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The imprisonment of the 2537-A resonance radiation from mercury in the mercury-argon
discharge of fluorescent lamps is treated by a Monte Carlo method. The effects of emission and ab-

sorption linewidths, hyperfine splitting, isotopic composition, collisional transfers of excitation, and
quenching are explicitly incorporated in the calculations. The calculated spectra of emitted radia-
tion are in good agreement with measured spectra for several combinations of lamp temperature and
mercury composition. Also in agreement with experiments, the addition of '80Hg to natural mercu-

ry is found to increase lamp efficiency. The method is useful for a number of problems in radiation
transfer.

INTRODUCTION

Radiation emitted by an atom in an optical transition
from an excited state to the ground state is commonly
called "resonance radiation. " Since the absorption of this
radiation by atoms in the ground state is typically high, it
is unlikely that a quantum of resonance radiation emitted
within a chamber containing emitting atoms in the gas
phase will reach the walls before being reabsorbed. The
absorbing atom may subsequently emit radiation and the
emission-absorption. steps may be repeated a large number
of times. The radiation is described as "imprisoned" or
"trapped" when the number of steps required for escape
to the walls is large.

Imprisonment of resonance radiation occurs with the
0

. 12537-A line of mercury in the common fluorescent lamp.
Mercury atoms excited to the 6 I'~ state in the low-
pressure mercury-argon discharge emit 2537-A ultraviolet
radiation in decaying to the 6'So ground state. On the
average 50—100 emission-absorption steps are required
for the radiation to reach the phosphor-coated wall. In
the process the excited atoms may be quenched in col-
lisions with ions, atoms or electrons and the radiation may
be lost to thermal energy. The effect of imprisonment is
to increase the concentration of excited mercury atoms
and the probability of quenching and to decrease the effi-
ciency of the lamp.

An early analysis of imprisonment was carried out by
Compton who treated the transfer of resonance radiation
as a diffusion process. In analogy with the simple kinetic
theory description of diffusion in gases the radiation
quanta were considered to have a mean free path and a
mean lifetime from which a diffusion coefficient could be
estimated. Later treatments by Kenty and by Holstein"
took into account the effects of line shape and the depen-
dence of mean free path upon frequency. Measure-
ments of the decay time for optically excited mercury
in enclosures of several geometries gave satisfactory agree-
ment with the predictions of Holstein s diffusion treat-

ment. Recently, Alley has presented a more general ana-
lytic approach based on the analogy with a random walk.

We report here the development of an alternate method
of treating radiation imprisonment based on simple Monte
Carlo simulation of the physical processes which occur.
The assumptions inherent in the diffusion treatments are
eliminated. Collisional transfers of energy are easily in-
corporated. The results give in detail all the properties of
the system including the spectrum of radiation leaving the
system and its spatial distribution. The method is tested
in its application to the case of the common fluorescent
lamp and results are compared with experimental mea-
surements for lamps containing mercury of natural isoto-
pic composition and mercury enriched in the isotope

Hg. The variation in lamp efficiency with ' Hg en-
richment is predicted.

EMISSION AND ABSORPTION OF RESONANCE
RADIATION

We use the analysis of Holstein in determining emis-
sion line shapes and frequency-dependent absorption coef-
ficients as affected by Doppler and Lorentz (pressure)
broadening. For the system of interest natural, Holts-
mark, and Stark-effect broadening are small in compar-
ison to the combined Doppler and pressure broadening
and are neglected. The text by Mitchell and Zemansky
gives a full discussion.

Emission and collision probabilities

The decay of an excited state by radiation is given by

dX X= —k,%=——,
dt

where the rate constant for emission k, is related to the
lifetime w by k, =1/~. In the presence of the competing
processes of quenching and collisional transfer with rate
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constants k& and k„ the probability of emission is given
by

k,
P, =

k, +kq+k,
(2)

where k is the Boltzmann constant, T is the temperature,

p is the reduced mass of the colliding species, n; is the
number density of the molecules, and S; is the cross sec-
tion (assumed independent of relative velocity) for the
process.

Absorption coefficient

The probability of radiation of frequency v traveling a
distance I is related to the frequency-dependent absorption
coefficient k (v) and the mean free path A, (v) by

P (I) e
—k(v)l e

—I/A(v) (4)

For Doppler broadening only (an ideal reference case)
the absorption coefficient is given by

The probabilities of quenching and transfer are given by
similar expressions.

For thermal equilibrium of molecular velocities the rate
constant k; for a collisional process involving an excited
atom with molecules i is given by

1/2
8kT

(3) Z= X
W '

D(Z) =exp( —0.693 15Z ) ',

I- (Z) = 1

1+Z
y(Z) —(a/1. 23)D(Z)+(1 e

—(a/1. 23))1 (Z)

C =[2.128 39e & ' )+m'(1 —e (a/). 23))]gP

(9)

Emission frequency distribution

For complete thermodynamic equilibrium the probabili-
ty P(v) of emission of a frequency must be proportional
to the absorption coefficient for that frequency,

P(v)~k(v) .

and ZL is the species collision rate. The integral in Eq.
(8) is tabulated in Ref. 9 for a (0.01. For a )0.01 the
Voigt profile' is convenient:

[V (Z)/C],
k(v) =kp [v(z)/c] =p

+0.83255,2+0

X= v —vo c
Vo Uo

V —Vp
k (v) =kp exp

Vo

where

Up ——(2kT/m)'/

2

Vp

2

(6)

For the system treated the radiation is not in equilibrium
with the atoms and the thermodynamic justification of
Eq. (10) is not complete. However, Holstein has shown
that for Doppler and pressure broadening Eq. (10) is valid
and gives the appropriate emission distribution.

THE STANDARD T12 Hg-Ar FLUORESCENT LAMP

~O'& g2
ko —— (7)

Here A,p and vp are the wavelength and frequency for the
line center, m is the species mass, N is the number density
of absorbing species, ~ is the natural lifetime, and g2 and

g] are the degeneracies of the upper and lower states,
respectively.

The combination of Lorentz and Doppler broadening
may be expressed by

2
a e

k (v) =k()— dy,
a 2+ (~ y)2 0.3—

I I

204
20IO 202

.I994
200

I I

I98 l998
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Waymouth' has described in detail the physics of
mercury —rare-gas fluorescent lamps. In this study we
simulated the resonance radiation imprisonment in the
standard T12 Hg-Ar lamp because results of measure-
ments" ' of the ultraviolet emission spectrum and lamp
efficiencies are newly available for several different isoto-

where

AVL
(ln2) '
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FICz. 1. Hyperfine structure of the 2537-A line for mercury
of natural isotopic composition.



2970 J. B. ANDERSON et aI. 31

I ll»itlll

ll i

I

I

ll»»ilillr & Ih & ~ II
I

I Il

a i i'll i i I I I I I II I II I il i s

I I l

'I!g,

, , lllsii »»»»iiil ii i, ili Ilililn„„„„„,»

OJ
O O

OJ

Cl ~
co w-
c) a)O

FIG. 2. Calculated exit spectrum (all angles) for natural mer-

cury at wall temperature of 15 'C.

pic compositions of mercury. The output of the lamp is
intimately related to the extent of imprisonment.

The T12 Hg-Ar lamp is a tubular lamp 1.5 inches in di-
ameter filled with 2.5 Torr (298 K) of argon and sufficient
mercury to saturate the gas. It is operated at a wall tem-
perature of about 313 K so that the mercury pressure is
about 6)&10 Torr. The gas (i.e., the Hg and Ar) tem-
perature is about 360 K and the electron temperature is
about 11000 K at the center of the tube. The discharge
current is about 425 mA with an arc potential drop of
about 105 V in a 4-ft lamp.

The energy balance" for such lamps shows about
65% of the electrical energy input is released as radiation
in the 2537-A line of mercury. Another 5% is released as
radiation at wavelengths not useful in exciting the phos-
phor wall coating and the balance or 30% is lost as
thermal energy to the tube wall. The efficiency of the
phosphor in converting energy of 2537-A radiation into
energy at visible wavelengths is about 40%, so that the
overall efficiency in converting electrical energy into radi-
ation energy in the visible region is about 25%%uo.

The free electrons in the plasma are accelerated by the
electric field and gain energy. They lose energy through
elastic and inelastic collisions with gas atoms and the tube
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wall. Inelastic collisions with the atoms result in either
excitation or ionization of the atoms. Once excited the
mercury atoms may radiate energy or be quenched in col-
lisions with electrons, atoms or the tube wall. They may
also be excited to higher levels or ionized in collisions
with electrons.

FIG. 3. Narrow angle exit spectra for natural mercury at
15 'C. Lower: calculated. Middle: calculated with resolution
factor f =1100. Top: experimental from Ref. 13.

TABLE I. Stable mercury isotopes, their natural abundance
0

and hyperfine components of the 2537-A line. Abundance from
Bitter, Ref. 15. Hyperfine splittings from Schweitzer, Ref. 16.
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Mass number
(amu)

196
198
199

200
201

202
204

Abundance

0.0015
0.1002
0.1684

0.2313
0.1322

0.2980
0.0685

Hyperfine
splitting

(10-' cm-')

137.0+4.0
0

—514.0+0.4
8 224.4+0.2
—160.3+0.2

a —489.0+0.3
b —22.6+0. 1

c 229.2+0.5
—337.0+0.2
—510.8+0.4

Index

171
149
69

184
124
73

146
185
97
69

l

, , „:,i ai, ri Ii, iillll

FIG. 4. Narrow angle exit spectra for natural mercury at
40'C. Lower: calculated. Middle: calculated with resolution
factor f =1100. Top: experimental from Ref. 13.
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FICx. 5. Narrow angle exit spectra for natural mercury en-

riched to 4.0%%uo
' Hg at 15'C. Lower: calculated. Middle: cal-

culated with resolution factor f =1100. Top: experimental.
(3.9% Hg) from Ref. 13

FIG. 6. Narrow angle exit spectra for natural mercury en-
riched to 4.0%%uo

' Hg at 40'C. Lower: calculated. Middle: cal-
culated with resolution factor f=1100. Top: experimental
(3.9% ' 6Hg) from Ref. 13.

0

The exit of the 2537-A radiation from the 6 P
~

state of
mercury is facilitated by the presence of seven isotopes
occurring in natural mercury. The emission spectrum is
separated into five distinct groups of lines with relatively
little overlap as shown in Figs. 1 and 2. The line centers
and isotope abundances are listed in Table I. Hyperfine
splitting of the lines for the odd masses 199 and 201
causes these to be divided among the five groups. The
separation into five groups results in a lower imprison-
ment time for 2537-A radiation and a higher efficiency
for the lamp.

Recent experiments by Grossman et al. "' and Maya
et al. 's have shown that the efficiency may be improved
by varying the isotopic composition of the mercury to
reduce imprisonment time. The addition of ' Hg to
natural mercury provides a partially separated sixth group
to the spectrum as another route for the escape of the
2537-A radiation. The lamp efficiency was improved by
about 5% (e.g., from 20% to 21% overall) by increasing
the concentration of ' Hg froxn 0.15% in natural mercu-
ry to about 4%. Their measurements' of the hyperfine
structure of the lamp emission for natural and 196-
enriched mercury are reproduced in Figs. 3—6.

The improved efficiency is due in part to the collisional
transfer of energy from excited isotopes other than 196 to
the 196 isotope. A similar transfer between groups of
lines occurs in collisions of the odd isotopes 199 and 201
with electrons and atoms. ' ' The isotope 199, for exam-

pie, may transfer from the f= —,
'

level (1992) to the

f =—', level (1998), in a collision with an argon atom.

CALCULATION METHOD

The calculation of radiation and energy transfer is
essentially a simulation of the processes occurring in the
lamp. Following the initial excitation of a mercury atom
its energy (or photon) is tracked from atom to atom until
the photon either leaves the system or is lost in quenching.
The procedure is repeated thousands of times to obtain a
reliable estimate of the overall exit probability and a spec-
trum of the exit radiation with an acceptab1e noise 1eve1.

Many of the variables required in the calculation are
selected at random from appropriately weighted distribu-
tions. For example, an initial isotopic species to be excit-
ed is selected with a probability proportional to its frac-
tion in the mixture and the direction of emitted photons is
selected at random in three dimensions. The frequency of
emitted radiation is selected from the Voigt distribution
with the line center corresponding to that of the excited
atom.

0
The range of frequencies occurring in the 2537-A line is

divided into several hundred intervals to facilitate the cal-
culation. The temperature of mercury atoms is assumed
constant at the volume-weighted average temperature.
This corresponds to a simple average of centerline and
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wall temperatures. Absorption constants for each fre-
quency interval and the probabilities of absorption of each
frequency by each isotope are precalculated and stored.

End effects are neglected. A photon is tracked in three
dimensions but the axial position of the absorbing atom is
not retained. Changes in position of excited atoms prior
to emission, transfer, or quenching are neglected.

Initial excitation

The radial position for initial excitation is selected with
weight proportional to the square of the radius to con-
form to a parabolic profile peaked at the axis. The ratio
of initial radius r to tube radius R could be selected as

I /2

R R

where XR is a random number in the range (0, 1). To ob-
tain an evenly distributed set we choose

N —1/2
l /2 l /2

1 — 1—
R X,

with N; beginning at unity for the first selection, increas-
ing by one with additional selections, and ending at X„
the total number of initial selections in a calculation.

The selection of initial isotope is made with weighting
according to the relative concentrations of each species.
The partial sums of species fractions, defined as

Eq .(9). A cumulative fraction of the total weight is com-
puted for each interval with index —59 to + 59 from the
line center and a selection is made with a random number
in a manner similar to that for species selection, Eq. (13)
and Eq. (14), described above.

In the case of the odd isotopes 199 and 201 the selection
of excited states 199 3 or B and 201 a, b, or c is made at
random according to the relative equilibrium fractions
which depend on the degeneracies of each state. For 199
these fractions are A( —, ) and B(—,

' ). For 201 they are
a (-,' ), b(-, ), and c (-, ).

Emission direction

The direction of the emitted radiation is selected at ran-
dom in three dimensions. In polar coordinates of arbi-
trary orientation the angle is chosen as cos6 at random in
the interval ( —1,1) and the angle P is chosen at random in
the interval (0,2m).

Radiation free path

To determine the free path for radiation in a frequency
interval it is necessary to sum the absorption coefficients.
This sum g,»,. k;(v) and the partial sum g'. Okj(v) for
the isotopes are calculated using k(v) from Eq. (9) with
ko from Eq. (7). The several states of the odd isotopes are
treated as independent species.

The mean free path A,
' is given by

XJ 7 (13) 1

g k;(v)

where xj is the fraction of the total, are used together
with a new random number. The isotope selected is the
one that meets the criterion

all i

The free path I is selected according to

I = —X'lnN (17)
si —1 QXR Csi (14)

Emit, transfer, or quench

For an excited atom at radius r the choice among emis-
sion, transfer or quenching is made according to Eq. (2).
A new random number NR is selected and the choice is
made according to:

where Xz is random in the interval (0,1).
The absorbing species is chosen with a probability pro-

portional to its weight in the sum of the absorption coeffi-
cients for the frequency interval. The species selected is
the one for which

g k, (v) g k, (v)

0 (NR (P„emit
P, & N~ & (P, +P, ), transfer

(P, +P, ) &X~ &(P, +P, +P~), quench .

Emission frequency

For both emission and absorption we make use of the
Voigt distribution given by Eq. (9). The range of possible
frequencies for all isotopes is divided into 250 frequency
intervals of width 1.92X10 sec '. The line centers for
the even isotopes and the different states for the odd iso-
topes are located in the intervals given by the index num-
bers of Table I. The selection of emission frequency inter-
val is based on deviation from the line center and the
probability of a given deviation is proportional to V(Z) of

all i all i

where X~ is random in the interval (0,1).

Iteration

Following an initial excitation the path of the energy is
tracked through emission, transfer, quenching and absorp-
tion until either quenching occurs or the radiation leaves
the system. If quenching occurs the process is terminated.
After an absorption the position of the absorbing atom is
checked to determine if it is within the tube. If within,
the process is continued as for an initial excitation from
the point of absorption. (It is assumed the collision rates
of the odd isotopes are sufficiently high for equilibration
among their hyperfine levels. ) If the absorbing atom is
outside the tube the process is terminated.



31 MONTE CARLO TREATMENT OF RESONANCE-RADIATION. . . 2973

TABLE II. Results for the four base cases.

Natural 4.0% ' Hg
40'C-
338 K
1.75X10"

Hg composition'
Wall temperature
Atom temperature
Hg density, atoms/cm

15 'C
313 K
2.23 ~10"

15 'C
313 K
2.23 ~10"

40'C
338 K
1.75 X 10'4

Probabilities
0.9463
0.0500
0.0037
1.000

43.985
44.809

2.360
0.176
0.824
0.8237

+0.0004

0.9901
0.0060
0.0039
1.000
5.430
6.405
0.041
0.025
0.975
0.9747

+0.0001

Emit, P,
Transfer, P,
Quench, Pq
Initial excitations
Absorptions
Emissions
Transfers
Quenches
Exits
Exit probability
(1~)

0.9901
0.0060
0.0039
1.000
5.821
6.794
0.042
0.027
0.973
0.9731

+0.0001

'The enriched mercury is that from addition of ' Hg to natural mercury to obtain a mixture
4.0% ' Hg
120000 scaled to unity.

0.9463
0.0500
0.0037
1.000

41.112
41.948

2.238
0.164
0.836
0.8361

+0.0004

containing

Data are accumulated for thousands of initial excita-
tions. These include the number of emissions, transfers,
absorptions, quenches and exits from the tube. The num-
ber of exits at each frequency interval, in all directions
and within a small angle normal to the tube wall at the
exit point, are retained for determining the spectra of the
exit radiation.

Variables

Aside from the usual physical constants the variables to
be specified include the lifetime of the 6 P& state of mer-
cury, the emitted wavelength and isotopic splitting, the
mercury and argon number densities, the tube radius, and
the isotopic composition of the mercury. These values are
firm for any particular case. Variables with some uncer-
tainty include the atom temperature (tube wall tempera-
ture or higher), the cross section for transfer of excitation
between mercury atoms, the quenching rate constant, and
the Lorentz broadening parameter a or a cross section for
the collision rate ZI of Eq. (g).

I= 1

1+f sin (b b,v)
(19)

where Av is the frequency deviation and the two constants
of the apparatus are f =1100 and b =1.0&10 ' sec. In

give an exit probability of about 0.8.
The exit spectra for the four base cases, determined

from 120000 initial emissions in each case, are shown in
Figs. 2 and 7—9. Additional data are listed in Table II.
The effects of imprisonment may be seen to give increased
line width and line reversal for the higher mercury densi-
ties at a wall temperature of 40 C. At 1S C the
emission-absorption process occurs an average of about
six times for each initia1 excitation. At 40'C the average
is about forty-five.

For comparison with the experimental measurements of
the spectra it is necessary to include the effects of resolu-
tion of the Fabry-Perot interferometer used. Grossman
has estimated a resolution factor I given by

RESULTS

~e have considered four base cases for comparison
with the spectra and lamp efficiencies determined by
Maya et al. ' for the T12 Hg —Ar lamp. These are for
wall temperatures of 15 and 40'C with natural mercury
and with natural mercury enriched to 4.0% ' Hg. Addi-
tional calculations were made to test the sensitivity of the
results to several of the uncertain variables arid to esti-
mate lamp efficiencies for a number of different isotopic
compositions.

The variables specified for the base cases are listed in
Table II. The value of the coefficient a for Lorentz
broadening was specified as 0.02 for argon at 2.S Torr as
estimated from several measuremerits. ' The cross section
for mercury-mercury transfers was taken as 1000 A, the
estimate of Holstein et al. The rate constant for quench-
ing was the value found in preliminary calculations to
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FIG. 9. Calculated exit spectrum (all angles) for mercury en-
riched to 4.0% ' Hg at wall temperature of 40'C.

the experiments the radiation emitted perpendicular to the
tube wall from a small spot on the wall was measured. To
simulate this we use the calculated spectra of radiation
emitted at angles within 20' of perpendicular to the tube
wall. Combining the resolution factor with the complete-
ly resolved spectra at narrow angles gives the spectra of
the four base cases shown in Figs. 3—6. The agreement
between calculated and measured spectra is excellent for
the two cases at 40'C but the calculated spectra for 15'C
show a slightly greater line reversal than the measured
spectra.

The sensitivities of the spectra to mercury-mercury
transfer cross section, Lorentz broadening parameter a,
quenching rate and initial excitation profile were investi-
gated for mercury enriched to 4.0% ' Hg. Increasin~ the
mercury-mercury transfer cross section to 5000 A in-
creased the size of the 196 peak by a factor of 2 for 40'C.
Decreasing to zero reduced the 196 peak to about half
that for the base case at 40'C. For 15'C, the same
changes in transfer cross section had only a minor effect.
Changing the Lorentz parameter a to 0.04 increased the
overlap of groups of lines. Changing a to zero separated
the groups in the complete1y resolved spectra. Reducing
the quenching rate to zero had no apparent effect. Re-

placing the parabolic profile for excitation by a flat pro-
file reduced the quenching probability but the effect on
the spectra was minor. Of the several variables only the
mercury-mercury transfer cross section and the Lorentz
parameter a had a significant effect on the exit spectra.

Additional calculations were made to determine the exit
probabilities at various levels of enrichment with ' Hg.
The results are shown in Fig. 10. The exit probability in-
creases with ' Hg concentration from 82% at zero to a
peak of 84% at about 10% ' Hg and decreases thereafter.

The calculations were performed on a Prime 750 com-
puter programmed in the Fortran language. A typical run
of 20000 initial excitations required about 20 minutes of
central processor unit (cpu) time for 40'C or 3 minutes of
cpu time for 15 C.

DISCUSSION

The good agreement between calculated and measured
spectra, obtained without any adjustment of input param-
eters, suggests the Monte Carlo treatment gives a faithful
simulation of the physical processes involved. It is there-
fore expected that method may be used successfully in the
prediction of many of the properties of systems in which
resonance imprisonment occurs. In particular, the effects
of several variables on fluorescent lamp performance may
be predicted.

The reason for the relatively minor differences in exit
line shapes for 15'C is not clear. The slight line reversal
for several groups appearing in the calculated spectra
might be explained by a small difference between calcula-
tion and experiment in mercury densities. A more likely
explanation is that the resolution parameter f for the ex-
periment is lower than that used in modifying the calcu-
lated spectra for comparison with experiment. A direct
measurement rather than an estimate of the instrument
resolution would be useful.

The variation of the exit spectra with exit angle for the
four base cases is small. The narrow-angle ( & 20') spectra
display a slightly greater line reversal than the spectra for
all angles. Since the variation is small the comparison of
the narrow angle and experimental spectra (very low an-
gle) appears reasonable.

The method is clearly economical for fluorescent lamps.
For systems with much higher absorption probabilities the
computation requirements may be excessive. Extension of
the technique to treat systems in which the temperatures
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or velocity distributions vary with position is relatively
simple.

The relation between overall fluorescent lamp efficiency
(useful radiation out/electrical energy in) and the overall
exit probability reported here (number of exits/initial ex-
citations) is complex' ' and not easily determined. The
quenching of 6 P~ mercury atoms does not necessarily re-
sult in the loss of radiation energy to low-temperature
heat, since the quenching may release energy to electrons
or atoms which return the 6 P~ state in subsequent col-
lisions with ground-state mercury atoms. Nevertheless,
the relation between imprisonment time and lamp effi-
ciency has been established qualitatively ' and a similar,
but more direct, relation could be developed in terms of
exit probability. It is clear that increasing exit probability
increases lamp efficiency when other factors are held con-

stant.
The exit probability curve of Fig. 10, calculated for

varying mercury-196 concentrations, is similar to the cal-
culated efficacy curve of Ref. 13, which is based on im-
prisonment time correlations. The shape of the experi-
mental curve of Ref. 13 differs, although the maximum
increase in efficiency is similar. Since the experiments are
very difficult to perform with high accuracy, the differ
ence may be within the uncertainty in the experimental
data.

The method may be applied in the analysis of fluores-
cent lamps of other configurations and classes. It also has
applications in treating a variety of radiative transfer
problems including those of other plasmas, laser-excited
gases, stellar atmospheres and interstellar space.
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