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We derive, for a classical fluid, a new and exact hierarchy of integro-differential equations for the
free energy and direct correlation functions of successively higher order. This hierarchy gives the
evolution of these quantities as the attractive part u of the interaction is turned on by the successive
inclusion of the different Fourier components of u, starting from large momenta. The full hierar-
chy is also written as a unique functional differential equation for the free energy of a nonuniform
fluid. This hierarchy is the basis of a unified theory of fluids. Near the critical point and at small
momenta, our equations become equivalent to renormalization-group equations and we recover the
usual e expansion. A very simple approximation gives, in three dimensions, y =2v=1.38. Suitable
truncation of the hierarchy reproduces the correct low-density (virial coefficients} and high-density
(optimized random-phase} limit.

I. INTRODUCTION

A microscopic theory of fluids in the region of the crit-
ical point of the liquid-vapor phase transition should yield
both the universal and the nonuniversal quantities asymp-
totically close to the critical point, the extension of the
critical region and the crossover to the distant behavior of
the fluid, i.e., a low-density gas or a dense liquid. All
these properties should be deducible from knowledge of
the law of interatomic forces. Even if we consider only
the cases of simple fluids. and of static properties, as we
do in this paper, this program is far from being accom-
plished. In fact, we have information only on the univer-
sal critical properties because the modern theory of criti-
cal phenomena' has so far found application to this sys-
tem only after one of the following two approximations
has been introduced. The first is a discretization of space
so that the continuous variables, the positions of the parti-
cles, are replaced by discrete ones, the population vari-
ables of the cells of a lattice. The second assumes that an
operation of coarse graining has been performed, leading
to a phenomenological local free energy. When this is ex-
panded in power series of the deviation of the local densi-

ty with respect to its average value, a Landau-Ginzburg-
Wilson (LGW) functional is obtained. A more general
and formally exact expansion of the partition function of
a fluid in cumulants has been used as the starting point
for application of renormalization-group (RG) techniques.
This, however, has not been developed beyond the stage of
a formal analysis. We notice also that recently a real-
space RG approach has been attempted for Auids.

It is generally believed that neither of the two previous
approximations modifies the universality class of the sys-
tem, that of a system with a one-component order param-
eter like the Ising model. Even at the level of universal
quantities this leaves two problems. First the LGW func-
tional contains, in addition to the usual even terms, the
odd ones due to the absence of the particle-hole symme-
try in real fluids. Only at the level of the e expansion
(@=4—d, where d is the spatial dimensionality), i.e.,

within perturbation theory, is it known that these odd
terms give irrelevant contributions to the critical
behavior. The role of these terms in a three-dimensional
system is not known. Second, the correlation functions of
a fluid have a very strong constraint at short distance due
to the repulsive part of the interatomic interaction: All
correlation functions essentially vanish over a finite
domain at short distance corresponding to the overlap of
the cores of the particles. Within the previous two ap-
proximations this condition is lost so that one is not able
to control that this short-distance constraint is interfering
in any way with the building up of the critical correla-
tions. The good agreement between experimental results
in certain fluid systems and the RG prediction based on
the LGW functional suggests that the universality class of
a fluid is indeed that of the Ising model, but one would
like to prove this theoretically.

This situation explains why in recent years several of
the theories of liquid state have been reconsidered with
the purpose of clarifying the kind of critical behavior
which they give, but none of them has been found accept-
able. Within the integral equation approach for the radial
distribution function (rdf) g(r) it is now known that all
the most popular integral equations fail badly near the
critical point. The Born-Green equation in three dimen-
sions does not have a real critical point with divergence,
for instance, of the isothermal compressibility (Kr). The
Percus- Yevick equation has classical (van der Waals —like)
critical exponents but the scaling function is nonclassical
and nonuniversal, giving a complete asymmetry between
the liquid and the vapor side of the critical point. This is
contrary to the observed behavior of fluids. It is not
known if the hypernetted-chain equation has a real critical
point, but numerical computations do not give a power-
law behavior for Kz. The other approach to liquids, the
perturbative one with respect to a reference Auid, does not
fare better in this respect. For instance, the optimized
random-phase approximation (ORPA) and the EXP ap-
proximation, both excellent theories of dense liquids, give
a piecewise analytic free energy, and the critical exponents
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are equal to those of the spherical model. ' For instance,
the exponent y for Ez- is y=2 in place of the experimen-
tal value @=1.2—1.25 and of the classical valUe @=1.

In this paper we develop a new theory" of fluids with
the specific purpose of being able to give a full treatment
of the critical region. The densities of the coexisting
liquid and vapor phases take very rapidly, as we cool the
system below the critical temperature T„values typical of
a dense liquid and, respectively, of a low-density gas.
This implies that any such theory must be a global theory
of the fluid state: In addition to the critical region it must
also give an accurate description of a low-density gas and
of a liquid under triple-point conditions.

Our theory is based on two notions. The first is the no-
tion of a reference fluid. Present-day liquid-state theory
is not yet able to give a really accurate description of the
properties of a very dense fluid starting from the inter-
atomic potential alone, here assumed to have a pairwise
form: V= —,g,.+.v(i, j). What the theory is able to do is
to compute how the thermal and the correlation functions
of a suitable reference fluid, typically the hard-sphere
fluid, become modified when u(r) takes its actual form.
In this approach the properties of the reference fluid are
assumed to be known quantities, for instance, from simu-
lation. In a similar way we split the pair interaction

v(~) =vR(~)+w(r)

into a reference part v~(r), which contains the strong
repulsive part of v(r), and a residual part w(r). The at-
tractive part of the forces is contained in w(r) but for the
present purpose we do not need to specify this separation
more than to assume that w (r) has a well-defined Fourier
transform w(k). In addition, we assume that the proper-
ties of the reference fluid are known.

The second notion derives from the renormalization-
group theory of critical phenomena: One constructs an
infinite sequence of approximations to the properties of
the system in such a way that there is a gradual turning
on of fluctuations, starting from those of shorter wave-
lengths. ' In RG theory this is accomplished either by
partial integration over fluctuations of large wavelength
or by block averaging. In an analogous way we build a se-
quence of approximations characterized by a parameter Q
of dimension of a wave vector which spans the entire in-
terval 0—oo. The effect of the Fourier components w(k)
with k &Q on density fluctuations is taken into account
in the random-phase approximation (RPA), i.e., in the
noninteracting approximation between components with
different wave vectors. On the other hand, for k )Q the
full effect of w(k) is taken into account. When Q= oo we
have the reference system with the added effects of w(r)
in RPA. When Q =0 the full effect of w (r) is recovered.

This program turns out to be equivalent to establishing
the relation between the properties of the reference system
and those- of the fully interacting one, not in one step as it
is usually done but. through the intermediary of a se-
quence of systems characterized by the interaction

u~(r) = v& (r)+ w&(r),

where w& is given in k space by

(k)= Jd"r w (r)e' '= ~

0 fork&Q.
In addition, for any value of Q, the remaining part of the
interaction, w(r) —w&(r), is taken into account in RPA.
The idea of relating reference and fully interacting sys-
tems through the intermediary of a sequence of systems
was proposed by one of us some time ago' but the se-
quence then proposed is not effective in controlling the
turning on of critical fluctuations on separate length
scales. On the contrary, we will show that the present
scheme is successful in this, like the RG approach. How-
ever, unlike the RG approach, we do not proceed by par-
tial integration over degrees of freedom but we give a
description of the partially coupled system over all of its
length scales. This permits us to keep track at every stage
of the effects of the hard core part of u(r).

Our approach, which we call a hierarchical reference
theory of fluids, can be considered as a generalization of
the reference theory of fluids. We do not have just one
reference system, the one characterized by Uz, but a full
sequence, each system with interaction U~ being the refer-
ence system for the one with interaction u& d~ where dQ
is an infinitesimal increment. In this way we obtain a dif-
ferential generator for the free. energy A~ and for the
correlation functions of the Q system. This generator is
exact. The use of RPA for part of the fluctuations is only
a convenient intermediate step for the construction of the
generator in order to avoid some discontinuities due to the
sharp cutoff which we use.

The contents of the paper are as follows. The basic per-
turbative expansion is introduced in Sec. II and some
mathematical details are contained in Appendix A. The
hierarchy of equations for the evolution of the free energy
and the correlation functions is obtained in Sec. III. This
hierarchy in the critical region is discussed in the context
of the e expansion in Sec. IV and the region far from the
critical point is treated in Sec. V. In Sec. VI we introduce
a primitive model for which the hierarchy truncates at the
first equation, and the resulting critical behavior is com-
puted. Section VII contains a discussion of our theory.
In Appendix 8 we write the evolution equation for the
free energy in the form of a unique functional differential
equation for a nonuniform system. By expanding this dif-
ferential generator around the uniform state the full
hierarchy is recovered. Specific aspects of the theory due
to the presence of a hard core in the interatomic interac-
tion and the extension of the method of "optimization" of
the perturbation to our hierarchy have already been brief-
ly treated" and a full discussion will be presented
separately.

II. PERTURBATIVE EXPANSION

We consider a system of particles interacting through a
spherically symmetric pair potential u(r) which is divided
into the sum of two terms as in (l) with u~ (r) containing
any singular contribution of u(r) In preparati. on for the
development of Sec. III, we set up a suitable perturbative
expansion of the free energy in the power of the nonsingu-
lar part of the potential: w(r)=u(r) —u~(r). Similar pro-
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grams have already been accomplished by many authors,
expecially in the context of the high-temperature expan-
sion. For our purpose it has been useful to develop an
expansion of the Helmholtz free energy 2 in the grand
canonical ensemble (resembling that obtained by Stell in
Ref. 13). We use the "hatted" direct correlation functions
defined by

5"(—pA )c„(1,. . . , n)= (/3=leak, T), (4)

where p(r) is the local density of the system considered as
inhomogeneous. c„differs from the ordinary direct corre-
lation function c„(1,. . . , n) by the ideal gas term. The
explicit relation is'

c„(l, . . . , n)=c„(1, . . . , n)

( —1)" '(n —2)! + 5(1 S)
[p(1)]" ' 2(s(„

where 5(i,j ) is the three-dimensional Dirac delta function
of argument r; —rj. It is also useful to introduce a two-
body correlation function F(1,2) by means of the
Ornstein-Zernike (OZ) relation

f d(3)F(1,3)cp(3,2) = —5(1,2) . (6)

o=F (1,2), ~—— -~ =P(1,2)= —/3w(1, 2),

we can list the first few diagrams in this expansion with
their symmetry numbers (for details see Appendix A):

From Eqs. (5) and (6) it is easy to obtain the expression of
F(1,2) in terms of usual quantities:

F( 1,2) =p( 1)p(2)h ( 1,2) +p( 1 )5( 1,2)

h (1,2) =g(1,2) —1,
where g(1,2) is the radial distribution function.

The perturbative expansion of the free energy A[p(r)]
can be expressed in terms of the reference correlation
functions F (1,2) and c„(l,. . .,n) Le.tting

4 3

—c 3( 1,2, 3), =c 4( 1,2, 3,4)

/3g = /3g~ ,
' —f d(1—)p(1)P(1,1)+—,

' f d(1)d(2)p(1)p(2)P(1, 2)

1 1 I

+ +
4

1
I

4

L

+o(p ),
I

where 2 is the free energy of the reference system. If
the reference potential is the hard-sphere one

r

i/)(k)

1 F(k)P(k)— (13)

( )
+ oo, 1'(CT

0, r&o (10)

P(k)= fd re' 'r/)(r), (12)

and we have introduced the convention of reversing
"hats" when the Fourier transform is performed on F or,
more in general, on c„. In the remaining diagrams a simi-
lar resummation over the chains of P and F bonds can
be performed and in this way P(k) is eliminated in favor
of the renormalized potential

we recover the usual high-temperature expansion.
In the expansion (9) we can perform a simple resumma-

tion of an infinite number of diagrams. For instance, the
diagrams which do not contain any hypervertex [that. is,
c„(l,. . . , n) with n ~ 2] can be summed up giving the
well-known RPA contribution to the free energy. For a
homogeneous system thrs reads

—/3~' 2—+$(0)+ P f d~r i/)(r)
V 2 2

——, f d in[1 —p(k)F (k)],(2~)"
where V is the volume of the system,

Letting

=)2') "jddk[P "(k))'
2 ik (r) —r—2) (14)

the expression (9) becomes (see Appendix A)

/3( ~ —~ RPA ) =—
4

+
g

+o(p') .

5cj(1, . . . ,j) =cJ+i(1, . . . , j,j+1),
6p(J +1 (16)

The perturbative expansion (15) ordered in powers of the
renormalized potential y(k) gives rise to the y ordering
introduced by Lebowitz et al. ' when w(r) has the form
w(r)=y"f(ry ).

Before concluding this section it is important to point
out that from the expansion for the free energy (9) written
in the general case of a nonhomogeneous system we can
obtain analogous expansions for the direct correlation
functions by subsequent functional differentiations as
given by (4). In order to perform the differentiation expli-
citly we note that
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5F (1,2)
5p(3)

(k) p (k) p(k) fol' k )Q
0 for k&Q . (21)

For example, the first few terms of the expansion of the
two-particle direct correlation function read

1
c(1,2)=c (1,2)+ o.-—-~ +—

1 2 2

+O(P ) (18)

or, in terms of the renormalized potential y(k),

c( 1,2) —CRp~( 1~2)

where

1

2 ~
1

+O(p'),

(19)

cRp~(1, 2)=c (1,2)+$(1,2) . (20)

Here, as usual, a black dot represents an integrated coordi-
nate and an open dot a root print.

III. THE BASIC HIERARCHY .

The perturbative expansions just obtained [(18), (19)]
are not suitable for direct analysis of correlations in the
critical region. For example, it is known that both a
high-temperature expansion and y ordering to lowest or-
der give a classical description of critical phenomena.
The failure of perturbative approaches at the critical point
arises from their poor accuracy in the treatment of density
fluctuations. In fact, the region of long-range correlations
is characterized by a strong coupling between fluctuations
of different wavelengths, and a realistic theory of critical
phenomena must take into account this coupling. Using a
suggestion from the renormalization-group approach we
can achieve this goal by means of a gradual introduction
of correlations over different scales of length: We define
a sequence of approximations to the free energy (A~ ) and
correlation functions c P(k~, . . . , k„), n )2, characterized
by a Q vector (0& Q & oo ) such that the effect of coupled
density fIuctuations is taken into account only over the
momentum range k )Q. We can accomplish this by
truncating the integration range in each term of the ex-
pansions [(15), (19)] whenever a p(k) bond appears. We
can give a physical interpretation to this operation.
and c „are the quantities relative not to the actual attrac-
tive interaction P(k) but to a "truncated" one P~(k) coin-
ciding with P(k) only for short wavelengths:

Notice that this cutoff at Q is present only in the interac-
tion: c P(k&, . . . , k„) are defined over the full range of k.
The essential effect of the truncation (21) is that of
depressing the density fluctuations with k & Q.

Now it is possible to analyze the effect of an infini-
tesimal variation 5Q of the parameter Q expressing the
properties of the system interacting through m~ ~& in
terms of the correlation functions of the system with po-
tential w~. We use the expansions [(15), (19)] with a
reference potential given by u~(r), Eq. (12), and a pertur-
bation 5w~(r) defined by

—P5wg(k) =5$g(k) =(()g sg(k) —Pg(k)

P(k) for Q —5Q &k &Q
220, elsewhere .

Taking into account that 5gg(k) is a nonzero function
only over an infinitesimal domain, we note that the varia-
tion of the free energy and correlation functions linear in
5Q derives from graphs with only one p bond [Eq. (13)].
For correlation functions this is true only if these are
evaluated for nonzero external momenta. In the limit
5Q~O we get a set of differential equations for the "evo-
lution" of the free energy and correlation functions corre-
sponding to an infinitesimal change of the parameter Q.

If we proceed in this way, however, the terms linear in

P& in the expansions of A& and c z give rise to singular
contributions in the differential equations because of the
discontinuity of P~(k) at k=Q. In order to work with
more regular quantities we define two new functions M~
and Ã&(k) which are free from this singularity and are
related to Ag and c P(k) by

Wg = —PAg — [P(0)—Pg(0)]
pV

2

2V I 1"r[P(r) —Pg(r)],
2

(23)

Ãg(k) =c P(k)+P(k) —Pg(k) . (24)

It is also possible to give a physical interpretation to this
new function X&(k). C&(k) differs from c z(k) only for
0 & k & Q precisely by the quantity P(k) which is the RPA
contribution of the attractive interaction to the direct
correlation function. Therefore, K~(k) is the direct
correlation function for the full w(r) in an approximation
in which the effects of w(k) for k &Q are taken into ac-
count in RPA, whereas for k )Q w(k) is fully taken into
account. Clearly, when Q —+0 both M& and Ã&(k) be-
come the free energy and the direct correlation function of
the fully interacting system.

The construction of the evolution equations starting
from (15) and (19) and from similar equations for the
higher order c P is rather straightforward (see Appendix
B). It is more convenient to write these equations in
Fourier space, and the first four read



31 HIERARCHICAL REFERENCE THEORY OF FLUIDS AND THE CRITICAL POINT 3313

ding dQ&
d111 1+Pg p p

dQ 2 IP I
=g (2')"

(25)

dÃg(k)
dQ

(26)

dc 3 (kt kz, k3)

d

P

+2 PERMS+ +2 PERMS +— (27)

Yg/gg
+2 PERMS3- ~ ~ ~ ~ 3-11 PERMS

Ql

+S PERMS

~ +11 PERMS+ — — +3 PERMS+—
tJ

(28)

where "permutations" indicates the nonequivalent graphs
obtained by permutations of the momentum labels.
Higher-order direct correlation functions satisfy similar
equations. Here we have defined

~g(k) = —[Ãg(k)] (29)

k [~g(k)] P(k)

1+a g(k)({{k)

w g(k) for k & Q
c & =Fg(k)=

Xg(k)
for k(Q,1+a g(k)P(k)

(30)

(31)

'I k3

= c 3 (kr, kz, k3),

k1 k2

(32)

k,g
=c P(k„kp, k3,k4), (33)

and an n-sided polygon stands for c ~. Every integration
over a wavy bond is limited to the surface of the sphere
p=Q. Conservation of momentum is understood for the
wave vectors relative to each correlation function.

I

Equations (26)—(28) are meaningful only when every
straight bond carries a momentum different from the one
of the wavy bond. This implies that the external momen-
ta are nonzero but the value at zero momentum can be ob-
tained by taking the limit k~O. One can also explicitly
derive the equations for these zero momentum com-
ponents, for instance, d@g(0)/dQ, and the result coin-
cides with that given by the limiting procedure.

It is important to stress that Eqs. (25) and (28) are ex-
act. %e have chosen to show the evolution equations for
Wg and Kg(k) (and not those for Ag and c 2g) because
these modified functions have no discontinuity in
correspondence to Q and they appr'oach the physical
quantities Ag 0 and c 2, when Q tends to zero, in a
smooth way. So the introduction of the RPA contribu-
tion in (23) and (24) is only an intermediate step which
does not affect the final results.

The free energy Wg is expressed in terms of the direct
correlation function at the level Q, and in general the
equation for c g contains the unknown quantities c g+&
and c g+2. Therefore, Eqs. (25)—(28) are the first ones of
an infinite hierarchy of equations. In order to obtain use-
ful expressions it is necessary to close this hierarchy by in-
troducing some suitable approximation relating c + I and
c +2 to c at some finite value of m. Examples of this
kind of closure will be discussed later. The full hierarchy
(25)—(28) can be written also in a compact form as a sin-
gle functional differential equation for the free energy
Mg[p(r)] for a nonuniform system. This equation is de-
rived in Appendix B.

An interesting feature of this hierarchy is that the
dependence on the specific form of the repulsive interac-
tion is confined in the boundary conditions which must be
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imposed on Eqs. (25)—(28). In fact, the limiting values of
the direct correlation functions for Q —m oo must coincide
with the reference correlation functions. For the two-
point function (24) this limit corresponds to the reference
correlation function modified by the RPA contribution
due to the attractive part of the interaction. When the
repulsive part of the interaction vz contains a hard core
part (10), it is well known that RPA is not uniquely de-
fined. ' In this case, in fact, the exact partition function
does not depend on the values of w(r) for r &o so that
w(r) can be chosen arbitrarily in this range. On the con-
trary, when an approximation like RPA is used, the result
depends on the values of w (r) for r & cr also because the
corresponding g(r) does not vanish for r &o. Exploiting
this arbitrariness, RPA can also be made accurate for sys-
tems with a hard core by using the RPA relation (20) only
for r & cr, whereas w(r) for r &cr is chosen so that
g(r) =0 for r & cr T. his constitutes the so-called
optimized random-phase approximation' which is also
equivalent to the self-consistent lowest-order y approxi-
mation. ' Due to the physical interpretation of K & we
can similarly use as the boundary condition at Q= oo

ORPA in place of RPA. In this case p(r)= —pw(r)
represents this "optimized" potential in place of the bare
one. In the following we will speak generically of RPA as
a boundary condition at Q = oo but it must be noted that
in the presence of a hard core this really is ORPA.

It is known that a Quid in RPA has a critical point
where the isothermal compressibility diverges. This fact
apparently generates a singularity in the boundary condi-
tions of our problem. In fact, for a given density there is
a temperature where the function M has a pole at k =0
and it would seem that in this region our equations lose
their meaning. However, the danger comes only from the
wavy bond lines (a straight bond merely reproduces the
reference structure factor as Q~ oo ) and these are
evaluated only on the momentum shell k =Q, i.e., at large
wave vectors where ~ &(k) is regular. As Q becomes
smaller during the integration procedure it is ~g(k)
which appears, and the RPA singularity will presumably
move toward the line of physical singularities, i.e., the
true spinodal line.

Finally, it is worth pointing out that the same argu-
ments which led us to write down the hierarchy
[(25)—(28)] can be restated for other Hamiltonians. For
example, the lattice-gas model can be treated in the same
way and the structure of the set of differential equations
remains unaltered with the obvious change in the range of
integration in momentum space which is restricted to the
first Brillouin zone. As a consequence, the parameter Q
now labels a one-parameter family of surfaces which
spans the whole allowed range of variation of the momen-
ta, and the angular integrations appearing in (25)—(28) be-
come integrations over the surface labeled by Q. Using
the lattice-gas-Ising model isomorphism our hierarchy can
be easily written down also for a spin system.

IV. THE HIERARCHY IN THE CRITICAL
REGION AND THE e EXPANSION

k
ag(k), c

a g(k) for k )Q

0 for k&g.
(35)

Now we can rewrite the hierarchy so simplified in a
more elegant way by eliminating the explicit appearance
of the parameter Q. Assuming that an exponent 21 exists
such that at the critical point the quantity

lim g -2+&[eq(xg) —eq(0)]
Q —+0

(36)

has a finite and nonzero limit [this implies that
S(k)-k +" at the critical point], we define the func-
tions

u P(x) = —Q
' "'Ãg(xg),

u Q(x x ) gm(d 2+v)/2 d" Q ( g— —

(37)

with g x; =0 . (38)

Then Eqs. (25)—(28) with the approximation (35) can be
written in the following suggestive graphical form:

We analyze now the hierarchy of differential equations
(25)—(28) near the critical point assuming that the pair in-
teraction is a short-range function. This region of the
phase diagram is characterized by the presence of long-
range correlations and, as a consequence, by the growing
of the structure factor at long wavelength:
S(k)=p 'M g 0(k) »1 for k~0. Due to the physical
meaning of ~ &(k) it is reasonable to assume that this
function in the limit Q ~0 approaches smoothly

,(k) so that

p 'M g(k) ))1 (34)

in a neighborhood of k =0 and Q=0. In this region,
then, we can simplify the integrands in our hierarchy
dropping the term unity with respect to P(k)~ g(k) in the
denominator of (30) because the wavy bond is always
evaluated on the momentum shell k=g. Similarly, we
can neglect F~(k) for k & Q because from (31) it follows
that F~(k) in this region is a finite quantity so that the
contribution coming from the integration over k &Q is
negligible in comparison with the contribution from the
range k &g. Therefore, in the critical region and for
small values of k and of the parameter Q the expressions
of the bonds appearing in the diagrams (26)—(28) can be
approximated by

D'2u P(x) =—1
X X XL Jx (39)
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&3th 3 (x(,x2, x3) =Q
x, +2 PERMS

V

Xg 1
'. „,+2 PERMS + —„-.. ; „,

X)
(40)

&4Qg(x&, . . . , Xg) =—
x X2

X31 4 X)

+2 PERMS — „= -„+11 PERMS + ', + 11PERMS
- Xg X3 2

X4
4

X)
3

+ ', )' +5 PERMS
X4

V

Xg

+3 PERMS +—x
1

Xj~ Xp X4

Xg X3

(41)

n

+ g x; V;+ —(d —2+g) —d . (42)

Here a line corresponds to 1/u 2~(x) and a vertex of order
n represents u~(x x„); in each graph the integration
over the variable y is limited to the surface y =1 and the
arguments of the remaining internal lines must be greater
or equal to 1. This on and abooe shell restriction is a
consequence of (35).

This approximate hierarchy is suitable for an analysis
of the critical behavior. Before performing this, however,
it is important to notice that the full approximate hierar-
chy can be written as a unique functional differential
equation for the free energy of a nonuniform system in a
way which is similar to the case of the exact hierarchy.
The details of the derivation are reported in Appendix B.
Here we only observe that the differential generator that
we obtain for the approximate hierarchy coincides with
the one derived by Nicoll and Chang' in the context of
the RG. Due to this equivalence it can be expected that
the critical behavior given by our approach coincides with
that given by the RG approach to the LGW functional.
This is not necessarily true because the hierarchy
[(39)—(41)] is an approximation to the exact one
[(26)—(28)] valid only in the critical region and as Q~O
and k~O (where k represents collectively the arguments
of the correlation functions). However, the boundary con-
ditions for the correlation functions have to be imposed at
Q~ oo and this is out of the range of validity of the ap-
proximate hierarchy. Therefore, even at the critical point
we should integrate the full set [(25)—(28)] from Q= oo to
0 and this is not equivalent to the RG equations. On the
other hand, the solution of the exact hierarchy must also
be a solution, in the small-momentum regime, of the ap-
proximate one so that the determination of the critical
behavior can be split in two parts. First, one determines
the possible solutions of the approximate hierarchy with
some fictitious arbitrary boundary conditions at small but
finite momenta. In a second stage one must study the
compatibility of this solution by substituting this ficti-
tious boundary condition with the correct one obtained by
integrating the exact hierarchy. In this paper we shall
consider explicitly only the first part of the problem. If
the critical point of a fluid is in the same universality
class of Ising-like Hamiltonians as indicated by experi-

ments, this is enough for the determination of universal
quantities.

A very simple behavior of this approximate hierarchy is
obtained if the scaled functions u ~ have a finite limit as
Q~O, i.e., the equations have a fixed point. This kind of
behavior is appropriate for a critica, l point, and in fact
from the definition (37) we know that the isothermal
compressibility KT [proportional to the value of a ~ o(0)]
is proportional to limy oQ /Q2(x =0). If u2 goes
to a finite limit as Q~0 the isothermal compressibility of
the actual system (Q =0) diverges, thus indicating the
presence of a continuous phase transition. Thus we are
led to the search of the possible fixed points of the hierar-
chy (39)—(41) and to the analysis of the equations in a
neighborhood of these fixed points. This is the same
problem posed in the context of the RG; moreover, due to
the previously discussed equivalence of our approximate
hierarchy with the differential generator of Nicoll and
Chang, we obtain the same results given by RG analysis.
We have verified this by an explicit computation starting
from (39)—(41). Since the computation follows the stan-
dard pattern of RG theory we only discuss the relevant re-
sults.

The dimensionality of the system plays a crucial role.
As a first step let us consider a system such as the Ising
model in zero magnetic field (lattice gas at p=p, = —,)

that has an internal symmetry such that the odd correla-
tion functions vanish on the critical isocore. If the dimen-
sionality d is larger than 4 only one fixed point exists (the
so-called Gaussian one: u„*=0, n )4) which is stable and
gives rise to mean-field critical exponents. When d is
lower than 4 this Gaussian fixed point becomes unstable
and a new one appears; this is characterized by nontrivial
fixed point functions u„*. Following the RG it is possible
to expand u„* in powers of @=4—d: At first order in this
parameter it turns out that the hierarchy truncates at the
level of the equation for u4 because u„* with n & 4 are of
higher order in e and so we can find the fixed point func-
tions at order e. The analysis of the behavior of the scaled
correlation functions near this fixed point yields' the
well-known expressions for the critical exponents together
with the validity of scaling laws; an analysis of the equa-
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tions for uz and u4 gives also the leading contribution to
the exponent q which is of order e . Thus we find

y = 1+—+O(e'), &=—+ +O(e'),
6

' 2 12
(43)

+O(e'),
54

where y is the exponent for Kr on the critical isocore and
v is that for the correlation length. Invoking the
equivalence of our equations with the Nicoll-Chang dif-
ferential generator for the RG, we can extend these results
to every order in e.

The case of a fluid is more complex because the correla-
tion functions of odd order do not vanish. The LGW
functional with the terms of odd order included has been
analyzed in the context of RG with the e expansion. It
has been found that these odd terms are irrelevant at the
critical point and that the value of the critical exponents
remains unchanged at least to order e . Again due to the
equivalence with the Nicoll-Chang generator the same re-
sult is true for our hierarchy, and we conclude that in the
framework of the e expansion our approximate equations
support the existence of only one stable fixed point, the Is-
ing one. However, in order to conclude that a hypotheti-
cal fluid in d=4 —e dimensions has the same critical
behavior of the Ising model, one should prove that the
evolution of the correlation functions as determined by
the exact equations [(25)—(28)] is such that in the small-
momentum regime these fall into the domain of attraction
of the fixed point given by the e expansion. The extension
of this domain is not known within RG theories but there
is no evidence for the presence of other (nonperturbative)
fixed points. ' Therefore, it is reasonable to expect that a
fluid is in the same universality class of the Ising model;
but really convincing evidence must be based on an expli-
cit treatment of the exact hierarchy under some suitable
closure. This aspect will be discussed elsewhere.

V. AWAY FROM THE CRITICAL POINT

So far we have shown that our hierarchy of Eqs.
(25)—(28) is particularly suitable for a theoretical descrip-
tion of critical phenomena. Now it is important to realize
that in a natural way the same set of equations gives rise
to the correct virial expansion and to an accurate descrip-
tion of a dense fluid so that our theory can be the basis of
an accurate and global description of the fluid state.

At first we note that the behavior of the direct correla-
tion, functions at low density is dominated by the ideal gas
contribution [see Eq. (5)] and that the c„ term is an
analytical function of density in a neighborhood of p=0.
The same is also true for the Q system so that in the ex-

pression

(44)

c„(1,. . . , n) is a regular function at p=O. Therefore, inQ

order to obtain the leading low-density behavior of the
two-particle correlation function we approximate in Eq.
(26) c P and c P by their low-density limit: c P=p and

V'

c p= —2p . Then Eq. (26) is a closed equation for Kt3
which can be solved, and it gives the expression

c(r) = lim [Ã&(r)+p '5(r)]
Q~O

p[U&—(r)+w(r)]R —1+0 p (45)

da~(k) d &p P(p) 1+ 1

dQ ~&~ =& (2~) [a~(p)]' a~( k+p
~

)

d+(k) d&p

dQ l el =Q (2~)~

(47)

2P (p) —P(p)
[a~9»]' a~(

I
k+p

I
)

P(p)+P (
i
k+p i )

[a~(p)a (
~
k+p

~

)]'

4V )4( I k+p I
)

~~~„=~, (2~)" [a~(p)a (~k+ ~)]'
(48)

with boundary conditions

lim a~(k)= —1,
Q~ oo

lim P (r)=e " —1+/(r) .
Q~ oo

(49)

These equations can be integrated and in r space we get
a~(r)= —5(r) and P (r)=e ~ —I+/(r)
—P&(r). From (46), (24), and (44) one finds Eq. (45) for
the OZ direct correlation function. When the solution
(46) is also inserted into (25) this equation can be integrat-
ed and the resulting free energy A gives the correct second
virial coefficient for the equation of state.

We have explicitly verified that if we insert in (26) the
correct zero density limit of c3, i.e., c 3 (r) r2 r3)

3 {exp[ —pu(3(r, j ) ]—1 ], and the ideal gas value for
c P, the solution of (26) gives the exact virial expansion for
the direct correlation function up to first order in p. On
the other hand, from the structure of Eq. (26) it turns out
that this result is general: If the expressions for the three-
and four-particle correlation functions are exact to order
p" ' and p", respectively, Eq. (26) is exact to order p"
and it can be integrated to give the correct virial expan-
sion for c(r) up to that order. Alternatively, we can ob-
tain c(r) to order p" keeping the equations of the hierar-

chy up to that for c „+2 and approximating the functions
c with m & n+3 appearing in these equations with their

'

ideal gas contribution as given by (44). In this way the

This is the correct low-density limit for the usual OZ
direct correlation function. In fact, letting

g&(k) = +P (k)+O(p) (46)
P

into (26) and expanding all the terms in powers of p, one
obtains two coupled equations for a and P~:
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equation for c „+2 has the correct zero density limit and
the set of the first n +1 coupled equations of the hierar-
chy (those for 4'g up to c „+2) gives, when integrated, the
expression for c, correct to order p

+" ' and in particular
c(r) to order p". This gives the virial coefficients for the
equation of state correct up to order n+1. We conclude
that the construction of a closure of the hierarchy
(25)—(28) verifying the correct low-density behavior is
straightforward.

We consider now briefly the case of high density in the
region of the triple point when the effect of the many-
particle correlations on the free energy becomes essentially
irrelevant. In fact, both the reference fluid and the Q sys-
tem for any value of Q are very incompressible so that
~ g(k =0)/p «1, and this quantity is very small also at
small k where P(k) is significant. All contributions to the
evolution equations [(26)—(28)] of the correlation func-

V

tions contain a factor PWg which is small so that to
lowest order in this quantity dÃg(k)/dQ=O. Therefore,

0( k) =Ã (k) but K (k) is the direct correlation
function of the fluid in ORPA. In terms of the usual
Ornstein-Zernike correlation function c(k), this gives
c(k)=Kg 0(k)+1/p=c (k)+P(k). When we insert
this result in the evolution equation for the free energy
(25), this equation can be easily integrated giving the usual
ORPA contribution (11) to A. ORPA is known to be an
excellent approximation for a fluid in the triple-point re-
gion, and we conclude that our hierarchy is well ordered
also in the dense regime.

which is a consequence of (4), (23), and (24).
Use of (50), (51), and (29) in (25) gives

8 g Q„,Q1 8 g
BQ V 2 (j V

(52)

where 0 is the surface of the unit sphere in d dimension
divided by (2')". Equation (52) is a closed equation for
the free energy Mg(p) and it is meaningful only for small
Q because (50) is a small-momentum approximatiori.
Therefore, we do not integrate (52) from Q= ao as we
should but from some small but finite value of Q. Since
we are interested here only in the study of the critical
singularity which develops just in the Q~O limit and ap-
pealing to universality, Eq. (52) allows the determination
of universal properties, the critical exponents, and the
scaling functions. It is clear, on the other hand, that we
do not have anything to say within this approximation on
the short-distance behavior of correlations. Note that the
dependence of Wg(p) on temperature is implicit in (52)
because it appears only in the boundary condition.

In order to analyze (52) in the critical region it is useful
to make a change of variables:

x =v'b/Q(p —p, )Q
(53)

Hg —— [Mg(p, ) —Mg(p)]Q

In terms of x and H, Eq. (52) becomes

VI. CRITICAL BEHAVIOR FOR A PRIMITIVE
APPROXIMATION

8Kg(0) = - (Mg/V)
Bp

(51)

In this section we consider a very simple approximation
to the hierarchy (25)—(28) which gives a nonclassical criti-
cal behavior in three dimensions. The approximation is
too drastic to be acceptable for a fluid but the computa-
tion is instructive in preparation for more elaborate trun-
cations. The approximations that we make are as follows.

(1) The two-particle direct correlation function is an an-
alytic function of k at k =0 even at the critical point
(Ornstein-Zernike ansatz), and terms of order higher than
k are neglected so that

Kg(k) =Ãg(0) —bgk (50)

(2) The coefficient bg is a smooth function of the pa-
rameter Q and of the density p in the region Q~O and
p-p, so it can be replaced by a constant b.

The first approximation has the obvious consequence
that the critical exponent g=0. This is a rather good ap-
proximation in three dimensions where q-0.04 (but it
yields completely wrong results in d =2 where g=0.25).
The second assumption neglects the dependence on densi-
ty of the ratio S(k =0)/g' where S(k) is the usual struc-
ture factor and g represents the correlation length of the
system. Xg(0) can be related to the free energy by the
equation

()Hg ~r 2 BHg+ x —QHg
8lnQ 2 Bx

——, ln =0, (54)

and this is equivalent to the equation obtained by Nicoll
et al. ' by approximating the expression of their
renormalization-group differential generator.

As is standard in RG theories, a fixed point solution as
Q~O [i.e., limg 0Hg H(x)] signals critic——ality and an
analysis of the behavior of (54) near its fixed point solu-
tion H*(x) gives information about the critical behavior.
In fact, from (53) it turns out that the inverse compressi-
bility K~ at p =p, is proportional to—(a'Hg/ax')

i pQ so that Kz ' vanishes if the deriva-
tive remains finite as Q~O. Therefore, one has to look
for the boundary conditions for Hg such that Hg flows
to this fixed point. This, implicitly, determines the values
T, and p, of the critical point. For boundary conditions
close to the critical ones there will exist an interval of
values of the parameter Q where the solution of Eq. (54)
is not too distant from the fixed point H*(x). In this re-
gion the evolution of Hg(x) is determined by the linear-
ized form of Eq. (54) around H*(x):

Hg(x)-H*(x)+th |(x)Q (55)
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where A,
&

is its largest eigenvalue, h&(x) the corresponding
eigenfunction, and t a measure of the reduced tempera-
ture. In the region of validity of (55) an infinitesimal
change of the parameter Q is equivalent to a change of
ihe reduced temperature:

aH~(x)
Bt

(56)

This relation is conserved by the nonlinear evolution equa-
tion (54) so that, near the critical point, it remains valid
even as Q~O. An immediate consequence of this rela-
tion is that H&(x) is a function of Q and t only through—1/A, ithe quantity Qt . Moreover, we know that the iso-
thermal compressibility must attain a large but finite
value for Q~O and we deduce that in this region
(8 Hg/Bx )

~
„o-Q . The scaling relation (56) implies

that

~ ~Q 2 2/A)KT'- Q -t ' asQ —+0,
2Bx

,

—p
(57)

so that we identify y=2/A, ~. Analogously, from (56) we
deduce the validity of homogeneity in the critical region

KT-t rf(t~/(p p,))— (58)

with the standard relations among critical exponents [the
ansatz (50) fixes g =0]

y=2v, P=y/(5 —1), &=(d +2)/(d —2) . (59)

where ~= —A,2.
The E expansion associated with (54) has been already

studied' and it is known that this equation gives the criti-
cal exponents correct to linear order in e but not to second
order. We have studied Eq. (54) directly in three dimen-
sions by numerical computation of the first two largest
eigenvalues. We find

X) =1.451 and A,2= —0.581

so that using (57), (59), and (60) we obtain

v=0.689, y=2v=1. 378, 6=5, ~U =0.400 .

(61)

(62)

As we have already discussed, the approximations
which lead to (54) are too poor for a fluid; however, the
result (62) has a more general validity. Any closure which
implies the Ornstein-Zernike form (50) for small k will
give the exponents (62) if the equations have a fixed point
at all. The values (62) overestimate the expected ones by
about 10%, but considering the roughness of the approxi-
mations [(1), (2)] made in this model the results (62) indi-
cate that the set of equations (25)—(28) is a good starting
point for an accurate theory of critical behavior. In fact,
we cannot forget that the existing theories of fluids give at
most classical or mean spherical critical exponents.

The second largest eigenvalue of (54) is related to the lead-
ing correction to the asymptotic power-law behavior, for
instance,

Kr(p„t)~Kp't ~(1+got '+ . . ) as t~0, (60)

VII. DISCUSSIQN

Since the beginning of the modern theory of critical
phenomena the possibility was recognized of rewriting
the partition function of a fluid in a way suitable for RG
analysis. This, however, did not develop into a real quan-
titative theory of the critical point of a fluid because some
basic features of the system became obscured in the pro-
cess and only some formal analysis was performed. We
believe that our hierarchical reference theory overcomes
this difficulty. We work only with quantities with a
well-defined physical meaning, the free energy and the
direct correlation functions. We do not perform partial
integration over degrees of freedom but we study how
these physical quantities evolve when the different Fourier
components of the attractive interaction w are turned on.
This allows, in principle, studying on the same footing
both the short- and the long-range parts of correlation
functions. On the other hand, the process which we adopt
of turning on the different components of w allows the
smooth building up of critical fluctuations on successively
larger scales of length in a way very similar to that ob-
tained by RG techniques. Actually the connection with
RG theory is very strict because the evolution of correla-
tion functions at large distances is governed by equations
in which Q, the wave vector which characterizes the turn-
ing on of w, turns out to have the role of a momentum cut
off exactly as in RG theory. In fact, the approximate
hierarchy for this large-distance regime is equivalent to
the RG differential generator for the free energy obtained
by Nicoll and Chang. ' It is clear, then, that we recover
the usual e expansion when we analyze our equations in a
perturbative way around the Gaussian solution at dimen-
sionality four. The hierarchy is well ordered in density
since the direct correlation functions are similarly ordered
and, in fact, we recover very easily the correct virial ex-
pansion of the different quantities. On the other hand,
the inclusion of the effect of the attractive interaction in
RPA (and in ORPA when a hard core is present) in the
starting reference system and the use of a renormalized
potential in place of the bare one w gives a new simple or-
dering in the hierarchy for a system at high density in the
region of the triple point. The ordering is in terms of the
product w(k)S (k) where S (k) is the structure factor of
the reference system.

These properties of our hierarchy show that this can be
the basis of a unified theory of the fluid state. On the
other hand, we strictly cannot say yet what is the actual
critical behavior of a realistic model of a fluid, for exam-
ple, the Lennard-Jones system. If we consider the e ex-
pansion, for instance, it is not enough to deal with the ap-
proximate hierarchy, the one which has the RG structure,
but one should solve the exact hierarchy with the correct
boundary condition at Q = ao in order to see if the solu-
tion flows toward the fixed point solution obtained from
the approximate one. The absence of evidence in RG
theory for other fixed points in addition to that of the e
expansion and the scaling behavior observed in real fluids
suggest that indeed this is the case. Treatment of the ex-
act hierarchy will require the use of a suitable decoupling,
and in view of this we have studied a simple model based
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on the Ornstein-Zernike ansatz for the direct correlation
function. The critical exponents have reasonable values
and this induces undertaking the study of similar approxi-
mations extended to cover the full range of wave vectors.

Our theory is based on the study of direct correlation
functions. When some approximation is introduced in or-
der to truncate the hierarchy it is very difficult to guaran-
tee that the resulting radial distribution function vanishes
in the core region of the potential. This appears as a limit
of our approach but it can be overcome" by a suitable
generalization of the trick of optimization of the perturb-
ing potential inside the hard core.

Our basic approach is quite general and it can be ex-
tended to many other situations. Application to systems
of classical spins and to lattice-gas models is straightfor-
ward and extension to the case of many-component fluids
is possible. The evolution equations also can be written in
the case of a nonuniform system as we show in Appendix
B and this opens the way to the study of the liquid-vapor
interface in the critical region. Our approach is not
specific to the critical point and we believe that it will
turn out to be useful, for instance, in the study of.dense
liquids when the pair interaction has contributions on
many separate length scales as in the case of some liquid
metals.
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APPENDIX A

Here we briefly report some technical details concern-
ing the expansion (9) of the free energy 2 in powers of a
perturbation potential w(r). In order to avoid complica-
tions in taking the thermodynamic limit we set up the ex-
pansion using the grand-canonical formalism. The
grand-canonical partition function of the system in the
presence of an external potential P(r), is defined as

:-(p, V, T)= g, fd(1) . d(X)
N&0 +

N

&exp —p g u(i j )

Similarly, the correlation function (7) can be written as

(1) The end point of each P bond is always connected
only with the end point of one F bond.

(2) The end point of an F bond may be connected ei-
ther with a P bond or with a c

~ hypervertex.
(3) There is at least one p bond in the diagram.
(4) There is at most one path of F bonds and c 1 hy-

pervertices between each pair of points in the diagram.
(5) The diagram remains connected after cutting a sin-

gle bond.

Each diagram in the expansion must be multiplied by I/S
where S is its own symmetry number. S equals the total
number of perrnutations of the labels in the diagram
which transform the diagram into another characterized
by the same set of connections and therefore topologically
equivalent. In (67) we have introduced the arbitrary term
P(1,1), which is canceled by one term of the right-hand
side (rhs). A similar expansion in terms of cj is found in
Ref. 13.

Now it is possible to sum up all the diagrams contain-
ing no hypervertices, and this gives the random-phase
contribution aRpA to the free energy,

d

paRPA 2 f [»(I —F 4) ]
~P

(2m)" P~ —P ' (68)

where the logarithm is understood in operatorial sense:

F(1,2) = (65)

The Helmholtz free energy A is defined as a functional of
the density p(r) by the Legendre transform

—PA [p] =ln= —fd "rp(r)y(r) . (66)

The successive functional derivatives of A [p] with respect
to density give the many-particle direct correlation func-
tions (4).

The perturbative expansion of the free energy A[p] is
most easily expressed in terms of the correlation functions
of the reference system c

~ (1, . . . ,j ) (j & 3) and F (1,2).
Using the notations (8) of Sec. II, the expansion in di-
agrammatic form is

—p(A —A )+ —,fd(1)p(1)p(1, 1)

——,
' f d(1) d( 2)p(1)p( 2)P(1, 2) (67)

equals the sum of all connected diagrams consisting of
hypervertices c 1 (1, . . . ,j ) (j & 3), F (1,2) bonds, and
P(1,2) bonds, satisfying the following conditions.

y(i) = pp(i)+In—z, z =e~"(2vrm/ph )

(63)
[1n( jl —b, )]p p

d "k= —&(p, —p) ——,
'

&(p,k)b( —k, —p) —.
(2'�)"

with u(r) =u~(r)+w(r). From this expression we can ob-
tain the local density p(r) of the system by functional dif-
ferentiation of ln = with respect to y(r):

6 ln=
&y(1)

(69)

In the case of a homogeneous system (68) is equal to the
last term of the rhs of (23). In the remaining diagrams we
can perform additional resummations. In fact, from rules
(1) and (2) it results that from a given diagram we can
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construct an infinity of other admissible diagrams substi-

tuting a P bond with a chain of F and P bonds. We call
the y bond the sum of all these chains. This resummation
can be made at each order and the resulting expansion is
determined by the same rules (1)—(5) where P bonds are
substituted by y bonds and two supplementary conditions
are imposed.

(6) There is at least one hypervertex.
(7) A diagram cannot contain a chain of F and y

bonds with two or more y bonds.

@(k)=P(k)+P(k)F (k)P(k)+. . .

P(k)
1 —F (k)P(k)

in Fourier space.

(71)

The complete expansion of the free energy of an inhomo-
geneous system is

—PA = —PA ——,
' f d(1)p(1)P(1, 1)

+ —,
' fd(1)d(2)p(1)p(2)P(1, 2) —PaRpp +. . .

(70)

where . . . is the sum of diagrams according to rules
(1)—(7). In the case of a homogeneous system it is possi-
ble to give the explicit form for the y bond as

Fg(p, k)P(k) for Q —5Q&k&Q
Q P~

0 elsewhere .
V'

As usual, the correlation function Fg(p, k) is the inverse
of c zg(p, k),

—(2m)"5(p+k)= f dFg(p, q)cz( —q, k),(2'�)" (75)

and c 2(p, k) is the Fourier transform of the second func-
tional derivative of the free energy Ag with respect to the
local density p(r).

We notice that the limit 5Q —+0 in Eq. (73) has to be
taken after the computation of the logarithm (69) has been
performed. Equation (73) can be written in an alternative
way using the modified direct correlation function

Cg(r&, rz) defined in terms of the functional Mg by

5 scfg pkg(1, 2)= (76)
5p(1) 5p(2)

From the definition (72) of Wg we obtain the relation be-
tween Ãg and c 2

..

Kg(p, k) =c 2 (p, k)

+(2m)"5(p —k)[P(k) —Pg(k)] . (77)

By insertion of (77) and (75) into (73) we obtain after some
algebra

APPENDIX B

The expansion (70) of the free energy is valid for an ar-
bitrary reference potential Uz and a general nonsingular
perturbation potential P= —I3w. Now we specialize the
expansion to the case of a reference interaction equal to
(2), i.e., the interaction containing both the repulsive part
and the short-wavelength portion wg of the attractive tail,
while the perturbation potential is given by (22):
5wQ —wQ sg wg where 5Q is an infinitesimal shift in
the parameter Q. In order to obtain a differential equa-
tion for the free energy Ag we need only the change of
Ag linear in 5Q. These terms come from the zero- and
one-loop (=ring) diagrams of the expansion (70). The
zero-loop terms [i.e., those explicitly written in (71)] are
automatically included through the definition of the
modified free energy for an inhomogeneous system:

Wg[p(r)] = —pAQ[p(r)] ——,
' f d r p(r)[p(0) —pg(0)]

+ —, f d"r$d"rzp(r$)p(rz)

+ [4(rl r2) 4'Q(rl r2)] ~ (72)

The change of Mg linear in 5Q is obtained from aRpA
[see (68)] in the form

~g sg —~g =
2 f d

(lnXQ —lnXQ ) p, (78)
d p

(2'�)"
where

Xg (p, k) = —&g(p, k)

+(2n) 5(p+k)[P(k) —Pg sg(k)], (79)

Xg(p, k) = —Xg(p, k)

+ (2m )"5(p+k) [P(k) —Pg(k) ],
and 5(0) must be interpreted as (2n) V. This equation
greatly simplifies in the homogeneous case where

Kg(p, k) =(2m. )"5(p+k)Ãg(k) (81)

(80)

so that

[1nXQ]p g ——(2~)"5(p+k)

&&in[ —Kg(k)+P(k) —Pg(k)] .

Then we get
d

~g gg
—~g ——— ln 1+&g p p

(83)

and from this we obtain the evolution equation (25).
In order to approximate the exact expression (73) in the

critical region it is useful to start from the equivalent
form (78) considering the direct correlation function as
the sum of its diagonal part plus the nondiagonal one:

&g(p, k)=(2~) 5(p+k)& g(k)+& g (p, k) . (84)where

d pd
sg —Wg ————, [in(i+kg)] P~ —P

+O((5Q) ), (73)
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Defining

M g(k) = —1/Ã g(k)

Q(k)/[1 +Mg(k)p(k)j for k &Q —5QF (k)= a g(k) for k & Q —5Q,

~ Q(k)/[1+& Q(k)p(k)] for k &Q
a "(k) for k &Q,

Eq. (78) can be written in the form

(86)

p "w g(k) »1 .

Thus we can neglect in (87) the term unity in comparison
with a g(k)P(k) when Q~O and IC—&0. Moreover,
F Q ( k) and Fg ( k) are always bounded quantities for
k & Q and k & Q —5Q, respectively, and the contributions
from these momentum ranges can be neglected when
Q —+0. Therefore, Eq. (87) can be simplified near the crit-
ical point when Q~O and with straightforward calcula-
tions it can be cast into the form

6f p [ln& ( —4'g )
(2m )

dd
sg —Wg ——,

' V f qln[l+w g(p)P(p)]

dd
+ —,

' f ~ [ln(1 Fg K g —)
(2m )"

(87)

In analogy with the homogeneous case, the critical region
is characterized by the growth of ~ ~ so that

—ln&( —Kg)]p p . (89)

Here we have introduced the notation ln& to indicate that
in the expansion of the logarithm each integration is lim-
ited to the domain k &Q. Similarly, ln& and ln mean
that the limitation is k & Q —5Q and Q —5Q & k & Q,
respectively.

Expanding the logarithms in Eq. (89) and then resum-
ming the resulting series in a way similar to that of Ref.
17, we get the following differential equation for the func-
tional M&.-

BMg dip (ln Xg)p p,
BQ

' I pl =Q (2~)

d d

Xg(p, k) = —&g(p, k) —f „ f, ,

„&g(p,qt)fg( —q), q2)&g( —q2, k),
&Q (2~) IqpI &Q (2~)

(90)

where fg is defined by

—(2m )~5(qi+ qq)

ddk=f , Kg(q, ,k)fg( —k, q&) .
It I &g (2')~

Since [see Eq. (76)]

5 M
Kg(p, k) =(2n) (92)

5p( —p) 5p( —k)

Fqs. (90)—(92) form a closed system of equations. As a
rule the limit 5Q~O associated with ln must be taken
after the explicit computation of the logarithm has been

t

performed. When the functional Mg is expanded in Tay-
lor series around a constant value of the local density
p(x)=p, Eqs. (90)—(92) give rise to the approximate
hierarchy (39)—(41) obtained previously. Moreover,
(90)—(92) coincide with the RG differential generator for
the free energy derived by Nicoll and Chang for a spin
Hamiltonian with the technique of partial integration.
Here Wg[p] given by (72) has the role of the generating
functional, the functional derivatives are performed with
respect to the local density p(k) in place of the magnetiza-
tion, and our parameter Q corresponds to the momentum
shell of integration of the RG theory.

See, for instance, K. G. Wilson and J. B. Kogut, Phys. Rep.
12C, 75 (1974); S. K. Ma, Modern Theory of Critical Phenom
ena (Benjamin/Cummings, New York, 1976).

J. Hubbard and P. Schofield, Phys. Lett. 40A, 245 (1972)
F. Van Diren and J. J. Van Leuween, Physica (Utrecht) 128A,

383 (1984).
4J. F. Nicoll, Phys. Rev. A 24, 2203 (1981);F. C. Chang and R.

K. P. Zia, J. Phys. A 15, 3303 (1982).
5R. Hocken and M. R. Moldover, Phys. Rev. Lett. 37, 29 (1976);

K. F. Chang, H. Burstyn, and J. V. Sengers, Phys. Rev. A 19,
866 (1979).

6See, for instance, J. P. Hansen and I. R. McDonald, Theory of
Simp/e Liquids (Academic, New York, 1976).

7M. E. Fisher and S. Fishman, Phys. Rev. Lett. 47, 421 {1981);
G. L. Jones, E. K. Lee, and J. J. Kozak, ibid. 48, 447 (1982).

8S. Fishman and M. E. Fisher, Physica (Utrecht) 108A, 1 (1981);
A. Parola and L. Reatto, ibid. 125A, 255 (1984); F. Gallerani,
G. Lo Vecchio, and L. Reatto, Phys. Rev. A 31, 511 (1985).

M. I. Guerrero, G. Saville, and L. S. Rowlinson, Mol. Phys. 29,
1941 (1975); S. M. Foiles and N. W. Ashcroft, Phys. Rev. A
24, 424 (1981).

OP. T. Cummings and G. Stell, J. Chem. Phys. 78, 1917 (1983);
F. Gallerani, G. Lo Vecchio, A. Parola, and L. Reatto, J.
Phys. C 16, 5793 (1983).

A preliminary report is given in A. Parola and L. Reatto,
Phys. Rev. Lett. 53, 2417 (1184).



3322 A. PAROLA AND L. REATTO 31

L. Reatto, Phys. Lett. 72A, 120 (1979).
G. Stell, in Phase Transitions and Critical Phenomena, Vol.

58, edited by C. Domb and M. S. Careen (Academic, New
York, 1976), p; 205.
J. L. Lebowitz, J. K. Percus, and S. Baer, J. Math. Phys. 6,
1282 (1965).

I~H. C. Andersen and D. Chandler, J. Chem. Phys. 55, 1497
(1972).
G. Stell, J. Chem. Phys. 55, 1485 (1971).

7J. F. Nicoll and T. S. Chang, Phys. Lett. 62A, 287 (1977).
J. F. Nicoll, T. S. Chang, and H. E. Stanley, Phys. Rev. A 13,
1251 (1976).


