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A detailed procedure with mostly analytical formulas is given for calculation of the K-shell
direct-ionization probabilities in symmetric collisions. This method, based on the Briggs united-

atom model, applies in the slow-collision limit. The binding energy is deduced from a priori calcu-

lations, with averaging over impact parameters done by iteration. Two important effects are includ-

ed for the first time and are consequences of the molecular-orbital (electron-promotion) model. One
is outer-shell excitation that has a significant effect, in addition to ionization, on the binding energy.
The other is the anisotropy of the 2po. united-atom orbital. After inclusion of the probability of
rotational-coupling excitation from the 2pa molecular orbital, the predictions agree with the experi-

mental E-shell excitation probabilities of Schuch et al. for Ni-Ni collisions at 54.4 MeV. Thus,
united- and separated-atom calculations are reconciled within the common framework of the
molecular-orbital model and the Born approximation.

I. INTRODUCTION IO

Madison and Merzbacher' outlined schematically re-
gions of validity of the separated-atom (SA) and
molecular-orbital (MO) theories for atomic collisions in
the Z& IZ2 versus v ~/vx plane, where Z~IZ2 was the ra-
tio of the projectile and target atomic numbers and v &/vx.

was the collision velocity in units of the innermost IC-shell
electron. In Fig. 1, we reproduce these regions by the
areas within the solid boundary curves. This famous dia-
gram (see Fig. 13 of Ref. 1) emphasizes the difference be-
tween the collision regimes in which these two approaches
are applicable. The SA approach considers the collision
as a perturbation of the atomic target by the incoming
projectile. In first Born approximations, such as the stan-
dard plane-wave Born approximation (PWBA) or,
equivalent to it, the straight-line semiclassical approxima-
tion (SCA), the perturbation treatment becomes increas-
ingly inoperative with decreasing collision velocity (for
v&/vx =-1 and below) unless the Z~/Z2 ratio drops signi-
ficantly below 0.1; the validity of the SA approach in the
first Born version becomes restricted to progressively
more asymmetric collisions in the slow-collision regime.
On the other hand, slow and symmetric, or nearly sym-
metric, collisions are in the domain of applicability of the
MO model, which takes into account the mutual distor-
tion in the atomic orbitals of the collision partners. A
wide area between the islands of validity of these two ap-
parently different approaches can be appreciably nar-
rowed through an extension (with broken boundary lines)
of the perturbative treatment in the SA approach beyond
the first Born approximation. This has been in fact
achieved in a perturbed-stationary-state (PSS) analysis of
the target electron. In the general spirit of the prototype
figure from Ref. j., the dashed curves delineate schemati-
cally the upper limit of Z&/Z2 for which the PSS ap-
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FICx. 1. Regions of validity of first Born approximations in
the molecular-orbital (MO) and separated-atom (SA) treatments
are enclosed by the solid curves (after Fig. 13 of Ref. 1). The
areas delimited by the dashed curves cover the regions of validi-

ty of the treatments that extend beyond the first Born approxi-
mation. The asterisk at v&/vz ——0.22 and Z&/Z& ——1 shows the
datum analyzed in this work using the united-atom (UA) ap-
proach.

proach is expected and found to be valid. In a similar
fashion, one envisions the broadening of the area reserved
for the MO treatment once molecular orbitals are also
subjected to higher-order perturbations.

Nevertheless, a perturbative theory becomes inadequate
when applied to the separated target atom in the presence
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of a very slow projectile with the comparable atomic num-
ber, i.e., precisely in the collision regime where MO
models reign. " These models consider excitation as a pro-
cess in which SA orbitals of both collision partners make
an adiabatic transition to united-atom (UA) orbitals of
higher principal quantum numbers in accordance with the
correlation rules of the MO theory. The problem of X-
shell excitation is par excellence, as far as elegant interpre-
tation is concerned; the lack of subshells simplifies the
theoretical interpretation of experiments. This problem
was solved by Briggs and Macek, who restricted them-
selves to the rotational coupling between 2pcr and 2pm
states as the mechanism of K-shell excitation. The cross
sections found by this method agreed remarkably with the
experiments at low projectile velocity and, as delineated
by the Madison and Merzbacher diagram, disagreed with
the data of higher velocities.

Yet the rotational-coupling calculations failed the more
stringent test of comparison with the experimental
impact-parameter dependent K-shell excitation probabili-
ties, Px. As a wealth of data primarily from the group of
Schmidt-Bocking and his co-workers was published, the
pronounced peaks of the so-called kinematic and dynamic
origins predicted in the rotational-coupling model could
be barely deciphered in these experiments.

Meyerhof and others recognized that the filling of
the valley between the rotational-coupling peaks may be
due to the E-shell excitation processes other than just the
2po.-2pm transition. Direct ionization to the continuum
has been singled out as a main culprit. Meyerhof, follow-
ing his earlier treatment of the 3do direct ionization, re-
ported the results of direct-ionization calculations for the
2po. state and obtained qualitative agreement with the
data once the contributions of both rotational coupling
and direct ionization were added.

In this paper we implement these ideas quantitatively
with a detailed recipe for a consideration of the direct K-
shell ionization probability in the molecular-orbital re-
gime. For simplicity we restrict ourselves to symmetric
collisions in which the projectile and target atomic num-
bers are identical, Z1 ——Z2.

With the change of the dummy variable of integration
b +b—'=b /2, o of Eq. (1) becomes

o=2n. X16I ~a (b', —,'u))
~

b'db' (2)

so that, with P (b, —,'u))=—~a (b, —,'u))
~

P(b, ui)=16P (b, —,ui) (3)

instead of P=4P (b, —,'u~) as Eq. (10) of Ref. 10 has it.
Equation (2) leads immediately to o=16o ( —,'u&) in

agreement with the symmetric case of the general formula
derived by Zoran et al. " from the Briggs's UA model. '

Thus to calculate the K-shell ionization probability one
needs to know P» and Pqz at —,U1 and multiply each by
a factor of 16. One-half of the laboratory speed of the
projectile can be interpreted as its center-of-mass speed in
a symmetric collision. The multiplicative factor of 16 can
be traced to the square of the two coherently added, iden-
tical amplitudes, each twice as large because of replace-
ment of Z& in a by 2Z~. There is no transparent con-
nection between P and a for asymmetric collisions;
when Z&&Zq, P cannot be expressed in terms of scaled
P because of a coherent addition of unequal ampli-
tudes. The united-atom model has to be evaluated numer-
ically. '

In symmetric collisions the P are the separated-atoin
probability functions with Zz replaced by 2Z2. These
probabilities were numerically calculated in the semiclas-
sical approximation and reported in tabular form by
Hansteen et al. ' The tabular values of P do not ex-
tend to the low-velocity regime ( u~/ux & 0. 15) and list, at
most, only one or two values at the impact parameters
smaller than the b at which P(b)b attains a maximum.
The tabular P's correspond to large impact parameters at
which probabilities for direct K-shell ionization are negli-
gible compared with the rotational-coupling mechanism.
The paragraphs that follow remedy this shortcoming.

The concept of the united-atom model applies only in
the slow-collision regime with u~/ux && 1. Fortunately, in
this limit, the leading terms that contribute to P can be
identified explicitly as'

II. DIRECT IONIZATION
IN THE UNITED-ATOM MODEL

A. Ionization probability in the united-atom limit
and

, 45+'
1s O 1sq 1s X y

(4)

Let P(b, u
&
)—:

~

a (b, u
& )

~

be the impact-parameter b
dependent probability (or differential cross section) such
that 2m. P(b, u, )bdb =o(u, ) with a(b, u&) being the

0
properly normalized transition amplitude and o the cross
section for a given process due to a projectile of speed u&.

Briggs established' the connection between P, the proba-
bility for promotion from a molecular orbital and aUA,

the transition amplitude from the corresponding united-
atom orbital with Z =2Z, =2Zz. It follows from Eq. (9)
of Ref. 10 that in the straight-line approximation the
cross section for direct ionization in the united-atom (UA)
model is

11X ~ [+20')+&34')ldll
P p= pc] p 4 7 (5)

45
P1s 1s0 1s, 112' +] 96x+ ~2 e —27m 2

16
(6)

where x =bqs with qs —b—,Es/u& being the appr—oximate
minimum momentum transfer in terms of EEL, the
minimum energy transfer in the ionization from the
5= ls, 2p shell, i.e., its binding energy. K2 and K3 are
the modified Bessel functions of the second and third or-
der. Within l%%uo convenient analytical approximations to
Eqs. (4) and (5) are found as

a=2'&(4 f ~a ( ,'b, —,'u~)
~

bdb .— (1)
and
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P2p ——o2pq2p 1+2x+1.44x +x + x e2 11 2 3 9~ 4
p p p 54~ 128

(7)

To compare these probabilities in magnitude one observes
that, in terms of the radii of the is and 2p states,
a.l, ——1/Zl, and

asap
——4/Zqp, the cross sections are

o.l, ——8~a»(Zi/Z») F»/8»,
(8)

os ——32lra gp (Zl /Zpp) Fgp/epp,

where the Fs functions are known analytically' and the
Oq's represent the observed binding energies scaled by
their hydrogenic values. Based on Eqs. (6)—(8) and the
simPlifying assumPtions that Zl, =Zzp and Ol, -Oqp-1,
one finds that Pqz/Pl, —(500vl/Ux); thus, even at the
slowest collisions observed experimentally, PI, is only
about 0.1% of P2p.

B. Direct ionization of the 2pu state
and anisotropy effects

According to the well-known correlation diagrams
direct ionization of K-shell electrons proceeds via removal
from the 1so. and 2po. orbitals of the united atom.
Hence, by Eq. (3), E-shell excitation due to direct ioniza-
tion should be correctly evaluated as

PZ'=16(P»"(» ~ &i)+Pep~(» z Ul)]

where Pqz~ is the probability of ionization of the 2p elec-
trons with the magnetic quantum number m =0. Mey-
erhof divided Pzz by a factor of 3 on the premise that the
collision thoroughly mixed the magnetic substates. This,
however, is completely contrary to the assumption of
weak coupling which is implied by the perturbative
method of calculating the probabilities. Therefore we do
not adopt his idea.

Since published tables' ' do not apply here, we calcu-
late the directional anisotropy directly. We again take ad-
vantage of the slow-collision limit. Tracing the derivation
of Pzz to the formulas of Refs. 17 and 18, we find that
the m =0 state gives in the vI/v~ &~1 limit

1 lx &3(X)4'
I p 2p92 384

(10)
384~ & y4

An analytical approximation to P2p can be easily ob-
tained from the already given approximations to PI, and
Pz~ of Eqs. (6) and (7) since

2 2 2P2 o =P2p —(i72 q2 /o l q l )X2 Pl (X2 ) .

One gets

P2p~ ——o2pq2p 1+2x+ 1.36x +0.84x
11 2 3' 54~

4 e
—2X9m

256

It is interesting to observe that in the low-velocity limit
2m' f Pz~ b db=0. 855ozp, i.e., os is 86%, and not just
—,', oP the cross section due to all 2p electrons. In fact, in

this low collision velocity limit Pq~~ equals Pq~~
(m =+1 and —1) at large impact parameters and dom-
inates over P2p at small impact parameters where

P2p~ x 2p P2p~ as x 2p ~0 Thus depending on the im-
pact parameter, the anisotropy factor varies from —,

' to 1

rather than being a constant, statistical factor of —,
' as

used by Meyerhof.

C. Binding energy in the united
and separated collision systems

The most crucial variable in the calculation of direct-
ionization cross sections is the binding energy bEs, of the
electron (2Po in this case) to be ionized. This is particu-
larly true in the low-velocity limit, where o.

2p is inversely
proportional to the eleventh power of EE2p. Hence, with
Pzz~oqpqqz [for example, see Eq. (11)] and qzp ~bEqp,
Pqz ~

(DENT&);

a 10%%uo error in the binding energy causes
a factor of 2 change in the calculated ionization probabili-
ties, as noted by Moar et al.

The observed binding energy for a neutral united atom
of atomic number Z =2Z, =2Zz is, by definition, that
value at zero internuclear distance. We modify this
inner-shell electron energy by (i) an energy shift due to the
removal and promotion of outermost electrons, (ii) a self-
consistent extension to finite internuclear distances based
on known molecular-orbital eigenenergies.

The energy shift due to loss of the outer electrons is es-
timated in a simple electrostatic model. For the purposes
of the present discussion the total energy is proportional
to the electrostatic potential energy; from the virial
theorem the total energy for a system of electrons is Ti of
its potential energy. In the manner of a classical electro-
static energy calculation, and with the binding energy be-
ing the change in total energy upon removal of one elec-
tron, the calculation of the binding energy amounts to
finding the difference between energies of two classical
electrostatic distributions, in which the transfer of one
electron makes the difference.

Consider an atom'with an inner core of electrons sur-
rounded by spherically symmetric outer shells. The shells
are indeed symmetric when closed. From classical elec-
trostatics the potential inside a closed, spherical shell is
constant. Thus the change in the electric charge in the
outer shells merely shifts all the energy levels of the core
electrons by a constant amount. This leads to a simple
method of determining the electronic energy levels of a
stripped ion core without outer electrons.

Tables of ionization potentials, such as those of Carlson
et al. ,

' give the binding energy of the outermost electron.
The binding energy of any other electron. in the core (2p in
the present case) is found immediately from the difference
in binding energies for various configurations, as reported
in Ref. 20, for example. Such a procedure is rigorous only
for closed shells. Since the atomic collisions are fast on
the scale of outer-electron velocities, and therefore average
over all configurations, we find this procedure justified
also in the case of open shells.

Table I lists binding energies for the 2p shell of 568a,
the united atom in a 28Ni-28Ni collision. We estimate the
2p binding energy in the 54.4-MeV Ni-Ni collision, for
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No. of electrons
Removed Present

q Z —q

TABLE I. 2p binding energy in 56Ba+ ions.

Configuration Binding energy in keV
2pau

0
10
20
28
38
46
51
55
41
20

56
46
36
28
18
10
5
1

15
36

s) (2s) (2p) (3s)2 (3p) (3d) 0 (4$) (4p) (4d)' (5s) {5p) (6s)
(1s) (2s) (2p) (3s) (3p) (3d)' (4s) (4p) (4d)'
(1$) (2$) {2p)6 (3$) (3p) (3d) (4$) (4p)
(1s) (2s) (2p) (3s) (3p) (3d)'
( 1 s)' (»)' (2p)' (3s)' (3p)'
( 1s) (2s) (2p)
(1s)2 (2s)2 2p
2p
(»)' (»)' (2p)' (»)' (3p)'
(ls)2 (2s, 2p)' (3s, 3p) (3d)6 (4s,p) (4d) (4f)' Sp 5f (Sg) Sh

5.372
5.505
5.857
6.168
7.117
7.991
9.392

10.667'
7.396"

3c,tI

6.5+0.2'

'Exact nonrelativistic hydrogenic result.
"21 electrons removed from Ba+
'Ba+ with 21 electrons promoted.
Estimated from Slater's screening rules.

'Same as d, with 5S% of 2p electrons removed from SA and after some M-shell excitation (final estimate for UA 2po. binding ener-

which I'~ has been measured by Schuch et aI.
Our basic method to estimate the 2p binding energy in

the highly excited united atom is to use the total excita-
tion energy of the promoted electrons as a parameter.
Based on the equilibrium charge of a 54.4-MeV Ni ion in
a Ni foil [see Fig. 5(b) of Ref. 21], we view the collision as
a 20 times ionized projectile 2sNi+ in the (ls) (2s, 2p)
state colliding with a ground-state Ni atom. In the
electron-promotion model (see Fig. 4 of Ref. 4), the united
atom &68a+ has a typical configuration as specified in
Table II. From Table I, Ba+ in its ground state has a 2p
binding energy of 5.857 keV. With the additional removal
of 21 electrons, Ba+ ' has a 2p binding energy of 7.396
keV. The energy spent to remove these electrons is 35.1

keV.
We estimate that the promotion of the 21 electrons re-

quires 11.5 keV. In this estimate, the binding energy is

calculated according to the Mosley expression as
,
' (Z, In), —where Z, =Z —s is the nuclear charge dimin-

ished by the Slater's screening constant and n is the prin-
cipal quantum number. In accordance with our basic
method, the correction of the 2p binding energy is propor-
tional to the change in the total binding enemy of the
atom. Interpolating between the values for 20 and 41
missing electrons we obtain 6.3 keV for the 2p binding en-
ergy in the united atom Ba+ with 21 promoted elec-
trons. As seen in Fig. 2, electron promotion is approxi-
mately equivalent to total removal of half of the promoted
electrons.

In addition to electron promotion, vacancies and/or ex-
citation, which are caused by nuclear motion, also modify
the binding energy of the 2p electrons. Information about
these processes is very incomplete. From the curve given
by Greenberg et al. , and correcting for direct excitation,

TABLE II. Effect of electron promotion in Ni+ —Ni collisions. Populations in separated- and
united-atom orbitals, with effective nuclear charge (Z —s) for outer shells.

1s
2$, 2p
3$, 3p

Separated atom
28Ni 28Ni+

2
8

United atom (Z =56)
56Ba+2~ (Z —s) Remarks

CORE

3d
4s, 4p

4d

5s, Sp
5f
5g
SA

41
35.5
33
29
26.5
25
23.3
21

OUTER
SHELLS
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provides one with the impact-parameter dependent
b E' (R) through the relation of R to b:
R =d+(/d +b, with d—:Z&Z2/AU~, where
A = (A

&

' +A 2
'

)
' is the reduced mass of the colliding

system in electron mass units. An impact-parameter in-
dependent DER is necessary to make use of P~, and Pzz,
since these probabilities are defined so that os and qs are
independent of impact parameter b, in order to integrate
probabilities over all impact parameters to the cross sec-
tions o.q.

To achieve this goal we evaluate the binding energy as a
mean over all impact parameters,

«E, & =2 f bE, (R)P,""(b)bdb/, .

g= Number of Electrons Removed

FIG. 2. 2p binding eriergy as a function of ionic charge q;
i.e., the number of electrons removed for a q68a+~ ion. The cir-

cles, identified by the outermost filled shell, are from our esti-

mates for configurations listed in Table I. The dashed line is the
estimated energy level for 56Ba+ with 21 promoted electrons.
This binding energy is represented by the solid line at 6.5 keV,
after a 55% vacant I.-shell and M-shell excitations are also as-

sumed.

t,be ) is calculated in an iterative manner, starting with
EEs '(0) in the Ps and os. In the next iteration (b Es )
is used instead of b,E' '(0), a new value of (,bEs) is
determined, and the iteration is continued. After a few
such iterations the successive values of (bEs ) are found
to converge quickly to a constant ( b,Es ).

D. Energy-loss, Coulomb-deAection,
and relativistic corrections

b.Eg '(R)=b.Es(R) b,Es '(0)!b,Es(0) y (12)

where bEs '(0) are the observed binding energies in the
united 568a+ taken to be b,E»'(0) =37.4 keV and

, b&E'(20) =6.5 keV as explained previously. Equation (12)

we deduce that there are 0.55 vacancies in the L shell dur-
ing a 54.4 -MeV Ni-Ni collision. This means an addition-
al excitation of 2.3 keV, which changes the 2p binding en-
ergy to 6.4 keV. Other excitations, such as direct M-shell
ionization, are expected to alter this value by a lesser
amount. We thus finally estimate the binding energy of
the 2p state to be 6.5+0.2 keV at the zero internuclear
distance. Note that an error of 0.2 keV corresponds to a
3%%uo uncertainty in the binding energy. The innermost is
state is thought to be essentially unchanged with the strip-
ping of outer electrons, and, hence, its united, neutral
atom observed energy of 37.4 keV is used in our calcula-
tions.

The extension of the united 568a eigenenergies for its
molecular orbitals at finite internuclear distance R
presents the greatest ambiguity. Although the molecular-
orbital diagrams for ls and 2prr levels in a Ni-Ni system
exist, it is not clear what b,Es(R) one should enter via
qs and os in the evaluation of P„and Pzz~. Meyerhof '

approximated b.Es(R) with a parabola at small R and
used Hansteen's P functions. Aside from assigning too
much weight to small impact parameters by such a pro-
cedure, the use of an R-dependent AE& is inconsistent
with any calculation of semiclassical ionization probabili-
ties which assumes constant AE~ over all internuclear dis-
tances.

In our procedure we first renormalize the calculated
be(R) to b,Eg '(R) such that

Energy-loss, Coulomb-deflection, and relativistic effects
can be important in the slow-collision regime. We ac-
count for these effects according to the formulas of the
ECPSSR theory. 25

III. COMPARISON WITH EXPERIMENT

To illustrate our procedure for calculation of Pz', the
E-shell direct-ionization probability, we analyze the ex-
periment of Schuch et al. ' with 54.4-MeV Ni-Ni. We
have chosen a Ni-Ni collision simply because a good (easi-
ly readable for our purposes) molecular energy-level dia-
gram exists for this system; we have chosen the 54.4-
MeV data because they correspond to sufficiently slow
(U, /Utt ——0.22) collision to justify the use of the united-
atom model. See the asterisk in Fig. 1.

The data are shown in Fig. 3. The results of our calcu-
lations according to the procedures outlined in Sec. II are
represented. by the dashed curve in this figure. It is worth
noting that the energy loss had no practical effect on this
curve since (b,Es)/E& ——6.8 keV/54400 keV=10 «1
in the analyzed collision system. The Coulomb-deflection
and relativistic effects moved the curve in opposite direc-
tions; while the Coulomb-deflection factor lowered it to
0.93 of its straight-line value, the relativistic effect raised
it by a factor of 1.26. Also, in accordance with the gen-
eral estimate made in Sec. IIA, P~, contributes negligibly
to direct K-shell ionization for the data considered here.

Our calculations for direct E-shell ionization account
only partially for the observed data; the calculated
o.z ——12 kb as contrasted with the experimental value of
31 kb. ' The rotational-coupling mechanism which was
originally involved to explain Pz" ' and o.z"' is still and
clearly needed. Yet, neither the nonrelativistic nor the
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FICs. 3. E-she11 vacancy production probability in 54.4-MeV
Ni-Ni co11ision. The dashed curve represents our calculations of
the direct-ionization probability", the dash-dotted curve shows

the rotational-couphng probability of Ref. 28 multiplied by the
2@m vacancy fraction N&. Xz is set here as 0.18 to fit the ex-

perimental cross section, o~ ' ——31 kb, with err(-'+X~o. ~ . The
data, P~" ', are from Schuch et al. (1980) of Refs. 6 and 26.
The solid curve is according to Eq. (14) and using 6.5 keV as the

input b,E»'(0) in Eq. (13). This curve is surrounded by the
band that is bounded by the curves obtained when +3% change
is made in the choice of the 2pcr-state binding energy with the

appropriate adjustments of the X& constant; the lower bound is

drawn for EE2~ (0)=6.7 keV and X~——0.2 and the upper curve
in this band obtains when AE2~'{0)=6.3 keV and X~——0. 15.

relativistic evaluation -of Px agrees with the data by
itself. We note that the nonrelativistic cross section is
o.K ——158 kb and the relativistic value is o.K

ROT

=105 kb.
To account for the experimental results, we propose to

add to our nonempirical calculation of direct excitation an
empirically scaled rotational-coupling term

~K PK ++V~KDI ROT (14)

where %v, the empirical vacancy factor is such that
Nv (ox~' crx——)/os —Consistent. ly with the use of rel-
ativistic wave functions in the calculation of trx' we take
the relativistic Px and o x of Ref. 28. With
Xv ——(31 kb —12 kb)/105 kb=0. 18, NrPK is shown in
Fig. 3 by the dotted line and Pz of Eq. (14) is represented
by the solid curve. Neither direct ionization (dashed
curve) nor rotational coupling (dotted curve) alone agrees
with the data as well as their sum (solid curve).

IV. DISCUSSION

The addition of probabilities for these two processes is
a posteriori justified by relatively low probabilities with
which these processes deplete the Eshell of the united'
atom. Should either of the probabilities be of order of 1, a
correct approach would require a solution to the system of
differential equations for the amplitudes, which define the
direct-ionization and rotational-coupling excitation proba-

bilities. Attempts have recently been made3 to solve this

system of equations. Our addition of the probabilities in

Eq. (14) neglects an interference contribution from the
direct-ionization and rotational-coupling excitation ampli-
tudes. This interference could be of importance around
1000 fm in Fig. 3 where the absolute values of these two
amplitudes are equal. If it were destructive and signifi-

cant, the interference term would account for the observed

discrepancy between the solid curve and the data in the
neighborhood of 1000 fm.

Except for large parameters, the agreement of the solid
curve with the data is remarkably good, when one consid-
ers the experimental uncertainty of 20%, the error of 30%
in the calculation caused by binding-energy uncertainty of
3%, and the 15% uncertainty in the fluorescent yield.
The disagreement between experiment and calculation at
large impact parameters could reflect the inaccuracy of
the screened Coulomb potential, ' which is worst at large
internuclear separations. A more rigorous, ab initio calcu-
lation would be more accurate. However, the complicat-
ing effects of projectile ionizations, outer-shell excitation
and promotion would probably make the potentials unreli-
able at large R. Thus, interpretation of experimental data
which depends on large impact-parameter collisions is
subject to uncertainty whenever the internuclear potential
deviates significantly from the Coulomb potential. It
seems that P~"~' (b) ought to be smaller at large b If so, a.
smaller value of X~ would have been obtained in our scal-

ing procedure to ox ~'. Also, a smaller value of Xv would

have been extracted at small impact parameters if Xv
were allowed to increase at large impact parameters.
Schuch et al. (1984) in Ref. 6 observe that Xr is signifi-

cantly enhanced in solid targets due to multiple collisions
at large impact parameters. This would lower the solid
curve in Fig. 3 toward the data and, hence, result in an
even better agreement.

Greenberg et al. interpreted total cross sections for
single and double E-shell excitation in Ni-Ni colhsions
from 17.9 to 91.5 MeV in terms of the electron promotion
model, but did not take into account direct excitation. It
now appears that, at the higher energy range, direct exci-
tation provides a significant fraction of the total excita-
tion cross section. In this range, the agreement between
calculation and experiinent may have been fortuitous. In
the lower half of their energy range, direct excitation
would have provided too small a fraction of the excita-
tion, and the MO mechanism is still valid.

In general, the relative contributions of direct and elec-

tron promotion to excitation of a given electron shell de-

pend on the details of the collision. Electron promotion is

most effective at low collision velocities, high ratio of
projectile-to-target atomic number, and when exit chan-

nels to empty MO's are open. . Direct excitation is most
effective at high collision velocities, low projectile charge,
small impact parameters, and when exit channels are
closed. '

In the present case of Ni-Ni collisions at —1 MeV per
nucleon, electron promotion predominates. In heavier

systems, such as the relativistic systems which produce
positrons, direct and multistep excitations are relatively

more important processes.
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A particular conclusion of the present investigation is
the significance of electron promotion in enhancing the
shift of the binding energy caused by outer-shell excita-
tion and ionization.

%'ith the phenomenal progress in computer solutions to
atomic collision problems our procedure might be ulti-
mately and soon tested by the results of numerical
coupled-state calculations. The simplest prototype for
symmetric collisions —p-H collisions —has been studied
extensively by many theorists after Shakeshaft demon-
strated that a coupled-state calculation with a 68-
pseudofunction basis set is computationally manageable
although it may not give entirely satisfactory results. A
search for an optimal basis set is always of supreme im-
portance in these studies. For example, Fritsch and Lin
have proposed the modified atomic-orbital (AO + )

method which complements the conventional atomic-
orbital (AO) sets with united-atom (UA) orbitals. This
method might offer valuable insights into the bridge be-
tween the SA and UA approaches for slow and symmetric
collisions, especially if made variational with respect to
electronic translation factors and when scrutinized against
the triple-center treatment of P-H collisions. However,
it remains to be seen whether these insights pertain when
more complex, symmetric collision systems such as Ni-Ni
are considered. Efficient numerical schemes which ac-
count for many electron effects in symmetric systems, al-
though in development, are still in their infancy.
essentially analytical calculation of the direct E-shell ioni-
zation in symmetric collisions. Extensions of this work to
more complex L-, M-, and S-shell excitations should
shed more light on the relative importance of direct and
indirect excitation mechanisms. The validity of our ap-
proach becomes better as slower collisions are considered,
i.e., as ui/Ux. ~o. We have followed Meyerhof in using
the Briggs united-atom model, with agroper evaluation of
Pz in terms of Pi, (b, —,'U, ) and P~~~(b, , Ui); we ha—ve

derived an analytical expression for the ionization of 2p
electrons in the m =0 substate and introduced an iterative
method to obtain a relevant value of the binding energy
for the united atom, taking into account its excitation,
ionization, and correcting for finite internuclear distances.

The success of this calculation shows that direct-
ionization processes can be understood by combining the
atomic and molecular approaches. Even in the Zi /Z2 —1

and low U i /Ux regime, first-order Born techniques
developed in the separated-atom theories do apply, once
properly transfused into the united-atom picture. The
first Born approximations, strictly valid in the very asym-
metric Zi/Z2 «1 and fast Ui/Ux. ~&1 collisions, are now
reconciled with MO theories in the diametrically opposite
zone of Zi/Z2 —1 and Ui/Ux « 1, where the molecular-
orbital schemes apply. To paraphrase the 1ast sentence of
Brigg's review article, the usefulness of the united-atom
approximation to the MO transition amplitude in the case
Z& -Z2 has by now not only been tested but also well es-
tablished.

The gap between the regions of validity of MO and first
Born approximations in the Madison-Merzbacher dia-
gram (see Fig. 1) at slow collisions disappears once these
calculations are modified to account for the perturbed na-
ture of the separated target atom (going from Zi/Z2 « 1

to Z i /Z2 ——,
'

) or that of the united atom (from
Zi/Z2 —1 to Zi/Z2 ——,). Thus the field of atomic col-
lisions enters the stage of scientific investigation where is-
lands of understanding coalesce into a more global pic-
ture. The white area in Fig. 1 remains terra incognita. By
coupled-state calculations in a molecular basis, this ex-
panse will perhaps be conquered. For now the asterisk in
the forbidden (to the first Born approximation) MO terri-
tory in Fig. 1 means a reconciliation between two seem-
ingly opposite treatments of atomic collisions.
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