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Selective spin inversion in nuclear magnetic resonance and coherent optics
through an exact solution of the Bloch-Riccati equation
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An analytical solution of the Bloch equations is presented using as a driving function a complex hyperbol-
ic secant pulse. The solution indicates that, under the appropriate conditions, the use of such a pulse
creates a highly selective population inversion which, above a critical threshold, is independent of pulse (ir-
radiating Bi field) amplitude and hence Bi field homogeneity. This result is shown to be in excellent
agreement with experiment, and as an aid to comprehension, analogies to adiabatic rapid passage and self-
induced transparency are drawn.

It is well known that the disciplines of nuclear magnetic
resonance (NMR) and coherent optics have much in com-
mon in their descriptions; similar phenomena such as spin
and photon echoes, free induction decay, and adiabatic fast
passage are observed. Recently, Baum, Tycko, and Pines'
have published a method for broadband spin inversion us-
ing the concept of simultaneous amplitude and phase-
modulated B~ fields based upon analogies to coherent op-
tics. Consequently, we have suggested that the complex
form of a hyperbolic secant (sech) Bi field is a useful alter-
native analysis for narrow-band spin inversion and is the
NMR analog of self-induced transparency. ~ McCall and
Hahn4 showed that a pulse of light could propagate through
a medium and evolve into a 2n- sech pulse, with negligible
change in the pulse shape, provided the incident pulse
power was above a critical threshold. Similarly, we have
shown that the application of a complex, sech radio-
frequency Bi field pulse to an inhomogeneously broadened
NMR spin system creates a spin inversion over a sharply
defined region within the spectrum, provided the incident
pulse power is, once again, above a critical threshold. Out-
side that region, the spins are returned to their equilibrium
positions, and magnetization remains unaffected. In this
Rapid Communication we therefore give the theoretical
basis for this unique phenomenon and show that our theory
is in excellent agreement with experiment.

To begin our analysis, we write the Bloch equations in the
rotating frame. Ignoring relaxation effects, we then have

equation:

f+ ikon ~iQ "(t)f + TiQ(t) =0 .

In general, this equation cannot be solved analytically.
However, there is one well-known driving function —a hy-
perbolic secant —for which a solution may be found.
Consider therefore

Q (t) = QQ(sechP (t —to) )'+'&,

where p, is a real constant and Qo is the pulse amplitude.
Figure 1 shows that Eq. (4) is a complex Bi field, with both
x and y components applied to the NMR spin system simul-
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Here i =4—1, M is the complex magnetization in the x-y
plane, M, the longitudinal magnetization, and Q ( t)
= —y (Bt„+iBt~) the complex, time-dependent driving
function. Let

M
Mo+ M,

where Mo is the equilibrium magnetization. Equations (1)
can then be directly transformed into the Bloch-Riccati (BR)

=B

FIG. 1. (a) The complex, hyperbolic secant Bi field pulse with

p, S.O. (b) A plot of Bi„vs Bt~ in the rotating frame.
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taneously. Inserting Eq. (4) into the BR equation, and us-
ing the transformations

at equilibrium, B=O. From Eq. (5), we then write the
solution to the BR equation as

2x = 1+ tanh[p (t —ro) ];
pt 't

W= exp —~i J Q'(t') j'dt'

We obtain

r

x(1—x) W" + II' —x(1+ ip, )+ 7+i
2P 2

(5)
P sech[p(r r )] ab F(a+ I,b+ I;c+ I;x)

F(a,b;c;x)

We next investigate the behavior of the solution when
t ~ and x 1. To this end, we may further reduce
Eq. (11) through well-known identities. 9 Writing
sech [p(t —to) ] as 2[x(1—x) ]' 2, we have that

2

+ ' W=o, (6)
2

which is a hypergeometric equation whose solutions are of
the form

W(x) = AF(a, b;c;x)

+Bx' 'F(a —c+1,b —c+1;2—c;x) .

2p I (a + b+ 1 —c)r (c —a)r (c —b)
r(a)r(b)r(c —a —b)

Through the definitions

c —a=~ —p+i(v+~p) = (1—&)',

c —b = ~+p+i (v+ ~p, ) =g,1 1

and a = z = —b', we then obtain

(12)

(13a)

(13b)

'2 ' '2' 1/2

a= I~+
2 2p 2

= I~+P,
2

A and 8 are arbitrary constants, and

(8)

2P r(g)r(I-C)
Q, r(z)r( —z)

(14)

Taking the square of the modulus, and using well-known
trigonometric and gamma-function identities, we obtain

2

'2 ' '2 1/2
0

2P 2 2
(9) cosh2m(~p, ) —cos2n p

cosh n (hem/2P ) —sin2mp
(15)

1

f'=~+ l + =I+ Iv
AM Ll

2P 2

Expressing M„ the longitudinal magnetization, in terms of f'
we see that

where we consider solutions for p real and 2p~1, 2, 3, . . . .
From the boundary condition f 0, for t —~ and
x 0, it may be shown that if the magnetization is initially

I

M,
1+ lfl'

Inserting Eq. (15) into Eq. (16) we have that

(16)

(

M (ho)) g~ a, AM lL 0=tanh~ + tanhm —~ +cos m —
JM,

Mo 2p 2 2p 2 p

1/2

sech' + ~ sech+AM Ao)

2P 2 2P 2
(17)

We now can use this equation to predict the behavior of the
inversion for different parameter values.

Equation (17) has several interesting features. First, con-
sider the case where the driving function has no phase
modulation (i.e., p, =0). Whenever Q0=2np(n = 1,
2, . . . ), M, =Ma, independent of hcu. In other words, a
sech pulse of the correct amplitude causes an excursion of
magnetization from its starting position, but then returns it
to its starting point. However, unlike the phenomenon of
self-induced transparency, ~ the effect is not independent of
pulse amplitude. Second, consider the limit as p,

p 0, p,p C, a constant, and Q ~ C. Under these can-
ditions, as t ~ (we neglect relaxation), M, ~ —Mo.
Thus, magnetization is inverted over all frequencies. The
driving function then becomes in the region about t0,

experiment, for co, is swept with time. We therefore see
that there is a close relationship between the use of complex
sech pulse and a passage experiment.

Third, we note that the second term in Eq. (17) has a
maximum value of unity, and that once p, ~ 2, the term has
negligible ( & 1%) influence on the value of M, . Thus,
provided Qo~ p p, M, is essentially independent of the am-
plitude of the 81 field, and therefore is independent of the
Bi field homogeneity —an important practical point.

Fourth, as u [u =m(Ace/2p+ Tp, ) ] increases from nega-
tive to positive values, so tanhn switches from an asymptote
of —1 to +l. When o. = +1.47, tanha= +0.9 and thus
the rise from the 5% to the 95% level in the function
occurs over the small range of Ao. = 2.94. Now for
Qo~ pp, p-2,

't

, (r —ro)'
Q = Qo cos p,P2

2
. (18)

1

, (t ro)'——i sin pp'
2

ao)' =tanhm +~ tanhm
507

Mo 2p 2 2p 2
(20)

Thos, the Bi field is rotating at a frequency given by is a localized inversion of magnetization (Fig. 2), of width

Ms = p p (r —rO), (19) Aa) = +pp . (21)

and we are effectively performing an adiabatic rapid-passage It is clear that as p, increases, the selectivity of the inversion
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