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Electron-atom elastic shadow scattering
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The interference between scattered and unscattered elastic waves in beam-beam scattering is investigated
in the small-angle limit. It is shown that the scattered intensity averaged over the scattering volume leads
to a diminution of the forward scattering proportional to the total scattering cross section or imaginary part
of the elastic scattered amplitude with angular dependence determined by the shape of the projectile and

target-beam-intensity distributions. This effect cannot explain earlier observations of forward scattering
enhancement observed by Geiger and Moron-Leon I.Phys. Rev. Lett. 42, 1336 (1979)].

It is well known that the intensity of elastic scattering of a
single projectile particle by a single target particle in a
plane-wave formalism is proportional to'

I~ 1+—cos[kr (1 —cos8) + q(8) ] If (8) I +2 lf (8) I'
r r

where r is the distance between the scattering point and the
detector, k is the incident projectile momentum, 8 is the
scattering angle, and ri(8) is the phase of the scattered am-
plitude f (8). The average over all angles of the interfer-
ence term in Eq. (1) was shown by Schiff to lead to the op-
tical theorem. ' Hence, the average of the interference term
over a11 angles is given by
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which points out that the major angular effect of this term
is to decrease the forward scattering which results in the
formation of a true shadow. For single-projectile-single-
target scattering the zero-angle contribution from the in-
terference term is (2/r) Ref'(0) which is positive. Howev-
er, this term does not contribute significantly to the result
obtained by averaging over some angular range about zero
due to the presence of the sin8 term in the differential solid
angle d Q.

Normally the contribution from the interference term to
the differential cross section is not considered. The reason
is that the product kr for electron scattering is of the order
10-10' and, hence, the interference is highly oscillatory
and averages to zero over any finite-sized projectile detec-
tor.

On the other hand, even if kr —10', this term is still sig-
nificant for sufficiently small scattering angles ()M, rad range).
In fact the interference term is generally on the order of
10-10~ times larger in the small-angle limit than the usual-
ly observed [If(8)I /r ] scattering term. Hence, if one at-
tempts to measure the differential cross section close to the
incident beam there may always be some scattering events
taking place close to the edge of the projectile beam for
which the effective scattering angle into the detector is in
the p, rad range. The probability for such events to contri-
bute significantly to the scattering need only be as large as
10 times the probability for scattering events in the
projectile-beam center. This observation suggests that the
effect of projectile-beam and target-bean sizes may play a
significant role in the nature of the contribution of the in-
terference term to the elastic differential scattering cross
section. The purpose of this Brief Report is to investigate
this possibility.

A beam-beam scattering geometry is assumed with projec-
tile and target beams with respective beam distributions
p (x,y, z ) and r (x,y, z ). Only p is normalized to unity. The
z axis is parallel to the incident projectile direction and the
detector is placed at the point (xp,yo) at a distance ro from
the origin in the center of the interaction region. We con-
sider the two possible extreme orientations of the target-
beam axis t„(x,y, z) and r~(x,y, z) for the beam parallel to
the x and y directions, respectively. These distributions lead
to inequivalent results due to lack of rotational symmetry
about the z axis of the product p(x,y, z) r~(x,y, z) or
p(x,y, z)r„(xy, z) The averag. e of the interference term can
be written as
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where both r and 8 are functions of x„y, and z as

with
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For the I/r term the approximation

(uo —u )'+ (uo —v)'
r ro(1 —co) 2(1 —0) )

is used with the z-direction integration limited by the detec-
tor (ro) in the positive z direction and the position of the
projectile source in the negative z direction (L ( ro). It is
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assumed that the distribution p vanishes in the x and y
directions and t vanishes in the z direction before any exper-
imental impediments are encountered and that both distri-
butions are slowly varying in comparison to the term involv-
ing cos[kr (1 —cos8) + q(8) ]. The effective scattering angle
8„ is given as (xp +yp )'/2/rp in radians.

Because krp/2(1 —z/rp) varies from at least 100 to ~ it is
clear that as long as q(8) is a slowly varying function of 8
in the small-angle limit or can be characterized by an expan-

sion of the form

(6)

the averages over x and y in Eq. (3) are classic examples for
application of the stationary phase method of integral
evaluation3 with accuracies of at least three to four signifi-
cant figures. By use of the substitutions m =1/(1 —co) and
K=T[krpm+q"(0)m2], Eq. (3) reduces to
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Application of the stationary phase method of integral evaluation to Eq. (7) yields'
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where, since 7i "(0)/krp is generally of order 10, one has finally
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assuming f (8) —f (0). Here, ( ) signifies integration over
x,y, z, ( ), over z only; the direction of the target beam has
not been specified; gp is the number density of the target
gas in the scattering region and i p', the total projectile-beam
current. Note that the first two terms on the right-hand
side of Eq. (10) are just the first two terms in the expansion
of the Beer-Lambert law in the low-pressure limit for the
transmitted intensity I written as I =Ipe "', with crt, t the
total scattering cross section, n = gp, and I is the path length

Equation (9) at first glance may seem strange since in the
zero-angle limit the result does not approach the zero-angle
limit of Eq. (1). The reason for this is that the average over
the projectile beam can always be cast into cylindrical coor-
dinates with origin directly oyer the detector at the point
(xp,yp) which supresses the zero-angle contribution in the
same way as in the case of Eq. (2) where the average is tak-
en over scattering angles.

We note that the interference term only contributes to the
scattering when the detector is in some portion of the un-
scattered beam since it is proportional to the unscattered
beam intensity iop (xp,yp, ru) at the detector. Since the
detector is inside the beam the total intensity seen by the
detector will be

t (no) = Io(p (xo yo.z))* /0'rto
4m Imf (0)

I

through the gas. The latter may be defined as

(P (x0yp z)t(Xpyp z)), /(p(Xpyp Z)),

with the current Ip as ip(p(xp, yp, z)), . Hence, if the
current recorded in a beam trap of radius a in the absence
of gas (go=0), I(0), is divided out, the result for parallel
Gaussian beams will be
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where o& and o-~ are the standard deviations of the target
and projectile beams, respectively. For a Gaussian-
electron-beam standard deviation of 200 p,m, a flow rate of
5 x 10' molecules/sec, an average molecular velocity of
Sx 10 cm/sec (Nz at 298 10, and a gas beam standard de-
viation of 1 mm, the beam attenuation by the first term on
the right-hand side of the equal sign in Eq. (11) should be
of the order of 1% for a total crosss section of 10 ' cm,
with the second term on the right-hand side making a negli-
gible contribution with a 1-mm beam trap diameter (2a).
This result is in qualitative agreement with the experimental
observations of Wellenstein. 4

It is also of interest to consider the ratio 8 of the interfer-
ence term to the scattering term. Assuming parallel Gauss-
ian beams and constancy of the scattered amplitude in the



2708 BRIEF REPORTS 31

TABLE I. The ratio of interference scattering to regular scattering for 25- and 3S-keV electrons scattered
from atomic helium with a scattering center to detector distance of 50 cm for various Gaussian projectile, o~,
and target, cr„standard deviations. The term in parentheses denotes the distance of the detector from the
center of the projectile beam in projectile-beam standard deviations.

s
(mrad)

cd = 100 pm
cry =1 mm

ty

25 kcV
crp =500 p, m

~, =1 mm

tx

cd = 500 p.m

~, =1 mm

ty

35 keV
o-p =200 p, m

cr, =1 mm

ty

2

—1.08
(5~, )

—6x ].0
(10~,)

—7.9 x 104

(1,)
—1.8 x 104

(20~)
—1.4 x 103

(3~p)
—4.4x 10'

(4, )
—4.8x 10

(S~p)
—2x10

(6~, )

—7.0x 104

(1,)
—1.1 x 104

(2~p)
—4.7 x 102

(3(r~)
—5.9

(4a- )
—2.1x 10

(5crp )
—2.2x 10

(6,)

1.9x 10
(2.5(rp )

1.1x 10
(5,)

1.0x 10—8

(7.5o- )

small-angle region the ratio is given by
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For He with o.t,t
—1.4 x 10 '8 cm2 (Ref. 5) and

~f (0) ~

—0.439&10 8 cm (Ref. 6) one obtains the results
given in Table I for various choices of the parameters. The
values for the experiment reported by Geiger and Moron-
Leon' of ro —50 cm, a-~ —7 p, m, and cr&

—3 mm do not
give a measurable effect in the milliradian angular range.
The values used by Fink, Wellenstein, and Coffman~ are
given in the fourth column in Table I and suggest that the
effect would also not be a factor in their experiment. Note
that o-~ and a-, refer to beam dimensions in the scattering
region. In addition, if Lorentzian distributions are used the
interference effect should be broadened to even larger
scattering angles. Table I illustrates the total dominance of

the interference term inside the scattered beam.
In summary, it has been shown that the interference

scattering (1) averaged over a finite scattering volume leads
to true shadow scattering (diminution of the scattered inten-
sity in the forward direction), (2) should be measurable
with current experimental capabilities, and (3) can in no
way explain the enhancement of elastic scattering in the for-
ward direction observed by Geiger and Moron-Leon. 7

Observation of the beam attenuation in the forward direc-
tion under single scattering conditions appears feasible. Ab-
solute determination of the cross section requires careful
characterization of the target beam which is normally a diffi-
cult task. On the other hand it may be possible to obtain
the projectile energy dependence on the relative total cross
section without characterization of the target-beam distribu-
tion. This could provide valuable information on certain
parameters characterizing the elastic and inelastic scattering5
at high projectile energies.
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