~52)

1

2 ZT
p + 5 o!Zp a(Zp+ Zr 5 Zp)

T
(4)

where q = I/u and p = r)(Ef//y —E,). In the nonrelativistic
limit, 5 0, Eq. (4) collapses to the nonrelativistic eikonal
cross section. '

Table I compares relativistic OBK calculations, eikonal
calculations using Eq. (4), and numerical eikonal calcula-
tions of electron capture into the K shell of 1050-MeV/amu
Ne ions. If we set ZT' equal to zero in Eq. (4), we recover
the OBK results of Ref. 5 [Eqs. (17) and (18)] to within
about 6%. Column 4 of Table I gives the numerical evalua-
tion of the exact eikonal cross sections with ZT = 0.
Although the numerical evaluation and Eq. (4) agree at low
aZ, the numerical cross sections are lower at large o.Z, and
are identical to those obtained by numerically evaluating the
OBK [Eqs. (11)—(14) of Ref. 5].

Column 5 of Table I gives the numerical evaluation of the
eikonal approximation with Zz'= ZT. The ratios of the
eikonal cross sections (column 5) to the OBK calculations
(column 4) are between 0.12 and 0.2, which is precisely
what is needed to bring theory into better agreement with
experiment. Note that calculations using Eq. (4) with
Zr'= Zr (column 7) are in good agreement with the numeri-
cal calculations with Zr'= ZT (column 5) at low o.Z, but are
too high at large o, Z, as was seen in the OBK calculations
(columns 3 and 4).

For low ZT and for the capture of outer-shell target elec-
trons, the Dirac one-electron wave functions used in the

numerical calculations are not appropriate, because the nu-
clear charge ZT is partially shielded by inner-shell electrons
in the neutral target atom. Traditionally, in calculations of
inner-shell ionization, ' shielding is incorporated by replac-
ing the target atomic number by Z' = ZT —5Z, where
AZ =0.3 for the E shell and 4.15 for the L shell. For cap-
ture, '~ one sometimes uses Z'= (2n2e)'i, where e is the
electron binding energy and n is the principal quantum
number. 2 Ultimately such recipes attempt to reproduce
relevant properties of many-electron wave functions using
one-electron wave functioris having effective charges. For
electron capture by relativistic projectiles, the high-
momentum components in the target atomic wave functions
at momentum q —

~p ~

—50—200 a.u. are most important.
One measure of these components is the magnitude of the
Compton profile J(q) at large q, for which tabulations exist,
based on Dirac Hartree-Pock wave functions. ' %e there-
fore calculated Compton profiles for the 1s, 2s, and 2p
shells using Dirac wave functions, and found the values of
Z' that reproduce the Hartree-Pock Compton profiles. The
resulting values of AZ are ZT and q dependent, but we
found that for q & 50 a.u. , one can use hZ=0. 3 for the K
shell and 3 for the L shell, and reproduce the Compton pro-
files to within about 30% in all cases where E and L capture
are significant in the present work (Zr & 13 for K and
Zr & 50 for L). We believe that the use of these AZ values

TABLE I. Cross sections (in barns) for electron capture into the K shell of 1050-Mev/amu Ne ions. The numbered columns are
described in the text. The number in parenthesis gives the power of ten multiplying the preceding number.

1

ZT
2

OBK
Reference 5

3
Eq. (4)
Z, =O

T

4
Numerical

Z i=0

5
Numerical
Z I ZpT

6
Ratio

7
Eq. (4)
Z 1 —ZTT

8
Shielded

K-K

9
Total

K-K+ L

13
30
47
73
92

3.9(—4)
2.3 (—2)
0.179
0.84
1.34

4.1(—4)
2.4(—2)
0.175
0.82
1.26

4.1(—4)
2.4(—2)
0.173
0.68
0.84

0,81(—4)
0.37 (—2)
0.0224
0.083
0.114

0.20
0.15
0.13
0.12
0.14

0.80(—4)
0.37(—2)
0.0227
0.099
0.170

0.71(—4)
0.33 (—2)
0.0196
0.070
0.095

0.73 (—4)
0.36(—2)
0.0222
0.090
0.144
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FIG. 1. Projectile IC-electron-capture cross sections (per naked
atom) for 1050-MeV/amu Ne iona. The OBK results (Ref. 5) are
shown by the dashed lines and the Cl point (Ref. 7), and the eikonal
calculations with shielding for target E, L, and the sum of K and L
capture are shown by the solid lines. A second Born approximation
calculation is shown by the 'vr point (Ref. 7). Data ( ~) from Craw-
ford and co-workers (Ref. 1) and Anholt (Ref. 2).

should accurately account for many-electron effects on the
target electron-capture cross sections to within about 30%.

Because zero-electron projectiles were used, unshielded
Dirac projectile atomic wave functions are appropriate.

Column 8 of Table I gives the eikonal K-K-electron-
capture cross sections including shielding, which are about
10%-20% lower than the Dirac cross sections in column 5.
The effect of using a reduced charge for K-K transfer is
seen at low Zn. In column 8, we also used the experimen-
tal electron binding energies to calculate the momentum
transfer. The difference between the shielded and unshield-
ed cross sections at small aZ is due to using a smaller Z'
value, but at large aZ, it is due to the use of experimental
binding energies. Finally, column 9 gives the total capture
cross section into the K shell of the projectile from the
1sq~q, 2s~g~, 2p~g~, and 2pyq shells of the target atom.

Target L electron capture is significant at large ZT, as
shown in Fig. 1. For 1050-MeV/amu Ne ions, the eikonal
results agree reasonably well with experiment. The OBK
K-K transfer cross sections are factors of 5-10 too high,

FIG. 2. Calculated eikonal projectile E-capture cross sections
compared with measurements of Crawford and co-workers (Ref. 1)
and Anholt (Ref. 2) and second Born calculations (Ref. 7) (V
points, always lying immediately above the data points ~). The
dashed part of the curves show the region where the eikonal ap-
proximation, including target E and L capture, may not be valid
(see text).

and a second Born calculation by Humphries and
Moiseiwitsch7 is a factor of 3 too high.

Figure 2 shows projectile K-capture sections for
140-2100-MeV/amu C, Ne, and Ar projectiles, compared
with second Born calculations of K-K electron transfer and
eikonal calculations including K and L target electron cap-
ture. It should be emphasized that the eikonal approxima-
tion is a high-energy approximation, which should be valid
if the ion velocity v in atomic units is much greater than Zp
or Zq, whichever is larger. The solid curves in Fig. 2 indi-
cate where ~ is greater than 2ZT', the dashed lines show
where v is less than 2ZT. For high velocities, the eikonal
theory and experiment agree reasonably well, but for low
velocities, the measured cross sections are higher than
theory. Including M and N shell target electron capture
should not affect the total calculated cross sections signifi-
cantly. The second Born calculations7 are always higher
than experiment or the eikonal cross sections.

In conclusion, the eikonal approximation for electron cap-
ture, extended to relativistic projectile velocities, gives
reasonable agreement with cross sections for low-Zp projec-
tiles obtained by Crawford and co-workers' and Anholt,
and therefore demonstrates the importance of multiple-
scattering contributions. The poor agreement at low relative
projectile velocities suggests that coupled-channel calcula-
tions may be needed there.
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