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The quantum mechanics of nonlinear Hamiltonians whose classical limit is of the form
H =Kq’p? is studied in several dimensions. Such Hamiltonians arise in the canonical formulation
of the hydrodynamics of an ideal, incompressible fluid, where the canonical variables are Clebsch
potentials. They also appear in the study of the propagation of electromagnetic radiation through
an optically active medium. Despite the nonlinearity, exact solutions are obtained in both the classi-
cal and quantum-mechanical formulations. The relevant Heisenberg operators for the dynamical
behavior of the system are found and compared to their corresponding classical counterparts.

I. INTRODUCTION

Symmetrized dynamical equations for many physical
theories may be interpreted as referring to either classical
functions or to quantum-mechanical operators. In this
paper we formulate the hydrodynamics of an ideal, in-
compressible fluid so that the equations refer to
quantum-mechanical operators as well as to classical
fields. Although a fundamental view would consider the
appropriate hydrodynamic quantities as statistical aver-
ages over microscopic variables, interesting results are ob-
tained if the averaging process is assumed completed and
“macroscopic” variables are used.

We consider the velocity and pressure fields for an
inviscid, incompressible fluid, u(x,?z) and P(x,t) to be
quantum-mechanical operators satisfying the equations

%+%{u-Vu}+VP=o, (1.1)
V-u=0, (1.2)
where the curly brackets denote symmetrization so that
(v ou; Ju;
u u,~} ——uj axj -+ axJ uj . (1.3)

We assume the classical velocity and pressure, v,P, are
given by the mean of the corresponding quantum-
mechanical operators,

v(x,t)={(u(x,t)) , (1.4)
P(x,t)=(P(x,t)) . (1.5)
Letting
w(x,t)=u(x,t)—v(x,t) , (1.6)
we obtain from Egs. (1.1) and (1.2)
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%-f-(—;—{(w—i-v)-V(w—l-V)} +VP)=0,

V.v=0.
Thus the evolution of the fluid is given by

(1.7)

(1.8)

v

ot

The quantum-mechanical fluctuations, therefore, give
rise to ‘an internal stress which does not appear in the
inviscid Navier-Stokes equation. Using the incompressi-
bility condition, we obtain

+v'Vv=—(5{wVw}+VP) . (1.9)

%({w-Vw})=£;(%(wiwj+ij,~)) (1.10)
so that the total stress is given by

£;(T,.j+138,~j) (1.11)
where

Y}j=—;—(w,~wj+ij,-) . (1.12)

Note that the above result does not depend upon the de-
tails of the commutation relations.

For a two-dimensional incompressible fluid, u-@=0,
the vorticity field w(x,t)=V><u=wiE, and the dynamical
equation reduces to vorticity convection

dw
- ‘V)o=0.
Y +(u'Ve
For such a system it has been shown' that a canonical
formulation exists using variables of the type first em-
ployed by Clebsch.2~* 1In this formulation, the velocity
field is given by

u=P-(aVpB),

(1.13)

(1.14)
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where P is a suitable projection operator and «,f are
canonical variables for the fluid. The canonical equations
of motion obtained by variation of the Hamiltonian’

=+ [ u%dx (1.15)
are given by
%‘ti+u-Va=o, (1.16)
aB
——+4+uVB=0. 1.1
31 +uVB=0 (L.17)

The fluid equation (1.13) is obtained from the above equa-
tions using the relationship @=VaXxXVpB. Equal-time
canonical commutation relations are assumed for a and .

We may introduce a complete set of functions f,(x)
and define

a= 3 qmfm(x), (1.18)

B=3Pm fm(x). (1.19)

Since the a,B are canonically conjugate and the f,, are
complete, we have the Poisson bracket

{@msPm'} PB=8mm" - (1.20)
The functions f,, may be chosen such that
J dxXP-(fVm) P (fu V) (1.21)
= [ AX(fnVfm) P-(fuVFu) (1.22)
=Ko By Sy (1.23)
so that the Hamiltonian is given by
(1.24)

H= 3 KnpmaipPs -
m,m’

For our model we choose a small number of modes and
assume K,,,,» ~K8&,,,, for these modes. We are, therefore,
led to the study of a model Hamiltonian for quantum hy-
drodynamics composed of gp pairs with the classical limit

Hy=75Kq’p*. (1.25)
The corresponding Lagrangian is
1 1 .
L== 2. 1.26
2 ke q (1.26)

Thus, the Hamiltonian (1.25) may be viewed as describing
a system with a position-dependent mass. The transition
to quantum mechanics proceeds with the standard as-
sumption that

1
{ qm:pm’}PB‘_’i—h‘[erpm’] .

Another system of current interest to which this
analysis may be applied is the propagation of electromag-
netic radiation through an optically active medium. For
each mode of the field, g~E and p ~B;’ thus terms of
the form g2p? will correspond to a medium in which there
is a Faraday effect. In addition, Hamiltonians of this
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form also arise in the study of plasma transport perpen-
dicular to a uniform magnetic field.

II. GENERAL STRUCTURE

For a dynamical system with 2N degrees of freedom,
one can construct N? linearly independent Hermitian
operators O;, i=1,2,...,N? from the N? forms g;p;.
The canonical operators g; and p; satisfy the commuta-
tion relation

[q,,p_,]=lﬁ8,1, 1712 192’ e N.
The N? operators O; satisfy the closed algebraic system
[0:,0;]1=iic;j O 2.2)

where the structure constants c;; are real.
A quantum Hamiltonian is constructed which has the
classical limit

H,=+5Kq?p?

(2.1

(2.3)

which is obtained assuming ¢; and p; commute. The
operators O; are chosen such that the guantum Hamil-
tonian contains only terms of the form Of.

In Sec. III we present both the classical and quantum-
mechanical solutions for the one-dimensional case. For
this case, results are given for the more general Hamil-
tonian

H=Kq"p" 2.4)

and its corresponding quantum analog, as well as specific
results for n =2. We note that for this model, energy sur-
faces in phase space are hyperbolic.

Solutions for a two-dimensional system, of particular
interest for the fluid model described in Sec. I, are
presented in Sec. IV. Solutions for the three-dimensional
case are given in Sec. V.

The solutions given for the two- and three-dimensional
models exhibit conservation of angular momentum. Us-
ing Egs. (1.18) and (1.19) for the canonical variables a and
B3, the vorticity is given by

o=VaxXVB= 3 quPm'Vfim XV m . (2.5)
m,m’

Therefore, for our model

= ZL,'F,' N (2.6)

i

where

L;=¢€;xq;pk » 2.7)
and

Fi=YeuVfiXVfi - 2.8)
Note that the enstrophy

N= [ o%dx 2.9
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is a constant of the motion.

In terms of the g,p variables, we see that the vorticity is
related to components of the angular momentum in the
multidimensional space they define. Hence the quantiza-
tion of angular momentum leads to the quantization of

vorticity.

III. ONE-DIMENSIONAL CLASSICAL
AND QUANTUM SOLUTIONS

We consider the classical Hamiltonian

H=Ku" (3.1)
where

Clearly, u is a conserved quantity. The resulting Hamil-
ton equations are

g=Knu""'q, (3.3)

p=—Knu""1p, (3.4
with solutions given by ;

g()=q(0)eKm"~"t | (3.5)

© p(t)=p(0)e—Kmu" 7t (3.6)

For the interesting case of n =2 we have the “hyperbol-
ic” oscillator

H= —;—Ku 2 3.7)
for which we obtain

q(t)=vq(0)eK"‘ , (3.8)

p(t)=p(0)e K4 3.9

The corresponding quantum-mechanical Hamiltonians
are obtained by setting

u=+(gp+pq) (3.10)
which makes these Hamiltonians Hermitian.
Defining the Heisenberg operator’
0,=U%0U (3.11)
where
U=e—U/MHL (3.12)
one obtains
q'+=#[q+,H], (3.13)
be=rlpiH]. (3.14)
Note that Eq. (3.7) implies
u,=u (3.15)
so that u is a conserved operator.
From Eq. (3.11) we have
g4 =e(i/2ﬁ)Ku2tqe—(1‘/2h’)Ku21 , (3.16)
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Py =eli/2hKuty, (3.17)

Using the canonical commutation relation, Eq. (2.1), we
obtain

—(i/29)Ku?t

g, =eK/2utge (K2t (3.18)
P, =e~K/Dutyy —(K /2t (3.19)

Equations (3.18) and (3.19) are in close correlation with
the corresponding classical expressions of Egs. (3.8) and
(3.9). Higher moments of g and p are obtainable from q.,
and p since Eq. (3.11) implies

HO,' =H(O,)+ .

i=1 + =1

(3.20)

One can find eigenfunctions ¢, (g) of the Schrédinger
operator :

d 0

=2 |73+ 3

(3.21)

corresponding to the eigenvalue 4. The resulting expres-
sion is

1 e(i/ﬁ)uln]q]

where
I dg i, =8 —u') . (3.23)

Thus the spectrum of H is continuous.
The resulting Green’s function for the n =2 case is

G(g2,91,t)=(q, | U(t) | q;)

= [ (@ U® | u)ulqddu . (324)
Thus
Glangit)= f_: du e ~U/WKCty (0 v0*(g)) . (3.25)
Upon performing the above integration, one obtains

—p—lin/4 1

Glgzg1,1)=e """ )2\/211*fiKt lg1] |g2]
¢ —(i/2#iKt) ln._lq_ll_ 2_ (3.26)
lq2 |

We now study the more general Hamiltonian for arbi-
trary n

H=Ku" (3.27)
for which

g, = I/MKu"ge /MK (3.28)

Py =e /AR tpe —(i/RKu" (3.29)
Equations (3.13) and (3.14) yield

aq+ i 1 n

= e——— s ’ 3-

= = 7KU'lgu"U (3.30

a .

~p_+=_-éKU*[p,u"]U. (3.31)

ot
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Using the canonical commutation relations, one finds
by induction

[g,u"]=[(u+i#A)"—u"]q , (3.32)
[p,u"l=[(u—iA)"—u"lp . (3.33)
Equations (3.30) and (3.31) become, therefore,
a .
gt* = — KL+ —ulg, | (3.34)
a .
—gf—:—éK[(u—iﬁ)"—u”]p+, (3.35)
so that
a4 — e —U/RKLu+iAN—u"lty ,
=qe(i/ﬁ)K[(u——iﬁ)"—-u"]t , (3.36)
py=e —U/RK =i —u"lt,
=pe(i/ﬁ)K[(u+iﬁ)"—u"]t . (3.37)

The latter expressions in Egs. (3.36) and (3.37) follow
from the fact that g, and p, are Hermitian operators.
Equations (3.36) and (3.37) imply that

(gp)y=gqp , (3.38)

(pg)y=pg . (3.39)

Therefore, not only is u a conserved operator but also the
operators gp and pg are separately conserved, in close
proximity to the classical result.

IV. TWO-DIMENSIONAL MODEL

The four linearly independent Hermitian operators
-chosen are

ur=7(q1p2+q2p1) » 4.1)
uy=7(g1,p1—q2p2) » 4.2)
Q=17(q1p2—q201) 4.3)

=+[(q1p1+P191)+ (@202 +P295)] - (4.4)

The three operators u,u,,{) are closed under commuta-
tion

[ul,u2]=iﬁﬂ ’ (4.5)
[u1,0]=iﬁu2 , (4.6)
[u2,0]=—ihu1 . (4.7)

The operator C commutes with u,u,,{). Note that Q is
one-half the angular momentum operator L;. It is also of
interest to note that the Lie algebra described by Egs.
(4.5)—(4.7) is isomorphic to the two-dimensional Lorentz
algebra.’

The Hamiltonian

H=1Kul+u}) (4.8)
has the classical limit of Eq. (2.3). Since
[Q,H]1=0 (4.9)
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the operator () is conserved. As H,Q, and C commute
with each other, one can find simultaneous eigenfunctions
of these operators.
In cylindrical coordinates
2 2 2
D <% P N

8 ar? ar ' 96? 4.10)

We search for eigenstates of the Hamiltonian such that

Hy(r,0)=Ey(r,0) . (4.11)
Setting

P(r,0)=F(r)G(O) , (4.12)
the resulting equation is

1| ,d°F , dF 8E _1d*G

0 ey L K- G e (4.13)

Setting each side of Eq. (4.13) equal to —m?2 and requir-
ing periodicity in 6 yields

G(0)=e™®, m=0,+1,%2.... (4.14)
Setting
F(r)=r7f(r) (4.15)
the equation which f(r) must satisfy is
rAfr(r)+Qy +3)rf '(r)
8E )
+ X7 —m*+y(y+2) |f=0. (4.16)
Choosing ¥ =—73 eliminates the second term of Eq.
(4.16). The equation then has the solution
f(r)zr(ik+1/2) (4.17)
for
2
E=XE (k2 mipn) . 4.18)
In Egs. (4.17) and (4.18) k is continuous.
The eigenfunction ¥y, (r,0) of H is
, 1 4
Yiom (r,0)=>— rikeimb o <k <o, m=0,%1,....
(4.19)

In Eq. (4.19) we have normalized vy, (7,0) such that
© 2
[ drr [T 09 mtbin =8(k'—K)B i, .

In cylindrical coordinates, the expressions for the
operators ) and C are

(4.20)

i d
== 39"’ 4.21)
__if| 3
C=— 2 [rar—{—l . 4.22)

Thus ¥y,,(r,0) is a simultaneous eigenfunction of the mu-
tually commuting operators H,  and C, with associated
eigenvalues
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Ek,,,=58i<k2+m2+'1), 4.23)
Q, = "'Tﬁ ) (4.24)
Cr= ﬁz’i (4.25)

G(r,G,r’,G’,t)=(r,9 l e—(i/ﬁ)H{Irr,eﬂ)

— f—ww dk 2 e—(i/ﬁ)Ekmt<r,6 I k,m )(k,m |r',9') i

m=—o0

Evaluating the above expression we obtain

172
i 1 27 1
’0’ l, I’t —_ —i(w/4)_2 | <0 —_ j | ——
G(r,0,r',0't)=e > |7k pe B L o
i#iKt & i#iKt
Xexp|——— | 3 ——
8 Im=_w 8
Defining the expressions
u' =y, +iu, , (4.29)
u'T=u;—iu, , (4.30)

the Hamiltonian (4.8) can be written as the sum of two
commuting Hermitian parts. Thus

H=H*"4H-+ (4.31)
where
H‘*‘”:%u‘*)u‘_), (4.32)
H(_+)=~I:-u(_)u(+). (4.33)

The states g, (r,0) are eigenstates of the operators
H'*~) and H'=1) with respective eigenvalues

E:i:"=%[k2+(m+1)2] , 4.34)
2
E£;+’=%[k2+(m—1)2] . (4.35)
Since
o(u,y) 1
—éi=ﬁU*[u1,H]U
K
=S[00 4 +(43),.0] , (4.36)
a(uz) 1
—ja—t;‘l:_-i*gUT[uz,H]U
K
=——2—[ﬂ(u1)++<u1)+m , (4.37)
one obtains
3 (G)
= = iR +u ), (4.38)
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w
—

|

The Green’s function is given by

G(r,0,r,0,)={r,0| U |r'e) . (4.26)
Thus
4.27)
In? —’r— +(6'—6) l
4 2
—_— 9’__
lm + th( 9)] (4.28)
T
F:) (=)
‘;: =i§(ﬂu(+")+u(+—)ﬂ) . (4.39)
These equations imply
u(F) e K /D0ty (4+)p —i(K/2)01 (4.40)
+ ’
u(+—) — i (K201 (=), i(K /20t 4.41)

Using the definitions of Egs. (4.29) and (4.30) we obtain
the result

(u; )y= %(e —i(K/2)Qt, (+), —i(K/2)0t

i(K /208, (=), {(K /20
+e u el( /2), t), (4.42)
(13) 4 = — (e —1UK/2)08, (+)g —i(K /208
2
QI K /D0 (—)gi(K /2)0) (4.43)

V. THREE-DIMENSIONAL CASE

We choose the following nine linearly independent Her-
mitian operators of the form g;p;:

uy=q1p2+92pP1 » (5.1
wi=1(q1P1+P191) (5.2)
Q1=q1p2—92P1 » (5.3)
uy=q1p3+43p1 » (5.4)
Wo=1(g202+P242) (5.5
Qr=q1p3—4q3P1 » (5.6)
u3=qyp3+4qspz » (5.7
W=7 (q3p3+P3d3) , (5.8)
Q3=q2p3—9q3P> - (5.9
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Alternatively, instead of the three w operators, we can
construct the operators

Ci=7(q1p1+P191+9202+P292) (5.10)

Co=3(q\p1+P191+4303+P3q3) (5.11)

C3=73(q2p2+P292+93P3+13q3) (5.12)
so that ’

Ci=wi+w,, (5.13)

Cr=w;+w;, (5.14)

Ci=wy+w;. (5.15)

The operators C;, i =1,2,3, commute with the operators
u;,w;, ;. Furthermore, their sum

C:C1+C2+C3 (5.16)

commutes with all of the operators of Egs. (5.1)—(5.9).
These nine operators form an algebraic system that is
closed under commutation. Denoting the nine operators
of Egs. (5.1)—(5.9) by O;, i=1,2,...,9, one obtains

q
[0,,011=lﬁ 2 cijkOk . (5.17)
k=1

The nonzero structure constants c;;; have the values +1
and +2. Specifically
(5.18)

€149 =C153 =C167 =C176 =C194 =C231 =C246 =C264 =C3s5]

€123 =C347 =C369 =Ca91 =Cg93 =Cgo7 =1,

=C374 =C396 =C473 =C486 =C579 =C597 =C671 =Co84

=crp=—1, (5.19)
C132=C462 =C795=2 , (5.20)
Cl35s =Caes =C798=—2 . (5.21)
From Eq. (5.17)

Cijk = —Cjik (5.22)
so these quantities need not be listed explicitly.

The Hamiltonian
=§ iél(u,'z—l—v,-z—wf) (5.23)
J

¢k,,,.(r,e,¢)=—VIZ—TTLr”‘Y{"(e,w, cw<k<w, 1=0,1,2 ..., m=—IL—I+1,...,1.

p372
The normalization of these eigenfunctions is given by
J Viamicrmdx=8(k'—k)8yBpm: -
The corresponding eigenvalues of H are

2
Ek,=ﬁ—25—[k2+l(l+1)+3] .

The Green’s function is given by
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satisfies Eq. (2.3) in the classical limit with the assump-
tion that g;,p; commute. In Eq. (5.23) we have used

V1=¢q1P1—92P>2 » (5.24)
V2=¢q1P1—43P3 » (5.25)
U3=¢q7P2—43P3 - (5.26)

Note that the v operators are linearly dependent. They
may be expressed in terms of the w operators by

V=W —Wy, (5.27)
V=W —W;3, (5.28)
V3=Wp—W3. (5_29)

Substituting Egs. (5.27)—(5.29) into Eq. (5.23) yields the
alternative expression for the Hamiltonian

3 2 3
i=1 i=1j=2

i<j

With the structure constants given in Egs. (5.18)—
(5.22), we find

[L;,H]=0, i=1,2,3 (5.31)
where the L; are the components of angular momentum.
Thus, angular momentum is conserved and one can find
simultaneous eigenfunctions of L3 and H. In spherical
coordinates, the Hamiltonian is

K29 o _L? 3
H= 2 # ) +4r o 7 4 (5.32)
where
3
L= L}?.
i=1
Setting
Hy=EYy (5.33)
one finds the normalized eigenfunctions
(5.34)
(5.35)
(5.36)
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G(r,0,¢,t,r',0'¢")=(r,6,6 | e-"‘/ﬁ’H';r' 6',4")
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_f_ dkz z (r,0,¢ | e VPE 1 m M k,l,m | r',6',¢")

0om=-—I

— f dk 2 2 e—(zﬁK/Z)[k2+l(l+1)+3]t¢k1m (7,0,6)Wm (r',0,0") .

=0m=-—1

Performing the k integration and using the addition theorem, one obtains

172
1

477Kt

|
e iT/4

G(r,0,¢,t,r',0',¢')= 2

XexPlZﬁKt [ [ ” ]E (21 41)P;(cosy)e ~\AK/DIU+ Dt

where P; is a Legendre polynomial and y is the angle be-
tween (0',¢’') and (0,9).

VI. CONCLUSION

We have shown that there exists a Hamiltonian formu-
lation of phenomenological fluid mechanics. We have
then proceeded to quantize the model and obtained exact
solutions of a truncated version of the full nonlinear
Hamiltonian, which has the classical limit, Hy = 3Kgq%p>.
These solutions exhibit conservation of angular momen-
tum which we have shown is related to the quantization
of vorticity. Although the motivation for this work arose
from fluid mechanics, similar Hamiltonians are found in
electrodynamics.

We are presently developing the field theoretical exten-
sion of this work. The model Hamiltonian of interest for
quantum hydrodynamics is of the form

> Kopys9a98PyPs » (6.1)
a,B,v,8
. where the summation is over field modes, so that mode-
mixing phenomena must now be included. We plan to ap-
ply the results obtained from the field theory to fluid flow
and to quantum-optical systems.
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APPENDIX: DERIVATION OF THE CANONICAL
EQUATIONS

The velocity field u satisfying Eq. (1.1) and the in-
compressibility condition Eq. (1.2) may be written as

u= P-(aVp), (A1)
where a and B are nonlocal potentials and the projection
operator P has components
0 o)

Pi.i:'ij"gci‘GopE;C; : (A2)

e —i(3/2)fiKt

(5.37)
1
7372,1372
(5.38)
I
The Green’s-function operator satisfies
V3G, =1 (A3)
corresponding to the Green’s function
V:G(x,x')=8(x—x') . (A4)

The projection operator ensures that the constraint con-
dition Eq. (1.2) is satisfied. The basic properties of P are
given by

Z PiiPik =P , (A5)
j
d

ZEC__‘PU=O , (A6)

S P~ =0, (A7)
so that

P-u=u (A8)
and

V-u=0. (A9)

We examine the variational derivatives of
H=7 [ u%dx
= % f (aVB)-P(aVB)dx

=2(aVB, P(aVP)), (A10)

where we have employed Eq. (A8) and the Hermiticity of
P to simplify the integral. The variation of H gives

syaa:i((aa)vg, P-(aVB))

+(aVB, P-(8a)VP) (A11)
=(8a,VB-P-(aVp)) (A12)
=(8a,u-Vp) . (A13)
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Therefore, we obtain from Hamilton’s equation

B __oH

= (A14)
ot da

=-—uVpS.

Similarly, variation of H with respect to S gives
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da_®H_ oo

ar — oB (A15)

The canonical variables may be viewed as Lagrangian
“particle” labels that follow the flow of the fluid.
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