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A critical theoretical study of the electron momentum distributions obtained for H,('S;") by the
(e,2e) reaction technique for transitions to the ground and the n=2 and 3 excited states is present-
ed. Two very highly electron correlated ground-state wave functions for Hy(!2;), each of which
yields more than 96% of the ‘“exact” binding energy and the exact Born-Oppenheimer wave func-
tion of H,™ in the ground and various excited states, were employed in the computations within the
context of the plane-wave impulse approximation (PWIA). For the ground-state transition, the
theoretical values computed from both correlated wave functions and a self-consistent-field wave
function are all in relatively good agreement with experiments for recoil momenta in the range
(0.11<g <1.0 a.u.). In order to discriminate among the various theoretical values reported here it is
highly desirable to have experimental data for g smaller than 0.05 a.u. The experimental data for
the transitions to the n=2 excited states (250, 2pm,, and 2po,) are surprisingly not in as good
agreement with the theoretical values reported here. The failure to describe the transition to excited
states with a molecular angular momentum quantum number other than zero may be due to (i) the
inadequacy of the ground-state wave function, (ii) the failure of the Franck-Condon principle in the
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transition, (iii) the need to go beyond the PWIA, and/or (iv) the need for improved and extended ex-

perimental data.

I. INTRODUCTION

For many decades quantum chemists have been very in-
terested in obtaining accurate ab inito wave functions for
atoms and molecules; however, the usual criterion to as-
sess the accuracy of these computed wave functions has
been based on the energy variation principle, i.e., by com-
paring the total electron energies obtained.! Recently
studies of electron momentum distributions in atoms and
molecules by means of the (e,2e¢) reaction technique®3
have been of considerable interest to both experimentalists
and theoreticians. In particular in the studies on helium
reported recently,* it is clearly shown that the (e,2e) reac-
tion (for transitions to excited states of the residual ion) is
able to discriminate among various correlated helium
wave functions which contain a comparable amount of
the electron correlation energy. Fairly good agreement be-
tween theory and experiment in studies of the Compton
profile and ground-state momentum distribution obtained
from photon scattering, or high-energy electron scatter-
ing,> as well as (e,2e) reaction spectroscopy for He have
been reported elsewhere.>* However, for molecular hy-
drogen, the discrepancies found in studies of the Compton
profile®—% by high-energy photon scattering, high-energy
electron scattering,” and (e,2e) reaction spectroscopy in
the transition to the ground state of H,* reported recent-
1y® are quite disturbing and led us to the present investiga-
tion. Calculations of the (e,2e) reaction cross-section for
the ground- and excited-state transitions (#n =2 and 3) are
presented here. A self-consistent-field (SCF) and two
configuration-interaction (CI) wave functions'®!! for H,
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and the exact [Born-Oppenheimer (BO)] wave function'?
of H," were used in the computations. Since the hydro-
gen molecular ion wave function is known exactly,'? the
effect of electron correlation on the (e,2e) reaction cross
section can be demonstrated by using various correlated
wave functions for molecular hydrogen. A discussion of
the comparison between theory and experiment is made
for the transition to the ground state and to those excited
states for which experimental data is available, namely,
2poy, 2pm,, and 250y.

II. CALCULATIONS AND RESULTS

In the plane-wave impulse approximation® (PWIA) the
(e,2e) reaction cross section is proportional to the square
of the Fourier transform of the overlap amplitude between
the ground state of the target and the residual ion state,

o(q)x [Ty |? [ d§|Fi{q) |*8(Eq—E4—Eg—e), (1)

where Ty is the off-shell Coulombic 7 matrix which is a
constant for the noncoplanar experimental geometry usu-
ally employed; E,, E,4, and Ejp are, respectively, the in-
cident, scattered, and ejected electron energies; € is the
separation energy of the reaction, and q (=ko—k 4 —kp)
is the recoil momentum. The overlap amplitude in
momentum space Fi{(q) may be written as

Filq)=(2m) > *(¥, | expliq'r) | ¥;) , )

where the wave function ¥; of the target molecule (H,)
may be written!® as an expansion in natural molecular or-
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TABLE II. Total momentum density of Hy('S;) at ¢ =0. bitals ¥ (r,R),

Binding energy

Wave function (eV) I1(0) W;(1,2) =" prthe(r, R)¢p (r3,R) , (3)
k

Minimum basis set 3.17 1.1474
CI Das and Wahl (Ref. 16) 4.62 1.2299 and ¥, is the exact BO wave function'? of the final resi-
SCF DJ 3.63 1.2205 dual ion (H,*) in the ground or excited state. The H,*
CI DJ 4.71 1.1724 wave functions were calculated for the present study by
CI HS 4.71 1.1490 the method of Bates, Ledsham, and Stewart!? with more
g: II:m ER.;f‘ 17; :Zi }ig;g significant figures than in the original tabulation.!?

1u (vV1D. av. . . . : :
Expt. (Refs. 5 and 15) 474 1.25440.251 The (spherically averaged) momentum density function

corresponding to the overlap function Fi{q) is

TABLE III. The sum of the O(q) for the transitions to the n =2 and n =3 ion states.

n=2 n=3
q DJ HS DJ HS
0.00000 0.29034x 10! 0.28154x 107! 0.28544 102 0.30038x 1072
0.05000 0.29780x 10! 0.28928x 107! 0.296 641072 0.31188x 1072
0.10000 0.29053x 10! 0.28244x10! 0.28899% 1072 0.30422 %1072
0.15000 0.27883x 10! 0.27141x% 10! 0.27667x 1072 0.29186x 1072
0.20000 0.26348x 10! 0.25688x 10! 0.26055x% 102 0.27558 %102
0.250 00 0.24535x 10! 0.23965x 10! 0.24155x 1072 0.25628% 1072
0.30000 0.22537x 107! 0.22056x 107! 0.22069x 102 0.23494 1072
0.35000 0.20447x 10! 0.20048< 107! 0.19895% 102 0.21251x 1072
0.40000 0.18345x 107! 0.18020x 10! 0.17720x 102 0.18990% 102
0.45000 0.16301x 10! 0.16038x 10! 0.156 16 1072 0.16787x 1072
0.55000 0.14365x 10! 0.14154x 10! 0.13636x 102 0.146 99 102
0.55000 0.12573x 107! 0.12405% 10! 0.11817x 1072 0.12769x 102
0.60000 0.10944 % 10! 0.108 13 10! 0.10177 %102 0.11021x 1072
0.650 00 0.948 74102 0.938 691072 0.87235x 1073 0.946 65x 1073
0.700 00 0.82006x 102 0.81268x 1072 0.74529x 103 0.81033x 103
0.75000 0.707 56 102 0.70249x 1072 0.63543 %1073 0.69222% 1073
~ 0.80000 0.60998 < 102 0.606 91 102 0.54128% 1073 0.59086x 103
0.85000 0.52584 %102 0.52445x 102 0.46115x1073 0.50446x 1073
0.900 00 0.453 58102 0.453 581072 0.39327x 1073 0.43118% 103
0.95000 0.39168x 1072 0.302 76 102 0.33594 %1073 0.369 18 1073
1.00000 0.33872% 1072 0.34059% 1072 0.28760% 1073 0.31677x 1073
1.10000 0.254 56 < 102 0.25724x 102 0.21238x2073 0.23488x 103
1.200 00 0.19258 %102 0.19529% 102 0.15849% 1073 0.17576x 103
1.30000 0.146 50 102 0.148 78 102 0.11939x 1073 0.13250x 103
1.40000 0.11189x 102 0.11357x 102 0.905 86 10~* 0.10041x 103
1.50000 0.856 66 103 0.86746x1073 0.69070x 10~* 0.76339x10~*
1.600 00 0.65658 x 103 0.66247x103 0.528 16 10~* 0.58139x10~*
1.70000 0.50330x 1073 0.50565% 1073 0.40440x 10~* 0.443 12 10~*
1.800 00 0.38566x 1073 0.38572% 1073 0.30974 % 10~* 0.33782x10~*
1.900 00 0.29533% 1073 0.29410% 1073 0.23717x10~* 0.25758x10~*
2.00000 0.22601x 1073 0.22422x 1073 0.18152x10~* 0.19644x10~*
2.20000 0.13224% 1073 0.13046x% 1073 0.10621x10~* 0.11445x10~*
2.40000 0.77434x10~* 0.76213x10~* 0.62178 %10 0.669 80 10~*
2.600 00 0.45511x10~* 0.44827x10~* 0.36525% 1073 0.39490 10~3
2.800 00 0.26925% 10~* 0.266 10 10—* 0.21599% 1073 0.23516x10~°
3.00000 0.16079x10~* 0.15976x10~* 0.12897x10° 0.14178x 1073
3.20000 0.97158% 103 0.97189x 103 0.77998 < 10~° 0.8672410~¢
3.400 00 0.59551x 1073 0.60011x 10~ 0.47909x 10~¢ 0.53924x10°
3.600 00 0.37107x 1073 0.37673x10~° 0.299 65 10~¢ 0.34141x 10~
3.800 00 0.23555x 10 0.24081x 103 0.19128x107° 0.22041x10°
4.00000 0.15260%107° 0.15695% 1073 0.12482x10~¢ 0.14524 <10~
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TABLE IV. The n =2 to n =1 and n =3 to n =1 cross-section ratios.
HS HS DJ DJ
q o(n=2)/0(n=1) o(n=3)/o(n=1) oln=2)/o(n=1) o(n=3)/o(n=1)
0.00000 0.25325x 10! 0.27019x 102 0.25591x 10! 0.25159x 102
0.05000 0.26223x 10! 0.28272x 1072 0.26462 10! 0.26259x 102
0.10000 0.26191x 10! 0.282 10102 0.264 33 10~! 0.26292x 102
0.15000 0.26137x 10! 0.281 06 x 102 0.26387x 10! 0.26182x10~2
0.200 00 0.26070x 10! 0.27967x 1072 0.26329x 10! 0.26036x 102
0.25000 0.25993x 10! 0.27798x 102 0.26267x 10! 0.258 61102
0.30000 0.25916x 107! 0.276 06 10~2 0.26209x 10! 0.256 65 102
0.35000 0.25849x 10! 0.27400x 102 0.26163x 10! 0.254 58102
0.40000 0.25801x 10! 0.27191x202 0.26141x 10! 0.25250x 102
0.45000 0.25788x 10! 0.26992 1072 0.26153x 107! 0.25054 102
0.500 00 0.25820x 10! 0.268 14 102 0.26209x 10! 0.248 79 102
0.55000 0.25914x 10! 0.26675x 102 0.26322x 10! 0.24739x 1072
0.600 00 0.26084 10! 0.26587x 102 0.26501x 10! 0.24643x 102
0.65000 0.26343x 10! 0.26567x 1072 0.26758x 107! 0.24604 102
0.70000 0.26706< 10! 0.26629 % 1072 0.27103x 10! 0.24632% 1072
0.75000 0.27186x 10! 0.26788 % 102 0.27547x 10! 0.24739x 1072
0.80000 0.27791x 10! 0.27056x 1072 0.28098 % 10! 0.24933x 102
0.85000 0.28532x 10! 0.27445x 1072 0.287 64 10! 0.25226x 1072
0.900 00 0.294 14 10! 0.279 62102 0.295 54 10! 0.25624 X 102
0.950 00 0.30442x 10! 0.286 14102 0.30472x 10! 0.26136x 102
1.000 00 0.31615x 10! 0.294 04 % 102 0.31523% 10! 0.267 65 102
1.10000 0.34389x 10! 0.31400x 102 0.34032x 10! 0.28393x 102
1.200 00 0.37694x 10! 0.33924 %202 0.37078 x 10! 0.30515x 102
1.30000 0.41457x 10! 0.369 19102 0.40628 % 10! 0.33110x 102
1.40000 0.45584x 10! 0.403 02202 0.44624 10! 0.36127x 102
1.50000 0.49975% 107! 0.43980x 102 0.48985x 107! 0.39496< 1072
1.600 00 0.54531x 10! 0.478 57102 0.53621x 10! 0.43133x 102
1.700 00 0.59159x 10! 0.51843x 102 0.58432x 10! 0.469 50 102
1.80000 0.63778 10! 0.558 58 1072 0.63323x 107! 0.508 571072
1.900 00 0.68318 10! 0.598 331072 0.68200x 10! 0.547 691072
2.000 00 0.72716 10! 0.63706x 1072 0.72977x 10! 0.58609x 102
2.20000 0.808 75 10! 0.70947x 1072 0.81911x 10! 0.65790x 102
2.400 00 0.87855x 10! 0.77211x 1072 0.89542x 10! 0.71900 102
2.60000 0.93260x 10! 0.82158x 1072 0.95338x% 10! 0.76514 1072
2.80000 0.96701x 10! 0.85457x 102 0.98834 10! 0.792 81102
3.000 00 0.978 58 10! 0.86843x 102 0.99700x 10! 0.79972x 102
3.20000 0.96607 x 10! 0.86205x 102 0.978 69 10! 0.785 69 x 102
3.400 00 0.93127x10! 0.836 81102 0.93630x 10! 0.75326 102
3.60000 0.879 12 107! 0.796 711072 0.87617x 10! 0.707 541072
3.80000 0.81666x 10! 0.747 48102 0.80655x 10" 0.65495x 102
4.000 00 0.75119x 10! 0.69516x 1072 0.73548x 10! 0.601 60 102
0= [ d§|Fiiq) | =3 SE(RIMIIk(q) , @) Mi(g,R)= [ d§|Xi(q,R)|?, (6)
k

where X;(q,R)

is the Dirac-Fourier transform!® of

where Sir(R) is the overlap integral between the residual
ion in state ¥ and the kth natural orbital of the molecule
at the internuclear distance R. It is also known as a spec-
troscopic factor according to the Franck-Condon (FC)
principle, and can be written as

Sir(R)= [ x(r,R)¥s(r,R) . (5)

In Eq. (4) A; (= |uy | ?) is the occupation number for the
kth natural orbital ¥, (r,R) of the molecule and II;(g,R)
is the (spherically averaged) momentum density function
for the kth natural orbital.

The IIk(q,R ),

Yi(r,R), were calculated by the previously developed
computational technique!# for wave functions based on
elliptical-type basis functions. The SCF and CI functions
of Davidson and Jones!® and the CI function of Hagstrom
and Shull'! are of this type. The values of the O{q) for
excitation to the ground and various excited states of the
residual ion are presented in Table I. It should be noted
that the united-atom notation for the states of the mole-
cule and its residual ion is used throughout this paper.
Atomic units are used in the tables unless another unit is
explicitly indicated.

From Table I, it is interesting to note that electron
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corrélation is not very important for the ground-state
transition. The difference between the values calculated
by using the CI and SCF wave functions of Davidson and
Jones!® (DJ) is 5% at g =0 and decreases to 3% at
g =0.3 a.u. The differences are negligible for g greater
than 1 a.u. It is also seen that the differences between the
values calculated by using the SCF and CI DJ wave func-
tions are also very small for the transitions to the 250,
and 3so, states of H,™". The results calculated by using
the CI wave function of Hagstrom and Shull!! (HS) which
contains about the same amount of correlation energy are
shown in Table I for comparison with those calculated
from the CI DJ wave function. The two sets of CI values
differ by less than 2%.

In order to ascertain the accuracy of the momentum
densities calculated from the various wave functions, the
total spherically averaged momentum density function
[(g)=1,M(q)] for H, at g =0 were calculated and
are presented in Table II for comparison with each other
and with the values extracted from high-energy electron
scattering data.>!'> Our calculated difference for IT(0) be-
tween the CI Liu wave function!” and the CI DJ wave
function is less than 1%, although the binding energies
differ by 2%. It is believed that the present theoretical
values computed from the CI DJ wave function for the
ground-state transition should be accurate enough to dis-
tinguish among the various experimental results.

It is not surprising that electron correlation in the
ground-state wave function is extremely important for ex-
citation of the molecular ion to an excited state when the
angular momentum quantum number [/ of the molecular
ion is greater than zero. The difference between the
values calculated by employing the CI DJ and CI HS
wave functions is 15% for 2po, and 13% for 2p, in the
small recoil momentum region and decreases to a few per-
cent in the larger recoil momentum region. The sum of
the cross sections leading to the n =2 and 3 ion states
were calculated and are given in Table III. The n =2 to
n =1 and n =3 to n =1 cross-section ratios are given as
well in Table IV, where n is the molecular ion principal
quantum number.

III. COMPARISON WITH EXPERIMENTS

At the incident energy of 1200, Cook et al.* have
shown that the PWIA is unable to account for the (e,2e)
cross section for He at recoil momenta greater than 1.2
a.u. This is because the distortion of incoming and outgo-
ing electron waves plays a significant role in the region
where target electrons are near the nucleus. A more real-
istic theoretical model to describe the collision process is
needed. In the present work we are more interested in the
region where g is small, i.e., the target electrons are far
out from the nucleus and where electron correlation may
be most important.

Since all experimental data are reported on a relative
scale and since the experimental data for Weigold ez al.'®
and Leung and Brion!® for the ground-state transition are
identical, only data from Weigold et al.!® and Migdall
et al.® are shown in Fig. 1. All the theoretical values and
the experimental data are scaled relatively at ¢ =0.2 a.u.
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to the experimental raw data provided by Weigold (private
communication). In Fig. 1 the relative scale comparison
between theory and experiment is shown for recoil mo-
menta g in the range between 0.11 and 1.0 a.u. The agree-
ment is good in this region. As expected, disagreement
due to distortions appears when ¢ is greater than 1 a.u.
Since experimental values are not available for ¢ smaller
than 0.11 a.u. and the Weigold data at ¢ =0.11 a.u. were
measured at 300 eV with large experimental uncertainty,
it is not known whether or not the agreement between
theory and experiment should remain as good for recoil
momenta smaller than 0.11 a.u. Therefore, it is desirable
to obtain experimental data at higher incident electron en-
ergies around ¢ =0.05 a.u. in order to compare with the
present theoretical values.

Inasmuch as it has been shown®? that consideration of
molecular vibration is important in the comparison be-
tween theory and experiment for the Compton profile
[and the underlying II(q)] for H, and D,, theoretical cal-
culations including vibrational averaging are in progress
in this laboratory using the CI Liu wave functions. The
results will provide better theoretical values for a proper
consideration of FC distribution in the smaller recoil
momentum region.

Weigold et al.'® also reported results for transitions to
three excited states, i.e., 2504, 2po,, and 2pm,. In Fig. 2
the reaction cross sections for the transition to these three
excited states are shown relative to the present theoretical
values. The agreement is not as good as reported for the
ground-state transition. Since the theoretical values listed
in Table I show that the contribution from 2pw, is quite
small as compared with 250y, it may be difficult to mea-
sure this transition cross section very accurately. The ex-
perimental value for the n =2 to n =1 cross-section ratio
for 0.37>¢>0.27 au. and 0.67>¢>0.65 au. are
0.023+0.0015 and 0.038+0.002, respectively. The exper-
imental value for 0.37 >¢ >0.27 a.u. is smaller by about
6% than the theoretical value, while for 0.67 >¢ >0.65
a.u. the experimental is larger than the theoretical value
by 30%. The absolute cross-section ratio- for
lsog:2s04:2pm,:2po, at ¢ =0.3 a.u. calculated from the
CI DJ wave function is 1:0.016:0.002:0.005. It is surpris-

1.2 012

11 [oh}]

o(theo) (00,201
10 Slexpy (9702 010

— =Theory (1s0og)
© -Midgall et al.

I -Weigold et al.

1.06+ DJ 08.
8 \ 07
S1.044 -
5 SCF

w

& 10294 06
w

2 1.00 \

&

© 0.98} \

w \

= \

Z 0.96: \

o \

jrn}
@ 094 0.2

0.92: 0.1

030

£40.0 4 X
0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 1.9
q(au)

FIG. 1. The (e,2e) noncoplanar differential cross section at
incident energies from 300 to 1200 eV plotted as a function of
the recoil momentum gq. The theoretical values are scaled rela-
tive to the experimental values such that their ratio at ¢ =0.2
a.u. is equal to 1, i.e., [o(theor)/o(expt)](¢ =0.2 a.u)=1.
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FIG. 2. The (e,2e) noncoplanar differential cross section at
1200 eV plotted as a function of the recoil momentum gq. The
theoretical values for the CI DJ wave functions for the excited-
state transitions are scaled relative to the experimental data tak-
en from Ref. 12. The ratio o(theor)/o(expt) at a particular
recoil momentum for the transition is indicated in the figures.

ing to learn that the values for 2po, and 2pw, are un-
derestimated too far by theory. If we assume that the
overlap integrals between the molecule and its ion for the
same symmetry and same quantum number are 1, and for
either different symmetry or quantum number are zero,
for example, Si(R) for (1s0,(H,) | 1so,(H,*)) is 1, and
for (1so,(H,)|2s0,(H,")) is 0. Then the ratio is
1:0.0037:0.00011:0.0006 which is still far from agreement
with experiment. This disagreement can be the result of
the failure of the Franck-Condon principle in the theoreti-
cal model or the inadequacy of the ground-state wave
function. It appears that these correlated ground-state
wave functions can only qualitatively describe the
excited-state transitions. It is clearly demonstrated that
electron correlation as well as the overlap between the
molecule and its ion play equally important roles in (e,2e)
reaction spectroscopy. In the present theoretical study,
the overlap Sis(R) between the molecular wave function
and the residual ion wave function for the 2p, transition
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is very small and is about 100 times smaller than the ex-
pected overlap integral.

IV. CONCLUSIONS

The present theoretical study of the (e,2e) reaction on
molecular hydrogen within the PWIA and the FC princi-
ple employed several highly electron correlated wave func-
tions for transitions to the ground and all the » =2 and
n =3 excited states of H,™. The results for the transition
to the ground state are in moderately good agreement
with  experiment within experimental resolution.
Nevertheless, it is desirable to have much higher-
resolution (better than 1%) experimental data in order to
distinguish among the present theoretical values for small-
er g values. Experimental data for the transitions to all
the n =2 and n =3 excited states are urgently needed in
order to compare with the present theoretical values since
there is only one experimental data set published for a
limited number of excited-state transitions (n =2). To
account for the excited-state transitions a more accurate
ground-state wave function for H, may be needed and
consideration of the possible breakdown of the FC princi-
ple for the excited-state transitions may also be necessary
as well as consideration of distorted-wave effects. As
mentioned earlier, calculations are in progress using the
CI Liu wave functions in order to assess the role of molec-
ular rotation and vibration. Since these wave functions
are constructed from Slater-type orbitals on the two atom-
ic sites (i.e., linear combination of atomic orbitals, instead
of the ellipitical basis functions of the present wave func-
tions, their use will permit an assessment to be made of
the effect of the use of finite sets of basis functions of dif-
ferent types.
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