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Quantum theory of the free-electron laser: Large gain, saturation, and photon statistics
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Starting from the general QED Hamiltonian for the free-electron laser (FEL), a quantum-
mechanical, many-particle theory of the FEL in the laboratory frame is presented. When suitable
variables are introduced, the Hamiltonian is seen to a good approximation to be formally identical to
the nonrelativistic Hamiltonian in the resonant (Bambini-Renieri) frame used in other treatments.
The derivation is given for a general multimode laser field, although only the simpler case of single-
mode operation is discussed in detail. It is shown how the large-gain evolution equations for the
field, in the small-signal regime, may be obtained from the quantum theory. Then, from fourth-
order perturbation theory, the change in the first two moments of the photon-number distribution in
a single pass through the FEL is computed. Large-gain and saturation terms are obtained, for arbi-
trary values of the quantum recoil (i.e., both the classical and quantum-mechanical regimes are in-

cluded). The evolution of the photon statistics over many cavity round trips is discussed. In the
small-signal regime, the variance of the photon-number distribution is shown to correspond, to a
good approximation, to that of thermal, or "chaotic, " radiation. At saturation, a significant reduc-
tion of the fluctuations is expected, but no conclusions can be drawn from the perturbation-theory
approach. A numerical calculation of the buildup of-the field from vacuum (through spontaneous
emission) is presented. For simplicity, a uniform, circularly polarized, static wiggler is assumed in
the text; however, the theory may be generalized (along lines shown) to deal with nonuniform,
linearly polarized and/or traveling electromagnetic-wave wigglers.

I. INTRODUCTION

Most of the interesting properties of the free-electron
laser (FEL) can be studied within the framework of an en-
tirely classical theory (see, for instance, Refs. 1 and 2); in
fact, the vast majority of calculations being carried out
these days that deal with actual (or projected) devices are
based on the classical evolution equations for the elec-
tromagnetic (EM) field and the electrons. Nevertheless,
since the very beginning of FEL theories, attempts have
been made at developing alternate, quantum-mechanical
treatments. The reason for this is not just one of personal
taste; on the contrary, it seemed only natural that, once
the classical theory of the FEL was reasonably well estab-
lished, one should start asking the same kind of questions
that were asked about conventional lasers at that point;
questions involving the photon statistics and the quantum
coherence of the field radiated by an FEL (Ref. 3). Qbvi-
ously, a fully quantum-mechanical theory (in which both
the electrons and the field were quantized) was desirable
for this.

In the second place, the theory of the start-up of the
free-electron laser, and the evolution of coherence from
the initial noise in the oscillator, appear also to call for a
quantum-mechanical treatment that would include spon-
taneous emission in a natural way.

In addition to these, there may be a third reason to look
at the FEL from a quantum-mechanical point of view.
The classical theory is, after all, only an approximation,
although an excellent one for most existing and projected
devices; but, in an attempt to extend the range of FEI.
operation into the x-ray region, some devices have been

considered which would be essentially quantum-
mechanical in their behavior. These schemes involve the
(stimulated) Compton backscattering of a high-intensity
laser pulse by an electron beam of comparatively low en-
ergy. Gain calculations have been presented in Ref. 4 that
show that the potential exists to obtain a gain per pass on
the order of 100% at a wavelength A,, of 100 A, or the
smaller value of 40% at A,,=5.6 A. In these devices, the
Compton recoil of the electron is of the same order of
magnitude as the homogeneous (transit-time) broadening
of the emission line (which means that once an electron
has emitted a photon, the probability of its emitting
another one is considerably decreased); this makes a
quantum-mechanical treatment of the electrons necessary.
(Such a "semiclassical" theory of the FEL has been suc-
cinctly presented in Ref. 5.)

Most quantum-mechanical treatments of the FEL to
date have avoided the complications arising from the rela-
tivistic motion of the electrons by performing a Lorentz
transformation to a moving frame [the Bambini-Renieri
frame (Ref. 6)] where ordinary quantum mechanics (as
opposed to QED) may be used (Refs. 7 and 8). This has
not always been the case, however, and substantial work
has also been done in the laboratory frame (Refs. 9—11).
In the single-mode, cw-operation limit, the moving frame
is just as good as the laboratory frame (see the comments
on the Hamiltonian [Eq. (36)] in Sec. II below); the neces-
sity of performing Lorentz transform ations, however,
tends to obscure the physics in the moving frame when
one wants to deal with multimode fields, pulse-
propagation problems, or nonuniform wigglers. Recent
quantum-mechanical treatments have dealt with mode
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competition in nonuniform wigglers (Ref. 10), photon
statistics in the small-signal regime (Refs. 8 and 12), and
the photon statistics at saturation (Ref. 13), the latter only
in the context of a single-particle theory. Genuinely
quantum-mechanical effects such as antibunching and
squeezing have been investigated in the papers listed in
Ref. 8.

In this paper, the interaction Hamiltonian for the evo-
lution of the electrons-photons system in the laboratory
frame will be derived from quantum electrodynamics in a
fairly general way. It is shown how different kinds of
wigglers may be considered, and the theory is from the
outset a many-particle theory. This last point is particu-
larly important, since many-particle effects (e.g., terms
proportional to X, in the small-signal gain formula,
where N, is the number of electrons) are essential to the
high-gain regime (Ref. 14) in which some high-current,
short-wavelength FEL's now envisioned are expected to
operate. Amplified spontaneous emission [Ref. 8(c)] is
also a many-particle effect, and many-particle contribu-
tions have been shown (Ref. 12) to completely modify the
single-particle photon statistics at start-up. A multimode
radiation field is explicitly considered in the derivation,
although the rest of the paper deals only with the simpler
case of single-mode operation. The more general mul-
timode Hamiltonian [Eq. (34) below] is necessary to study
the development of (temporal) coherence, as well as
pulse-propagation effects; this will be done in a later pub-
lication.

In Sec. III, the FEL as amplifier is studied; that is, the
evolution of the radiation field in a single pass through
the device is considered. In the linear (small-signal) re-
gime, an evolution equation for the electric field ampli-
tude in the high-gain case is derived, which, for the large-
quantum-recoil regime, was first presented in Ref. 4. Sa-
turation (nonlinear) terms are also derived, which had
only been obtained before in the small-gain, small-
quantum-recoil limit (Ref. 15), and their dependence on
the detuning and quantum recoil is presented. Formulas
are given for the change (in a single pass} in the first two
moments of the photon number distribution.

These formulas are then used, in Sec. IV, to study the
oscillator problem, that is, the time evolution of the radia-
tion field in the laser. cavity over many round trips, start-
ing from vacuum (through spontaneous emission). The
photon statistics in the linear regime and at saturation are
discussed, and a numerical calculation of the buildup of
the field is given.

Finally, Appendix A contains some lengthy mathemati-
cal expressions left out of the main text for clarity.

II. INTERACTION HAMILTONIAN
IN THE LABORATORY FRAME

The QED interaction Hamiltonian for charged particles
and radiation is given by

II,=e f (q W, )d' . x (1)

To facilitate the comparison with the usual (classical)
FEI. theory, MKS units (instead of the more usual rela-
tivistic units) are used throughout.

where the y" are the Dirac matrices, the bar means the
Dirac conjugate, and the field operators 4 are defined in
terms of a set le I of solutions of the Dirac equation for
the electron in the field of the wiggler alone:

qi= g gp(x)bp,

(3)
4= g gp (x)bp

P

Here x is the four-vector position, the bz, bz are fermion
annihilation and creation operators, and negative-energy
solutions have been ignored. The functions gp (to be cal-
culated below) are chosen in such a way that outside the
interaction region they reduce to ordinary plane waves of
four-momentum p. The electrons are taken to be initially
traveling along the z axis, i.e., transverse momentum is
neglected.

The wiggler vector potential will be written as the
four-vector

A;"(P)=(O, A;) . (4)

The vector A; is assumed to depend only on the phase
P=k.x, where the dot denotes the four-dimensional dot
product of the position vector x with the "wave vector" k
given by

k"=(0,0,0, —kq)

(for a static wiggler) or

k = (co; /c, 0,0, —k; ) (5b)

(for an electromagnetic-pulse wiggler). Hence iI}=k~z in
the first case, and P =m; t +k;z in the second. Inasmuch
as the exact dependence of A; on P is not specified,
nonuniform wigglers are included in this treatment.

The electron states in the wiggler field are calculated as
follows. If a solution of the form

ipxlAF(y—) (6)
is assumed, it may be shown (Ref. 16) that the Dirac
equation for gp reduces to the following second-order
equation for the function F:
—fg2k 2F"+2i Ap. kF'

(the primes on F and A; denote derivatives with respect to
P). Note that p A;=0 has been used; if this does not

In Eq. (1),j is the four-vector operator current density,
and A, {also a four-vector) is the vector potential operator
for the laser (or "scattered, "whence the subindex s) radia-
tion field. The wiggler field is considered as an external,
prescribed, classical field (this is clearly justified when the
wiggler is a static, permanent magnet; when it is an elec-
tromagnetic pump pulse, this amounts to neglecting its
depletion}; it does not appear explicitly in the Hamiltonian
(1), but enters it through the electron states (which will be
"dressed" states, see below).

The particle-current density j in Eq. (1) is given by

(2)
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hold, an additional term would appear in Eq. (7).
In the case of an EM-pulse wiggler, when k is given by

Eq. (5a), one has k =0 and Eq. (7) is a first-order equa-
tion that may be solved exactly. One has then (Ref. 16)

provided that the term with the second derivative of F in
Eq. (7) may be neglected versus the others. The condition
for this to be so is to have

e A ((p (10)

e(k&y") [(A; )zy&]
2k.p

(8)

where u& is some constant bispinor determined by the
normalization condition.

If the second exponential in Eq. (8) is expanded, making
use again of the fact that k =0, one arrives at the Volkov
solution for an electron in the field of an EM plane wave:

1+ (k y")[(A;) y"] u es

I e2A 2

&( exp i f— '
dP2' k

(9)

A solution like Eq. (9) may be expected to hold approxi-
mately true for the case of a static wiggler (where k &0)

I

j A =q/y"ql(A )

which is well satisfied for relativistic electrons. It is in
fact not hard to see that Eq. (9) is correct, as an approxi-
mation to the case of a static wiggler, up to terms of order
( e A; /p ). Since it is exact for an electromagnetic-pulse
wiggler, its use for a static wiggler is equivalent to the
Weizsacker-Williams approximation frequently used in
FEL theory. [The neglect of the second derivative in Eq.
(7) is also analogous to the WKB approximation of Ref.
10.] Note also that, outside the wiggler, Eq. (9) reduces to
a plane wave of momentum p, which determines the nor-
malization of the bispinor uz.

One should mention at this point that the Dirac equa-
tion can be solved exactly for an electron in the field of a
circularly polarized static wiggler. Some effects appear
then (which are discussed in Ref. 11) which we are
neglecting here by using the approximate solution (9);
their magnitude is, however, extremely small.

When Eq. (9) is used in Eqs. (2) and (3) one finds

= g u~ 1+, [(A;)„y"](k„y") [y"(A, )„] 1+ (k„y")[(A;)„y~] u~e
P~P

e 2A2
Q exp —i

2A

1

k.p
dP b~b~ .k.p'

The next natural approximation is to neglect the differ-
ence between p and p' in the bispinors uz, uz and the
denominators 1/p k, 1/p' k (but not in the phase factor,
however). This is reasonable inasmuch as they are merely
multiplicative factors and it will be seen later [Eq. (22)]
that the difference between p and p' is of the order of the
momentum of a laser photon, which is a very small frac-
tion of p.

Under this assumption, some algebra using the proper-
ties of the Dirac matrices shows that Eq. (11) breaks up
into the scalar product of ugly&uz with terms proportional

to ( A; )&, ( A, )&, and k„. Now, uz is just the bispinor cor-
responding to a plane wave of momentum p, so that
ugly uz is just the free-particle current density,

ugly"up cpl'/Ep V—— (12)

(where V is a quantization volume and Ez ——ymc is the
electron energy corresponding to the momentum p). The
products p A; and p.A, are equal to zero if the electrons
are assumed to be injected with zero transverse momen-
tum, and the only surviving term is

eAs As . , k e2Aj.A ' g e
—l(P —P')x/s

pm V 2A k.p
dP bpbp .

k p' (13)

p =(E~/c, O, O,p, ) . (14)

Use of Eq. (13) in Eq. (1) specifies the Hamiltonian for
our problem.

The four-momentum p has been taken to be of the form

k„e2A2
exp —i

2A

1

kp
1

k p'

2 k z

=exp i 2 (p, —p,') f A;2(P)dg
2f1kqp

(15a)

Then the phase factor in Eq. (13) is approximately given

by

2 co.f +k.z
=exp i 2 (p, —p,') f A; (P)dP, (15b)

4fik;p,
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Ap I Aqe '~+c.c.x+iy

(16)

(for the convention adopted for the normalization of cir-
cularly polarized light, see Ref. 18).

Then Eq. (15a) reduces to

. rC' (p. —p.')z
exp i

2y2
(17)

where Eq. (15a) holds for a static wiggler and Eq. (15b)
for an EM-pulse wiggler. For the simplest case of a circu-
larly polarized, uniform static wiggler, the integral in Eq.
(15a) is just a linear function of z, and the phase factor
may be identified as a "mass-shift" term. For the case of
a linearly polarized wiggler, it leads to the well-known
difference of Bessel functions in the small-signal gain for-
mula [and, in a multimode analysis, to harmonic genera-
tion (Ref. 17)]. For the case of an EM-pulse wiggler con-
sisting of a focused Gaussian beam from a high-power
laser, the mass-shift effect (15b) leads to corrections to the
gain formula that have been discussed in Ref. 4. In gen-
eral, Eq. (15) allows one to consider a variety of nonuni-
form wigglers. We shall not dwell on this here, and, for
the remainder of the paper, shall assume a uniform, circu-
larly polarized, static wiggler, of the form

where the wiggler parameter

plc
(18)

x+ly
As = I

2

' 1/2

e0v~s

g e i(ro—t —kt) +H c
k

(20)

which is a general superposition of plane-wave modes (all
traveling in the positive z direction). The operator ak is
the usual annihilation operator for photons of frequency
co=ck, and V is the quantization volume. A central fre-
quency co, =ck, will be arbitrarily chosen, and the condi-
tion

~

co —co,
~

&&co, will be assumed to hold for all the
modes in Eq. (20). (Harmonic generation is therefore ig-
nored. )

The Hamiltonian (1) then reads [using Eqs. (13), (17),
and (20)]

has been introduced, and the relativistic factor y is given
by

y=[1+(p, /mc) ]'i
The laser radiation field may then be written [in accor-

dance with Eq. (16)] in the form

eII
2y mL e0Vco,

1/2 —i [(,E —E .))/fi+ck)t
e dzexp i0"

k pp'

E
l + 2 +k +kq z 'bp bpak +H c.

2@2 fz

(21)

Here and in what follows four-dimensional notation has
been dropped and p,p' stand for p„p,', respectively. L is
the length of the wiggler, and the integral over the trans-
verse coordinates is assumed to give just the cross section
of the electron beam (which is assumed in turn to equal
that of the laser mode, for simplicity). The integral over z
may be well approximated by a 5 function, which results
in the condition

', (1+K') .
2/0

(24)

When Eqs. (22), (23), and (24) are used, one finds that,
to first order in the (typically) small quantity yo)M/k„

(E~ Ep )/fi= a)+p—c +c(k ——k, )(1+% )/2y()

—cq/(1+% ), (25)

where the "quantum recoil" parameter q is defined as(22)

Akskq

mCy0
(26)At this point, it is useful to introduce the "detuning pa-

rameter" p as
From Eq. (25) itself, and the definitions (23) and (26), it

may be seen that when p changes from p to p', the corre-
sponding value of p changes, to first order, from p to
p+2qk/k, [this is given by the first term on the right-
hand side (rhs) of Eq. (25), which is much larger than all
the others]. The Hamiltonian (21) may then be written as

(23)E~=y~mc =yomc (1 +yo)M/k)

(see Ref. 5) so that there is a one-to-one correspondence
between )M and p (or E~). The energy yo is defined in
terms of A,„A,q, and E, through the "resonance condition"

(k +kq )A'

p'=p+ =p+A'(k+kq)(1 EC l2y ) . —
1+K /2y

e A'

II
2+0&i EP Vco

A& g g exp i p (k —k, ) 2
+' —

z
ct b&+2qk~k b&ak,

1+K, q
2X02 &+&2

(27)
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Pg vrA(N, /2 p)'—— (28)

For a pulse of N, =10 electrons, and a beam of cross sec-
tion Ao-10 m, one has Pz —10, mc, which is

max

small enough to be neglected everywhere in our calcula-
tions. The transverse velocity corresponding to this
momentum is Pz /ym, which in most cases will be

max

small enough to ensure negligible spread of the electron
beam.

In this way, we may think of the operators bz, b~ as
having an additional pair of indices for the transverse
components of the momentum [a sum over which is then
implicit in Eq. (27)]; or, equivalently, we may number all
the particles, and adopt a first-quantization formalism. A
state in which particle 1 has (longitudinal) momentum p~,
particle 2 has momentum p2, etc., may be written as

Is i& Is z& Is ~, & (29)

and the operator g„e'""b&+2qk~k bz (with the sum over

the transverse momentum implicit) may be replaced by a
sum of operators acting on the individual particles

where the fermion creation and annihilation operators are
now labeled by the variable p instead of p.

To proceed, it is convenient to consider the degeneracy
of the system of electrons. If the electrons are confined
within a region of the order of L, (where L, is the length
of the electron pulse) in the z direction, then the density
of allowed states for the longitudinal momentum is of the
order of L, /M. If one has N, electrons, all of them hav-
ing different longitudinal momenta (as would seem to be
required by the exclusion principle), the total spread in
momentum of the electrons could not be less than
mAN, /L, . It is important, however, to realize that a
small transverse momentum is in practice inevitable. If
this is allowed for, and the number of allowed states of
transverse momentum are counted (with the restriction
that the transverse spreading of the electron beam during
the interaction, due to this transverse momentum, be still
negligible in the calculations), one finds' that, for all ex-
isting and proposed devices of which we are aware, the as-
sumption of a very small longitudinal momentum spread
does not conflict with the exclusion principle. In particu-
lar, there is no problem in assuming the spread to be small
enough to treat the beam as monoenergetic (homogeneous-
ly broadened regime) in the calculations presented in Secs.
III and IV below.

It is convenient, as a matter of fact, to consider all the
electrons as initially having different values of the trans-
verse momentum. Since this is a constant of the motion,
this amounts to, in effect, labeling all the particles, which
thereby become distinguishable. That this is a reasonable
assumption may be seen rebore explicitly as follows. If the
cross section of the electron beam is Ap, the density of
transverse momentum states is Ap/(vrh) . If there are N,
electrons, all with different transverse momenta, they will
fill up all the states up to a maximum transverse momen-
tum on the order of

p+2qklk bp
P

N~ g Q (
I p+2qk/k, ) & p I ),e'"", (30)

where p; is defined by p; I p); =p
I
p);. A "canonically

conjugate" operator may be defined by the relationship

e '= X(Is+2q&&s I) (31)

(it is easy to see that the rhs of Eq. (31) is a unitary opera-
tor, so that 8; is Hermitian). It follows from Eq. (31) that

[p~,e ']=2qe '5,J, (32)

which is equivalent to the relationship

[8;,p~]=2iq5;~ . (33)

k i=1

i rp —(k —k )(1+K )/2yo+q]ctXe Qk+H. c.

(34)

with the "coupling constant" g defined as

e Aq

2y VA
(35)

Note that the term q/(1+If ) in the exponent of Eq. (27)
has been replaced by simply q in Eq. (34). This has been
done for convenience, since it leads to more symmetric
forms of the equations. The difference, which is
qÃ /(I+K ), may be considered to be absorbed in the
operators p;. Such a redefinition clearly does not change
the commutation relations, and in practice will be negligi-
ble in all cases: in the classical regime, K may be of the
order of unity, but q is much smaller then typical values
of p, whereas in the quantum regime, where q is large, E
is typically very small.

When only one mode of the radiation field is con-
sidered, it is natural to let k =k, . One then obtains

N
i8; i (p,;+q)ct

HI ——Ag g e 'e ' a+H. c.
i=1

(36)

This is of precisely the same form as the many-particle
Hamiltonian used in Ref. 8(c), which was derived in the
moving (Bambini-Renieri) frame: one has only to identify
0; with kz;, p;c with kp;/m, and q with Ak /2mc in Eq.
(5) of Ref. 8(c). The commutation relation (33) readily
follows (z; and p; are the position and momentum of elec-
tron i in the moving frame). Hence both Hamiltonians
describe essentially the same physics. A Hamiltonian
similar to Eq. (36) was introduced in Ref. 5 to study the
"semiclassical" theory of the FEL (the radiation field was
not quantized there, and the variable z was used in place

The interaction Hamiltonian (27) may then be written in
the form

N
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of ct); there it may be seen that the operator 8; corre-
sponds to the phase of the ith electron in the ponderomo-
tive potential.

The great advantage of the Hamiltonian {34),of course,
is that it allows one to use ordinary quantum mechanics
{instead of QED) in the laboratory frame. This will be ex-
ploited in the following sections. A single mode of the ra-
diation field will be considered for the remainder of this
paper; multimode calculations will be presented elsewhere.

III. SINGLE-PASS EVOLUTION EQUATIONS

A. The large-gain evolution equations

Tr,)[HI(t),p(0)] =0 (41)

has been used [Eq. (41) is a trivial consequence of the fact
that p,((0) was assumed to be diagonal in the basis

~ p& ) . .
~((tiv ), while HI(t) has no diagonal elements in

e

that basis). When the Hamiltonian (36) is used in Eq. (40)
one gets

pph 2 ~, i (p; —q)c(t —t')
g dt' e

dt

where p»(t)=Trdp(t) [in obvious agreement with (39)]
and the rdationship

In this section we shall make use of a density matrix to
describe the system "electrons+ photons" in the FEL.
%'e assume that no correlations exist between the two
kinds of particles at the initial time t=0, and also that no
correlations exist between the electrons the~selves at that
time, so that one has

X[aa p»(t') —atp»(t')a]

—I (p;+q)C (t —t')+ e

X [a ap„h(t') —ap»(t')a ]+H.c. , (42)

p(0) =p,((0) p»(0), (37)

where p,((0) is a diagonal operator in the basis of electron's
momentum eigenstates ~(M()

. .
~)(t,& ).

The density matrix obeys the equation

dp E

dt A'
= ——[HI(t),p(0)]

where the angle brackets denote an average over the initial
(many-particle) electron density matrix. We shall assume
that each electron has initially a well-defined value of the
momentum p (i.e., it is in a plane-wave state) and that
these values are distributed according to some function
fQ(p ). One will then have

t

f, [H, (t), [H, (t'), p(t')]]dt' (38)
(&i —&)c( ) ~ d t'

( )
i(tt+q)c(t t')—

i=]

p(t')=p, ( ))0p»(t') (39)

in the rhs of Eq. (38). Note that, since that equation has
been obtained by iterating the equation of motion for p(t)
once, the approximation (39) does not amount to neglect-
ing altogether the change in the electron's momentum,
but, rather, to taking it into account to first order in the
interaction only (the "classical" version of the large-gain
equation is derived from the pendulum equations under
the same kind of approximation).

When Eq. (39) is substituted into the rhs of Eq. (38),
one obtains an equation which, after tracing over the elec-
tronic variables, gives

dpph 1
Tr,([H, (t), [H, (t'), pc((0)(ep»(t')]]dt',

(40)

which is obtained by iterating the equation of motion for
p(t) once. It is possible to obtain from Eq. (38) an equa-
tion of motion for the reduced density matrix p» (for the
photons alone) under the following assumptions. First,
one may notice that for as long as the laser field intensity
is not too high, the probability of any one electron emit-
ting a photon is very small, which means that a sizable
gain results only from considering a large number of elec-
trons. Under these conditions, it seems reasonable to use
a "reservoir"-like approximation for the system of elec-
trons and write for the total density matrix at time t'

When the reduced density matrix pph ls used to calcu-
late the expectation value of the annihilation operator a
the following equation is obtained:

2~ dt~ ( —ittc(t t'))—
e

X(eitic(t t') e —itic(t —t'—))(a )(ti) (44)

This is identical to the large-gain equation presented in
Ref. 4, except that the variable ct is used instead of z (po-
sition along the wiggler) and (a) replaces the electric
field amplitude E. In the classical limit, that is, when
A~O [which implies q —&0, g~ oo, g q & oo, cf. Eqs. (26)
and (35)], it reduces to the classical large-gain equation
(Ref. 14).

B. Saturation terms

The most straightforward extension of the linear theory
is higher-order perturbation theory. The applicability of
perturbation theory to the FEI, has been questioned be-
fore (see, for instance, Ref. 9). The main criticism may be
made clear by noticing the fact that, near saturation, the
average number of photons emitted (or absorbed) by each
electron is of the order of 1/(qcT), where q is the quan-
turn recoil and T is the interaction time. In devices
operating in the infrared, this number may be of the order
of 10 of larger. Hence it would seem that (say) fourth-
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«. & =g'f, +(g')'f. + (45)

where f„fz, . . . will be functions of the remaining vari-
ables. Now it is clear that (i) if the perturbation series
converges at all, the functions fi,f2, . . . are going to
coincide with those obtained from second-, fourth-, etc.

order perturbation theory would be completely inap-
propriate to describe the behavior of the FEL at satura-
tion.

One may, however, look at the problem from a dif-
ferent angle. Let us say that we are interested in some
physical quantity, such as the increase b.(n ) in the aver-
age number of photons per pass. This will be a function
(in general unknown) of a large number of variables, such
as the initial values of (n ), (n ), etc. , and also the in-
teraction constant g [that g should enter as g is due to
the symmetry reasons mentioned in connection with Eq.
(41)]. Now, one may consider a Taylor expansion of
b, (n ) in powers of g,

order perturbation theory, respectively (since the perturba-
tion series is formally a series in powers of g), (ii) the
question, then, of how good nth order perturbation theory
is for the particular quantity that we are interested in
(b, (n) in this example) amounts, in practice, to asking
just how well that function (b. (n ) ) can be approximated
by the first n/2 terms in its Taylor expansion in powers of
g . As it turns out, in the classical, small-gain case, the
first two terms in (45) describe the gain (and saturation)
surprisingly well [see Ref. 15(a)], at least for a laser
operating not too far above threshold. This fact will be
used as an empirical justification for the use of perturba-
tion theory in this section, as well as an estimate on the
possible limits of validity of the new results here. derived
(whenever these results may be compared to former, more
"exact" treatments, they also are seen to be good approxi-
mations; see, for instance, Fig. 4).

The first nonvanishing correction to the linear equation
(40) is

dt Tr,I Hl t, HI t, p,~ 0 (3pph 0
dt

f dt' f dt" f dt'"Tr, i[HI(t), [III(t'), [III(t")«[~1(t'")«pei(0)pih(t"')1]l] . (46)

Equation (46) may be used to derive evolution equations
for the moments (n ) of the photon distribution func-
tion: these will be integro-differential equations [analo-
gous to Eq. (44)] since (n ) in the last integral will be a
function of t" . If this is replaced by its initial value,
(n")(0), the result is of course fully equivalent to fourth-
order perturbation theory.

When this is done, the integration of the single-pass
evolution equations is straightforward, though long and
tedious. In the cold-beam (homogeneously broadened)
limit, in which the initial momentum distribution func-
tion fp(iu, ) may be approximated by a 5 function [i.e.,
fo(p) 5(p —pp)], the result, for the first two moments

(n) and (n ), is

b, (n ) = (n )(T) (n )(0)—
=g N, T (Ai(n)p+A2)

+g N, T [Bi(n )p+(B2N, +B3)(n)o

+B4N, +By],

&(n )—:(n )(T) (n )(0)—
=g N T (Ci &n &o+C2&n )o+C' )

+g N, T [Di(n &o+(D2Ne+D3)&n

+(D4N, +.D5 )(n &o+D6Ne+D7] «

(48)

where the coefficients A ~, . . . , D7 are functions of the in-
itial momentum po and the quantum recoil q. Expres-
sions for them are found in Appendix A.

The linear gain, in the small-gain limit, is given by the

first term in Eq. (47), that is,

(~(n ) )};„,„„=gN, T A, (p, ,q) .

It is immediately seen from the formulas in Appendix A
that in the classical limit ( q~0) Eq. (49) becomes

r

sin x
& )linear gain dx

(50)
x =go L/2

w.here

6 =g X,T qI. , (51)

and L =cT is the interaction length. Equation (50) is the
familiar antisymmetric gain formula (illustrated by the
solid curve in Fig. 1). As seen from Fig. 1, it is a very
good approximation to the actual small-signal, small-gain
function Ai, for as long as the quantum recoil is small
(that is, qL & 1). The condition qL ~ 1 defines the quan-
tum regime (see Ref. 4); the solid line in Fig. 2 shows the
behavior of A, in this regime (for the value qL = 10,
which is close to those that would obtain in some of the
devices proposed in Ref. 4, in which the "wiggler" would
be a high-power pulse of infrared radiation from a
Nd:glass laser).

The first of the fourth-order terms in (47), that is, Bi,
is the first nonlinear correction to the gain. In the classi-
cal limit it goes as (qL); the function B,/(qL)3 in this
limit is shown in Fig. 3, and it coincides with the result
derived, in the same limit, by Lindberg and Stenholm
[Ref. 15(b)]. Again, for as long as qL&1, the classical
limit is a very good approximation (deviations from the
solid curve in Fig. 3 are unnoticeable for qL & 0.1), but, as
shown by the dashed curve in Fig. 3, a significant depar-
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FKs. 1. The small-signal gain function in the classical 1imit
(solid line) and the beginning of the quantum regime (dashed
line, corresponding to qL=1), as functions of the detuning pa-
rameter poL.

ture from the classical limit is already obtained for
qL, = 1. The shape of B~ well within the quantum regime
(qL = 10) is shown in Fig. 2; it may be seen that in this re-
gime its sign is (almost) always opposite that of the linear
gain term A&, which makes it appropriate to interpret it
as a saturation term; in the classical regime, however,
there are values of po for which both 2 t and Bt are posi-
tive, which means that no saturation (rather, a gain
enhancement) is obtained in this order for those values of
po [that this effect is real has been shown, by comparison
with the result of the pendulum equations, by Bambini
et al. , Ref. 15(a)]. We will, accordingly, restrict our
time-evolution calculations (Sec. IV) to the region where
B] &0, since only in this case may a steady state be
reached (to this order in perturbation theory, that is).

The term proportional to B2 in Eq. (47) is of fourth or-
der in the coupling constant g, which is to say of second
order in the wiggler field intensity

! A~!, yet it is linear
in the laser field intensity (n). Such a term obviously
cannot be obtained in the perturbative treatments that
make use of the small-gain assumption that treats the
laser field as constant during the interaction, since in
these treatments the laser and wiggler field intensities
enter together in the coupling constant (so that they would
always appear raised to the same power). Hence B2 is a
large gain correction to the -small-gain formula [Eq. (49)].
This is a many-particle correction (since it is proportional
to the square of the number of electrons X, ); in the classi-
cal limit it goes as (qL), which means that in that limit
its magnitude is proportional to G [see Eq. (51)], while
the usual gain obtained in the small-gain approximation
[Eq. (50)] is proportional to G.

To determine the accuracy and validity of this correc-
tion, one should compare it to the solution -to the large-
gain equation [Eq. (44)] which may be calculated exactly:
for this, one has to solve a third-degree equation (see Ref.
4) for the eigenvalues of Eq. (44), and then determine the
coefficients in the linear superposition of the three eigen-
modes that will constitute the solution. In the classical re-
gime [compare Ref. 14(b)] one obtains then a gain curve

such as the one shown in Fig. 4 (solid line) for the value
G=10: the small-gain formula Eq. (50), also plotted in

that figure, would predict a peak gain of -5.4 for this

case, whereas the exact large-gain equation [Eq. (44)]
gives a peak value & 14 (that is, 1400% gain per pass, or
14 photons emitted per incident photon). Even for such a
large value of the gain, the approximation represented by
the sum of the 2 t and Bq terms in Eq. (47) is remarkably

good (see Fig. 4, dashed line). Hence Eq. (47) takes into
account large-gain effects quite accurately, up to values of
the gain much higher than almost any now envisioned

(see, however, the "long-wiggler" example proposed in

Ref. 4). (Large-gain results are not presented here for the

quantum regime since it is unlikely that devices operating
in that regime could easily have gains greater than unity,
and under those circumstances the correction B2 would

typically be small. )

Finally, the remaining terms in Eq. (47) are B&, which
corresponds to amplified spontaneous emission [cf. Ref.
8(c)], and B3 and B5, which represent small, higher-order
corrections to the stimulated and spontaneous emission

terms, respectively. (Spontaneous emission is given to
first order by the term A2. )

As regards the equation (48) for the change in the
second moment (n ), the leading coefficients in it are re-

lated to those in Eq. (47) by the following relationships:

Ci ——2A i,
C, = —A, +4A, ,

C3 ——A2,

Di ——2Bi,
D2 ——A)+2Bp .

(52a)

(52b)

(52c)

(52d)

(52e)

Relations analogous to Eqs. (52a)—(52d) also hold in or-
dinary laser theory, ' the main difference being (as point-
ed out in Ref. 13) that there one also has A& ——Az. Rela-
tion (52e) does not have a parallel in ordinary laser theory;
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FIG. 2. The small-signal gain function (solid line) and the
first nonlinear correction to the gain (dashed line) well within
the quantum regime ( qL = 10). Gain is peaked around
@*=qL;the nonlinear term is negative there, corresponding to
saturation, and maximum in magnitude.
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both D2 and B2 are many-particle terms, describing col-
lective effects which in atomic lasers are usually neglected
(see, however, Ref. 22).

5p„„=—,' —l(n +n')p„„

+l[(n+ 1)(n'+1)]'~ p„+) „+) . (53)

IV. OSCILLATOR THEORY

A. Evolution equations for the FEL oscillator

Equations (47) and (48) may be used to follow the evo-
lution of the photon statistics in a FEL over many cavity
round trips. To do this, one has to introduce the losses at
the mirrors. This may be done as in Ref. 23, where the
following equation is derived for tPe change, in one round
trip, in the radiation density matrix, due to cavity losses:

Here l is the round-trip fractional loss, and p stands for
the reduced density matrix p~h of Sec. III. From Eq. (53)
one can derive the change in the moments (n), (n ),
etc., due to the losses. This has then to be added to the
change due to the interaction with the electrons, as given
by Eqs. (47) and (48), to obtain the total change per round
trip.

Let (n );, (n );, etc., be the values of (n ), (n ), etc.,
after i round trips. Their values after the (i + 1)th round
trip will then be

(n); +&

——(n);+ A& —l (n);+ Az+ z [8&(n );IN, +(82+83/N, )(n);+84+85/N, ],6 6 G

qL qL (qL )~
(54)

(n )' 1 (n )'+ 6 p 6 6
C$ —2l &n );+ C2+l &n&;+ C3

qL
'

qL
'

qL

G2
+ ~ [D, (n );IN, +(D2+D3/N, )(n )(+(D4+D5/N, )(n );+D6+D7/N, ],

(qL)

where the definition (51) has been used, and losses have
been included. as discussed.

Equations (54) and (55) are a system of coupled differ-
ence equations, which could be integrated immediately to
get the time evolution if it were not for the presence of
(n ) in Eq. (55). In general, of course, the moment equa-
tions will be an infinite hierarchy of coupled equations,
which has to be truncated at some point. A possible trun-
cation scheme will be considered later; before this, howev-

er, it is useful to look at some limiting cases: specifically,
the linear regime and the steady state (saturation).

B. The linear regime

The linear (or small-signal) regime is that period of
FEL operation during which the intensity of the radiation
field inside the cavity is not yet large enough for the non-

linear (saturation) terms in Eqs. (54) and (55) to be appre-
ciable. These terms are those proportional to Bi and Di,
respectively, and just when they become important de-

pends of course on the value of these coefficients, but it is

easy to obtain an order-of-magnitude estimate as follows.
In the classical regime, as was said in Sec. III, 8& and

D, are proportional to (qL) This means .that, in this
limit, the nonlinear terms will be negligible for as long as

( n ); «N, /qL (56)

(this is assuming that (n ) and (n ) are of the order of
magnitude of ( n ) and ( n ), respectively). This result

may be understood by recalling that, when an electron
emits a photon, its energy (measured in units of p)
changes by an amount 2q. In the same units, the width of
the gain curve is of the order of 1/L. In the classical lim-

it, qL &&1, and therefore an electron may emit on the or-

der of 1/qL photons before its energy is shifted out of res-

onance, i.e., before saturation becomes appreciable. The
right-hand side of Eq. (56), accordingly, is the order of
magnitude of the field when all N, electrons have emitted
on the order of 1/qL photons.

In the quantum regime, on the other hand, 8i and D~
are roughly of the same order of magnitude as the other
coefficients, and the small-signal gain is proportional to
G I(qL), so that the condition (56) is replaced by

(n); «N, .

G 6
&n&, +,—&n&, + a, —.l &n&, +

qL
'

qL
(58)

( n'), , = & n'&, +2 W, l (n'),. —
qL

+ (4Ap —A))+l (n);+ A, (59)
6 G

qL qL

This may again be understood by noticing that, in the
quantum regime, qL » 1, and therefore the emission of a

single photon is enough to drive an electron out of reso-

nance; hence nonlinear, or saturation, effects become im-

portant when the number of photons emitted is of the or-
der of magnitude of the total number of electrons, which

is the right-hand side of Eq. (57).
In addition to neglecting the nonlinear terms, one might

also consider the case of very small gain per pass, and

neglect all the large-gain terms (terms proportional to G )

in Eqs. (54) and (55). This yields the simplest set of equa-

tions (directly obtainable from second-order perturbation
theory):
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FIG. 3. The first nonlinear correction to the gain in the clas-

sical regime (solid line). As long as qL &0.1, deviations form
the asymptotic form are negligible. When qL=1, however (the
beginning of the quantum regime), an appreciable change may
be seen (dashed line). The classical curve changes sign at
pol=3. 69, resulting in gain enhancement instead of saturation
[Ref. 15(b)].

[note that the relationships (52a)—(52c) have been used].
Equations (58) and (59) can of course be easily solved as

they stand, that is, as difference equations. One might,
however, choose to approximate them by a system of dif-
ferential equations, by setting

&n&;+1—(n); d&n& (60)
At dt

(and likewise for (n )), where b, t is the duration of one
round trip (and, therefore, t =id, t). If this is done, one
obtains the system

d(n)
dt

=a(n)+o, (61)

d &n') =2a(n')+(4o —a)(n )+o (62)
dt

with

6 3) —I
qL

(63)

G

qL
(64)

(n'& =2&n)'+(n) . (65)

This relationship is characteristic of Gaussian (thermal)
photon statistics. Becker and McIver (Ref. 12) have
shown that the spontaneous radiation (emitted in a single
pass, starting from vacuum) in an FEL obeys thermal
statistics. Equation (65) seems to imply that this is also
true for the field at later times, i.e., as it is amplified in
successive passes, as long as one stays within the linear re-
gime.

It may be immediately verified (by direct substitution)
that the solution to Eqs. (61) and (62) that starts from
vacuum [(n)(0)=(n )(0)=0] satisfies at all times

FIG. 4. The linear gain in the large-gain regime (solid line)
compared to the small-gain result (dashed-dotted line) and to the
approximation represented by the linear terms in Eq. (47)
(dashed line). The results are classical, i.e., the exact curve has
been calculated from the classical theory and spontaneous emis-
sion [as well as the small term 83 in Eq. (47)] has been ignored
in the calculation of the dashed curve. The value of G is 10.

(n ),= 6
qL

(67)

which clearly do not satisfy Eq. (65). The difference,
however, is of second order in the small-signal gain G,
and this is an indication that the terms in G in Eqs. (54)
and (55) cannot be neglected if one wants to test the valid-
ity of Eq. (65) accurately. In other words, one has to con-
sider now the full equations (54) and (55), with only the
nonlinear terms (those in Bt and Dt ) missing. They form
a system that may be written as

(68)

(69)

where the various coefficients a,a', b,s,s' can be read im-
mediately off Eqs. (54) and (55); all of them have a part
that is proportional to 6 and a part that is proportional to
G . (In what follows, powers of the loss parameter l are
counted as powers of G. )

The exact solution to Eqs. (68) and (69) is not hard to
obtain: after i round. trips, starting from vacuum, the
values of (n) and (n ) are

( n );= —[(1+a)'—1),a (70)

This derivation is, however, not entirely satisfactory,
since, after all, the differential equations (61) and (62) are
only an approximation to the more exact difference equa-
tions (58) and (59). As a matter of fact, if Eq. (58) and
(59) are solved exactly, it is found that the solution does
not satisfy Eq. (65). It clearly does not satisfy it after the
first pass already, since for i =0 Eq. (58) gives

&n), = 6
qL

while Eq. (59) gives
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bs (1+a')' —(1+a)'/

a a' —a

10 (n)

+ ',a' [(1+a')'—1] .aa' (71) 3

Note, however, that this result can only be accurate to
second order in 6, since, in principle, higher-order pertur-
bation theory would yield other linear terms proportional
to G, G, etc., in Eqs. (54) and (55), that we have no way
to account for. This means that only second-order terms
in a and a' need be kept in Eqs. (70) and (71). The ap-
proximate result is

2

200 400 600 800 1000

( n );=is + ,'i (i——1)as,

(n );=is'+ , i(i ——1)(is+a's') .

(72)

(73)

In order for this result to satisfy Eq. (65) (again, to second
order in G only) one must then have

i [s'—,' (bs +a—'s')]+, i (bs+—a's')

=i(s ——,as)+ —,i (as+4s ) (74)

[which results from substituting (72) and (73) into Eq.
(65)]. When the coefficients a,a', . . . etc. are expressed in
terms of A~, . . . , D7, and powers of G higher than the
second are neglected, one may see that Eq. (74) will be sa-
tisfied (for all values of i) if the following relationship
holds:

B4+Bs/Ne =D6+D7/Ne —2A 2 . (75)

Using the expressions given in the Appendix for these
coefficients, it is possible to show that

84 ——D6 —2A 2
2 (76)

does indeed hold, whereas in general Bs will be different
from D7. Hence, Eq. (65) is "almost exactly" satisfied to
this order, since the terms that violate it are proportional
to the very small quantity 1/N, (the number, N„of elec-
trons in one pulse may be of the order of 10 —10 ). This
agrees with the results of Ref. 12, which show that
thermal statistics for the spontaneous radiation results
from having a very large number of electrons. The same
appears to be the case here, for the field emitted and
(linearly) amplified over several passes. Note, that this is
also consistent with the results presented in Ref. 24 for
the single-pass situation (amplified spontaneous emission).

In conclusion, one may say that, to second order in the
small-signal gain parameter G, the radiation field that
evolves in an FEL in the linear regime has intensity Auc-

NUMBER OF ROUND TRIPS

FIG. 5. The buildup of the laser field from vacuum, and into
its steady-state value, as a function of time (expressed in units of
cavity round trips). The small-signal gain was chosen to equal
0.054, and the losses per round trip to be 2%; qL = 10 (classi-
cal regime) and N, =10 .

tuations characteristic of "chaotic" or thermal radiation,
aside from small corrections, the relative size of which is
1/1V, . Note that this result holds both in the classical and
the quantum-mechanical regimes.

C. Saturation and steady state

nx= qL, (77)

which will be (roughly) of order of magnitude unity at sa-
turation, as was discussed previously. One may think of x
as a stochastic variable, whose moments are trivially relat-
ed to the expectation values (n"). In fact, it is propor-
tional to the energy in the laser field (i.e., its "intensity")
in a way that is independent of fi, and may therefore be
considered a completely classical variable.

In terms of the variable x, Eqs. (54) and (55) may be
rewritten as

It is tempting to use Eqs. (54) and (55) to obtain infor-
mation on the photon statistics at saturation also. In this
case, the number of photons in the field is of the order of
magnitude of the right-hand side of Eq. (56) (in the classi-
cal regime) or Eq. (57) (in the quantum regime). For de-

finiteness, the classical regime will be explicitly assumed
in what follows, although a similar analysis may be car-
ried out for the quantum regime.

In turns out to be convenient, in the classical regime, to
introduce a new variable x, defined by

(x );+,—(x ); =[G(A~ /qL) l](x );+GA2/N, —
+G'[[Bi/(qL)']&x'&i+[(B2+B3/N. )/(qL)'](x &~+[(B4+Bs/N, )/qL]/N, j,

(x ) —(x ) =2[G(A~&/qL) —1](x2);+[4GA2 —[G(A&/qL) l]qL j (x );/N, +GA2q—L/N,

+G2I2[B&/(qL) ](x ), +[(A~+2B2+D3/N, )/(qL) ](x );

+[(D&+Ds/Ne)/qL]~x );/N, +(D6+D7/N, )!N, j .

(78)

(79)
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In Eqs. (78) and (79), all the terms in square brackets
[such as, e.g., B2/(qL), D4/qL, etc.] have a finite limit
when qI. goes to zero. This means that at saturation,
when (x ) is of order unity or larger, the relative impor-
tance of the different terms is determined by the factors
of 1/%„1/%„etc. The dominant terms are then

(x );+,—(x );={6(A,/qL) l+—6 [Bz/(qL) jJ (x ),.

+6 [B~ /(qL) ](x );,
(x');+ ) —(x');=[26 (A ~ /qL) —2l

+G (A f+2Bz)/(qL) ](x );
+6 [2B&/(qL) ](x }; . (

(80)

When a steady-state field configuration is reached, the
change in the photon number distribution (or, equivalent-
ly, its moments) over one round trip should be zero. One
would then solve for the steady-state values of (x ) and
(x2), by setting the right-hand sides of Eqs. (78) and (79)
equal to zero. Of course, as was mentioned before, Eq.
(79) involves (x ), so that the system is not closed, and
some approximation to (x ) in terms of (x) and (x )
has to be used. On the other hand, if one looks only at the
dominant terms [as in Eqs. (80) and (81)] it turns out to be
possible to derive, from fourth-order perturbation theory,
a general expression for the kth moment of the photon
number distribution, which reads

(x");+q—(x");=k[GA~/qL —1+G B2/(qL) ](x");
+ —,

' k(k —1)G [A (/(qL) ](x");
+kG [B&/(qL) j(x +'); .

(x );+~——(x"{1+GA~/qL+6 B2/(qL)

This gives Eqs. (80) and (81) for k= 1 and 2, respectively,
and neglects terms of order 1/N„as was done there.

When the right-hand side of Eq. (82) is set equal to
zero, one obtains an infinite hierarchy of equations for the
moments of x (or n), which may be seen to correspond to
a gamma distribution for x. This result, however, is not
reliable, since higher-order terms in perturbation theory
might substantially alter it. To show this, consider the
simple case in which the losses are set equal to zero (that
is, l=0). Equation (82) predicts that the photon statistics
are given by a gamm. a distribution with appreciable inten-
sity fluctuations (proportional, in fact, to the small-signal
gain). On the other hand, the same Eq. (82) with l=0
may be thought of as an approximation (to second order
in 6) to an equation of the form

Clearly it is impossible to decide between Eqs. (82) and
(83) on the basis of fourth-order perturbation theory
alone, since the difference between the two is of the order
of G, and terms proportional to G appear only in
sixth-order perturbation theory. Since they yield very dif-
ferent statistics, it follows that the photon statistics at
steady-state cannot, for the FEL, be reliably derived from
perturbation theory. (One should mention here that, even
though the above discussion has assumed zero losses,
similar results may be obtained for closer-to-threshold sit-
uations; hence this conclusion is quite general. )

The fact that Eq. (82) coincides with the first few terms
in the expansion of Eq. (83), however, is suggestive, and
one may conjecture that (at least for zero losses) the dom-
inant terms in the field evolution equations would indeed
lead to a fluctuationless state (a number state), and that
fluctuations in the steady-state distribution would arise
from the terms proportional to 1/N, in Eqs. (78) and (79)
(in much the same way as the deviations from thermal
statistics in the linear regime were due to terms propor-
tional to 1/N, ). If this were true, the relative size of the
intensity fluctuations might be of the order of

((b,'n ) )' 1

&N,

(at least, for zero losses). This is still larger than the fluc-
tuations associated with a Poisson distribution, in the
classical regime, since there (n) is not proportional to
just N„but to N, /qL, so that (b, n ) [if given by Eq.
(85)] would be proportional to (n )/qL instead of (n ).
At present, however, this is only a conjecture that would
have to be proved or disproved by some other means.

The difference between this approach and that of Ref.
13 is that there all the fourth-order terms were ignored ex-
cept for 8~ and D] ——2B&. This leads to steady-state Auc-
tuations of the order of magnitude hypothesized above;
yet, neglecting all those terms cannot be considered satis-
factory.

In conclusion, in order to investigate the second-order
coherence of the free-electron laser at steady state, a non-
perturbative treatment would be necessary. This is not an
easy task, but it is important to realize that, in the context
of the present theory, it could be done using the tech-
niques of ordinary (i.e., nonrelativistic) quantum mechan-
ics, instead of QED. This is particularly interesting, since
the free-electron laser is a quantum-relativistic system,
and coherent processes in such systems have not yet re-
ceived very much attention. Possibly a comparison be-
tween the results of the perturbative and non-perturbative
treatments would be illuminating in this context.

+6 [B~/(qL) ]x j"); (83)

GA, /qL +G'B, /(qL)'
6 Bi/(qL)

(84)

when substituted into Eq. (83), yields the steady-state con-
dition (xk);+, =(xk);.

and the steady-state solution to this equation is a number
state, i.e., a state with no intensity fluctuations at all. To
see this, notice that for a number state (x") = (x )"for all
k, and that

D. Field evolution: a numerical example

Finally, as was mentioned before, it is possible to in-
tegrate Eqs. (54) and (55) numerically, to follow the time
evolution of (n ) and (n ) over many round trips (start-
ing from the vacuum) and the approach to the steady
state. As was also mentioned above, some approximation
to the value of (n ), which appears in Eq. (55), in terms
of ( n ) and ( n ) must be used. The following approxi-
mation comes from a truncation procedure suggested by



31 QUANTUM THEORY OF THE FREE-ELECTRON LASER: 1619

(G/qL)A (+(G/qL) B2 —l

(6/qL) B,
(87b)

since in that regime the small-signal gain is proportional
to 6/qL.

The intensity fluctuations can of course be obtained
from the numerical integration, but, as has been discussed
above, the values obtained cease to be reliable the moment
that saturation terms become important, and even in the
linear regime they eventually become unreliable due to the
cumulative effect of powers of G higher than the second.
For this particular calculation, Eq. (65) was found to
hold, within a few percent, for the first 60 round trips or
so. If higher-order terms in G were available, it would
probably be found to hold for much longer.
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Equation (86) is exact if the field is in a number state.
It is correct for a coherent state up to (but not including)
terms of the order of (n ); and is less good for thermal
statistics, for which (n ) =6(n) +6(n) +(n) while
the rhs of Eqs. (86) gives 6.11(n) +7 09. (n) +0((n)).

The result of one such calculation is shown in Fig. 5.
The parameters were chosen as follows: 6=0.1, 1=0.02,
qL =10 (classical regime), N, =10,ppL=2. 5 (giving a
small-signal gain GA&/qL=0. 054, or 5.4%%uo). Here N,
has been chosen to be of the order of magnitude of the
number of electrons within a micropulse. The actual
value of qL does not essentially affect the time evolution
(as long as one stays within the classical regime); it merely
changes the vertical scale in Fig. 5 (since the number of
photons at saturation is of the order of N, /qL, as was dis-
cussed previously). The spontaneous emission term in Eq.
(54) (the one proportional to A2) is, of course, modified
when qL changes, but this is not visible in the figure,
since it is always many orders of magnitude smaller than
the steady-state intensity.

The steady-state intensity, in turn, may be calculated to
a good approximation by setting the rhs of Eq. (54) equal
to zero, then keeping only the dominant terms (in powers
of 1/N, ) and making the fluctuationless approximation
(n )=(n ) . The result is

Ã, 6(A~/qL)+6 [B2/(qL) ]—l

qL G'[B, /(qL)']

and is here written in a form appropriate for the classical
regime (as before, the terms in square brackets all tend to
finite limits when q~0). A form more suitable for the
quantum regime would be

the U.S. Air Force Office of Scientific Research and by
the U.S. Office of Naval Research.

APPENDIX

a =(pp+q)L,
b =(pp q)L, —

c =(pp+ 3q)L,

d =(pp —3q)L .

Then,

sin(b /2)
b/2

2
sin(a /2)

a/2

2

(Ala)

(A lb)

(A lc)

(A 1d)

(A2)

2
sin(b /2)

b/2
(A3)

and [see Eqs. (52)]

Ci ——2A ),
C2 ———A )+4Ap,

C3 ——A2 .

(A4)

(A5)

(A6)

To express the B and D coefficients, it is useful to in-
troduce the following auxiliary functions:

F~(x,y) =— 2
(1—cosx)

x y(y —x)
2

2 [1—cos(x +y)]
xy (x +y)2

The coefficients A~, . . . , D7 in Eqs. (47) and (48) are
derived from Eq. (46). The A's and C's come from the
first term, the B's and D's from the second one. To ob-
tain the latter, the nest of four commutators has to be
written out, and the trace taken over the electron variables
assuming an initially monoenergetic beam; this results in
an integro-differential equation for p~h(t). From this, one
may obtain the corresponding equations for (n)(t) and
(n )(t); to evaluate the change in these two moments, one
treats all the (n), (n ), (n ), etc. , on the right-hand side
of those equations as constants (equal to their initial
values), and performs all the time integrations (four of
them are needed to obtain the increments b, (n) and
h(n )). The result is of the form (47) and (48), where
the coefficients A ~, . . . , D7 are functions of pp (the ini-
tial electron energy) and L =cT (where T is the interac-
tion time, and L the interaction length).
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2+ 2 (1—cosy),
y x(y —x)

+2(x,y) =- — » ~ ( 1 —cosx)
4

x (x2 —y~)

4+ 2 z (1—cosy),y2(x2 y2)
(A8)
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F3(x,y)=2 3 z (1—cosx)+ z
x —2y 2 slnx

X y Xy

[1—cos(x +y)],2
y2(x +y)

4 2
Fq(x) = (1—cosx) — sinx .

X

Then one has

B] —E3 ( a, c ) F~ ( c—,a ) +F3 (a, b ) +E& (a,b )

—F2(c,a) —F2(a, b)+2F4(a)

F3(b—,d)+F&(d, b) F3(b—,a) F&(b—,a)

+F2(d, b)+Fq(b, a) 2'(—b),
B2 2F4(a——) F2(a, b—) F&(b,——a) —F3(b, —a)

(A9)

(A10)

(A 1 1)

D6 ——10F4(b)+ 13E3(b,b) —F3(b, —a)

E—, (a, —b) —Fp(a, b) . (A17)

Bs = 4F4(b—)+2E2(4b)+2E~ (d, b) —2F3(b, d)

+F3 (b, a)+E—~ (a, —b) +F2(a, b) (A18)

The coefficients B3, B5, D3, D5, and D7 multiply terms
that are negligible versus the terms containing B2, B4,
D2, D4, and D6, respectively [as may be seen from Eqs.
(47) and (48)], provided that the number of electrons X, is
large, as is normally the case. The expressions for them
are, however, long and complicated; only those for Bs and
D7 will therefore be given here, since they are relevant to
Eq. (75) in the text:

2Fz(b)—+F2(b,a)+F&(a, —b)+E3(a, b), —
(A12)

B4=2F4(b) F3(b, ——a) —F&(a, b) F2—(a, b)—,

(A13)

D7 = —12'(b)+6F2(d, b)+6Ft(d, b) —2F3(b, d)

—8F3(b, b)+F3(b, —a)+F&(a, —b)+F2(a, b) .

(A19)

Di ——2Bi,
Dp ——A ] +282,
D4 ———6F4(a)+26F4(b) 4F3(a,a)+—12E3(b,b)

(A14)

(A15)

The classical limit of B~ has been evaluated before
[Ref. 15(b)]: it is given by

B~ =8(qL) [(53x —x ) sinx+(48 —13x2) cosx

2[F~(a,b)—+F3(b,a)+F3(a,b)+F&(b,a)]
—[F&(b,—a)+F2(b, a)+F3(a, —b)]
—10[F&(a, b)+F2(a,—b)+F3(b, —a)], (A16) where x =poL.

+ 1 lx sin(2x)

+(18—2x ) cos(2x) —66]/x7, (A20)
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