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For a classical oscillator subject to a time-dependent perturbation, the average change in the ac-
tion variable (AJ)={(J—J,) is related to its fluctuation {(AJ)?) by (AJ)=+3{(AJ)?)/3dJ,,
where Jj is the initial value of J and the average is over the initial value 6, of the angle variable. In
this paper, the quantum-mechanical generalization of this relation is derived, and we discuss the
correspondence between our work and the usual treatment of the fluctuation-dissipation theorem for
a system which initially is described by a canonical distribution.

I. INTRODUCTION

For a classical oscillator described by the Hamiltonian
Hy(p,q), the action variable,’

27J = ¢pdq ,

is a constant of the motion and the angular oscillation fre-
quency is

wold)=dHy(J)/dJ . (1.2)

(1.

If an external time-dependent perturbation is applied, the
system is described by the Hamiltonian
Hy(p,q)+V(p,q,t), and the action variable is no longer
constant. When calculated to second order in the interac-
tion V, the average drift (AJ) = (J(¢)—Jy) and fluctua-
tion {(AJ)?) are found to be related by>3

1 d 2
(AT) =~ YA (A2, (1.3)
where J, is the initial value of the action variable and the
average is over the initial value 6, of the conjugate angle
variable.
In this paper the quantum-mechanical generalization of
Eq. (1.3) is derived. We consider a quantum oscillator

described by the Hamiltonian
H=Hy+V(), (1.4)

and suppose Hj to have a nondegenerate, discrete spec-
trum. The orthonormal complete set of eigenvectors of
H, are denoted by |n), n=0,1,2,..., and we assume
that 4initially at time ¢t =0 the oscillator is in a coherent
state

n
|a>=e—'“'2’2§n‘,§ﬁ |n) . (1.5)
Writing
a=v7e', (1.6)
the average of an operator O is defined to be
<o>sfj"-‘;—g<a|o;a>=§p,.m<n;O|n>,
(1.7
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where

J" g
p,.(J)=—’;!—e (1.8)

is the Poisson distribution. Corresponding to the action
variable in classical mechanics is the number operator N,
defined by:

No|n)=n|n).

Working in the Heisenberg representation, we determine
its time dependence to second order in V,

(1.9

No(t)=No+N,(t)+Np(t)+ -+ . (1.10)
Then, we find (taking #i=1)

(N} )= (m —n)*p,(J)B, (1), (1.11)

(N (1))=, (m—n)p,(J)Bpy(1) , (1.12)

m,n

where B,,,(t) is the transition probability between states
m and n. Defining

T,= 3 pa(J)B, 4y 4(2), (1.13)
n
the above equations can be rewritten as
(NI@)= 3 ANi1),= 3 pUT,+T_,) (114
p (>0) p(>0)
and
(Ny(0))= 3 (N),= 3 p(T,—T_,). (1.15)
p(>0) p(>0)
The symmetry of the transition probability,
B, (t)=B,,(t) , (1.16)
together with the identity
Dyp,(N)=(14+3/3J ¥p,(N)=p, _p(J) (n>p) (1.17)
imply
D,T_,=T,, (1.18)

which is the fluctuation-dissipation relation we are seek-
ing. Applying Eq. (1.18) to Egs. (1.14) and (1.15) results
in
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13 13 p>—4d
(Nz(t))p ['2—5——2&72 2 EIT
(N3@)), , (1.19)

the quantum-mechanical generalization of the classical re-
sult presented in Eq. (1.3).

In Sec. II we review the classical oscillator. We em-
phasize that the derivation of Eq. (1.3) rests on the same
property of the Poisson bracket as does the fluctuation-
dissipation theorem® often quoted for the canonical en-
semble. We also review the connection between Eq. (1.3)
and the Einstein relation in the classical theory of Browni-
an motion.®

The quantum oscillator is discussed in Sec. III, where
Eqgs. (1.18) and (1.19) are derived in detail. After this is
accomplished, we consider the special case of a perturbing
potential of the form V(z)=V¥n(z), where V is a time-
independent operator and 7(¢) is a scalar function of time.
In this case we are able to discuss the drift and fluctuation
of the energy as well as of the occupation number, by use
of Fourier transforms. Next we consider the unperturbed
Hamiltonian to be harmonic,

Hy=Q(Ny+7), (1.20)

and show that in this case our results for an initial Pois-
son distribution are related by a Laplace transformation to
the fluctuation-dissipation theorem which applies when
the initial state is described by a canonical distribution.

Since in classical mechanics there is a precise correspon-
dence’ between the fluctuation-dissipation relation of Eq.
(1.3) and the Madey gain-spread theorem’ for the free-
electron laser, it is reasonable to hope that the work
presented in this paper (or a generalization of it) will be of
relevance to the quantum-mechanical treatment of the
free-electron laser.

II. CLASSICAL OSCILLATOR

We consider a driven oscillator described by the Hamil-
tonian

H=HyJ)+V(J,0,1), @

where J and 6 are the action angle variables.! The poten-
tial V(J,0,t) is periodic in 6 with period 27, and the
equations of motion are

aV

J=—“55 , (2.2)

: 14
O=wo(J)+—,
Ct)o( )+ a J
where wo(J)=dHy/dJ is the oscillation frequency of the
unperturbed oscillator. The equations of motion can be
solved by perturbation theory, and to second order in V

the solution is

(2.3)

J()=Jo+J (t)+J,(t), (2.4)
o( 1)290+0)0(J0)t+91(t)+92(t) , (2.5)
with

avy(t')
6, ’

Jy(t)=— fdt f dr”

We shall have no need for 0,(¢) and 0,(z), so we shall not
give their explicit forms. In the above Egs. (2.6) and (2.7)
we have used the simplified notation

Ji(t)=— f dr' ——— (2.6)

BVI(I )

, Vi(e'") } . 2.7

V](t)E V(Jo, 60+(L)0(Jo)t, t) N (2.8)
and the Poisson bracket { 4,B} is
04 0B 034 OB
B — . .
(4,B}= 800 8.]0 T dJy 36, 2.9)

The fluctuation-dissipation relations’ are a consequence of
the identity

—0 3 oB
A,B LA )
t4,BY=57" aeo 36, | a7, @.10
Introducing the average { ) defined by
T d6
(0)= f 500, 60,1) , (2.11)

we see that when 4 and B are periodic in 6, with period

21, then
24e2)

{81 =55, {4 36,

(2.12)
The fluctuation-dissipation relations follow directly from
Eq. (2.12). Taking 4=0V;(t')/36, and B=V,(¢"), Egs.
(2.6) and (2.7) together with (2.12) show that

—(Ji),

(Jz(t)>—— 2 aJ

(2.13)

which is the desired result.
Instead of the average defined in Eq. (2.11), consider
the average over the canonical ensemble,

®© 2 d6, —
(0>c=2—1 fo dJO fo —2'7;(‘)‘0(-]0,00,[)6 ﬁHo(Jo)’

(2.14)
where Z is the partition function
z= ["dre " (2.15)
The averages of Egs. (2.11) and (2.14) are related by
(0)e=z' [“are™""(0) . (2.16)

Assuming 4 and B to vanish at Jy=0, Eqgs. (2.12) and
(2.16) imply

<{A’B})c—< Bowo(Jo)A (2.17)

w0l

Let us now restrict our attention to the special form of the
perturbing potential,

V(J,0,t)=v(J,0)n(1),

where 7(¢)

(2.18)
does not depend upon J and 6. Then
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Vi(t)=v;(t)n(t), where
vr(2)=v(Jg, Og+wo(Jp)t) .

Taking A =v;(¢) and B=v;(¢') in Eq. (2.17), we find
(for(0), v (1)} ) = — Bl (Y (1)),

where  U;(t)=dv;(t)/dt =wy(J,)dv;(£) /36.  Equation
(2.20) is the fluctuation-dissipation relation as usually
stated in the canonical ensemble.’

Before proceeding to the discussion of the quantum-

(2.19)

(2.20)

mechanical oscillator in the next section, let us briefly re-.

view another aspect of the fluctuation-dissipation relation
(2.13) which manifests itself in the discussion of stochas-
tic processes using the Fokker-Planck equation.’ If we in-
clude the effects of a frictional force, the equations of
motion become

. OH, 3y
==, T (2.21)
dH, v
p=— ” — ” —vp , (2.22)
or in terms of the action-angle variables,
j__ 9oV __ 9q
J= ~ 30 P30 (2.23)
b=od+ 35 +yp oL, 2.2

where of course p and g are now expressed as functions of
J and 6. If the potential ¥ has the proper stochastic char-
acter then the average motion on a long time scale is
described by the Fokker-Planck equation®

¥ _ 3 1 a2
ot aJ 2 an A:9)

where (J,t)dJ is the probability of finding the action
variable between J and J+dJ at time ¢. The coefficients
are given by

A;=(AJ/At))
A, = (AT /ALY ,

where the double bracket indicates an average over the ini-
tial value of @ and over the stochastic ensemble. In this
case the fluctuation-dissipation relation becomes

A1)+ —

(2.25)
(2.26)

194y g 227
1= 2 aJ —vJ .
so the Fokker-Planck equation reduces to
a_13 [, 88
3 237 A, Y, +v aJ(Jllj) (2.28)

A sufficient condition for ¥4 to be a time-independent
solution of Eq. (2.28) is

0
SAZ ;l’;“ +yJy=0. (2.29)

Let us write
Yeq( ) =5V, (2.30)

then Eq. (2.29) implies

29Jd]
S(J)= f—K——AZ(J) )

In the special case when the external potential
V=—q&(t), where £(¢) is a stochastic functlon with a
white-noise spectrum,

(2.31)

(&())=0, (2.32)

(E()E(t"))=2D8(t—1") , (2.33)
then

A,()=2DJ /wo(J) , (2.34)
hence® ‘

el ) =e P (2.35)
with

B=y/D . (2.36)

If the equilibrium is described by a canonical ensemble
with inverse temperature f3, then Eq. (2.36) is the Einstein
relation.®

III. QUANTUM OSCILLATOR

We consider a driven quantum-mechanical oscillator
described by the Hamiltonian

H=H,+ V(). 3.1

The unperturbed Hamiltonian H, has a nondegenerate,
discrete spectrum and its orthonormal complete set of
eigenstates are denoted |n), n=0,1,2,... . For ease of
notation we set #i=1 and denote the eigenvalues of H by
Wp<W <3< ",

Hy|n)=w,|n) . (3.2)

In the Heisenberg representation, the time evolution of
H,, is given to second order in V(t) by

Hy(t)=Ho+H($)+H,(t)+ - -~ (3.3)
with
Hy()=—i [ dr'[Ho,Vi(t)], (3.4)
Hy()=— [, dr fo dt"[[Ho, V("] V()] , (3.5)
and
Vi) =e"o'p()e " 3.6)
The commutator [4,B]=AB —BA.
Let us introduce coherent states*
la)=e" |a|2/22 |n> (3.7

then writing
a=V7je?, (3.8)

we define the average of an operator O by
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<O>__J- d9

From Eq. (3.7) it is seen that

alO|a). (3.9)

(0)=3F p(N){n|O|n), (3.10)
where
I
pn(J)= l e

is the Poisson distribution. Corresponding to the action
variable in classical mechanics is the number operator N,
defined by

Noln)=n|n), (3.11)
and it is easily seen that

(No)=J, (3.12)

((Ng—(N)?*)=J , (3.13)
and

(Ho) =S 0,p,()=Eo(J) . (3.14)

The transition probability between states m and » is

t 2

B (D)= ‘ [ de(m vy ny|", (3.15)
and one finds the energy moments

(HI0)) =3 (0 —©, )05 (J)Bn(2) , (3.16)

(3.17)

(Hy(1))= 3 (@0, — 0, )pp(J)Bpu(2) .
m,n

The time dependence of the number operator can be deter-
mined in the same manner as that of H,, and to second
order in V(t),

No(t)=No+N{(t)+Ny(t)+ -+ , (3.18)
(N3)) =3 (m —n)%p,(J)B,n, (1), (3.19)
(N(1) =, (m—n)p,(J)B,(2) . (3.20)
Defining
Ty= 3 puD)By 4 p (1), (3.21)
Eqgs. (3.19) and (3.20) can be rewritten in the form
(Ni)Y= 3 (N}),= 3 pAT,+T_,), (3.22)
p(>0) p(>0)
(N2())= 3 (N(D)p= 3 p(T,—T_,). (323
p(>0) p(>0)

We do not explicitly state any restriction on the sum over
P except p >0, but consider B,,,(t) to vanish if either m
or n becomes negative.

Introducing the differential operator

D,=(1+3/3J,

we note that

(3.24)

Dypp(N)=pp_p(J), n>p . (3.25)

Equation (3.25) together with the symmetry of the transi-
tion probability,

B (t) =B, (1) , (3.26)
yields the ﬂhctuation-dissipation relation
D,T_,=T, . (327)
Using Eq. (3.27) in Egs. (3.22) and (3.23) shows that
19 193 p>-4 3
N =S "33 22 ap
(N}(0),, (3.28)

which is the generalization in quantum mechanics of the
classical result of Eq. (2.13)

2
t))=——7 t
(Ja(1))= > 8J<J 1)) .
When (N3(#)), are polynomials in J, the leading terms in
the classical 11m1t J— o satisfy

—~<N2(t)> (3.29)

2 dJ
We note that the coefficient of the second-order derivative
term in Eq. (3.28) is independent of p, but the coefficients
of the third- and higher-order derivatives are different for
different values of p.

In order to make contact with the literature on the
fluctuation-dissipation theorem,’ let us restrict our atten-
tion to a Hamiltonian of the form

(Nz(t)>

(3.30)

where V is now a time-independent operator and %(¢) is a

scalar function of time. We define
V() _ o Hoty,, —iHot

and rewrite Egs. (3.4) and (3.5) as

(H%(t)):,fotdt’ fo'dt"n(t')mt")(I'f,(z')ff,(t"))

(3.31)

(3.32)
and
(Hy)=i [ dr fo"dt"q(t')n(t")
XA[Vi(e), Vi(e]y . (3.33)
Now we introduce the Fourier transform S(w) by
(Vi) =V (DY ()= V(') ])
= [doS@e= =", (3.34)

from which it follows that

(Vi) V("D = [ do[S(0)—S(—w)]e o=t

(3.35)



Since

S(w)=3 S,(o) (3.36)
P

with

(HY ) = [ doblo,0? 2 [Sy(@)+5_p(—)],

(>0)

(Hy )= [ doblo,o 2 [Sy(@)—S_,(—o)],

p (>0)
where

.2
b(w,t): . fotdt"rl(t’)e—lmt
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Sp(@)= py()|{n |V |n+p) |28(a)—w,,+p+w,,) ,

(3.37)
we can derive

(3.38)

(3.39)

(3.40)

As stated earlier following Eq. (3.23), we consider matrix elements {m | ¥ | n) to vanish when m or n become negative.
From the definition of S,(w) in Eq. (3.37) and the definition of D, in Eq. (3.24), we derive the fluctuation-dissipation

relation
D,S_,(—w)=S,(0) .
Equation (3.41) implies

S (o= |2B P&  ppP-4) B
Sp(@) =8 —p{ m)_[z aJ 437 24 a5

(3.41)

[S,(@)+S_,(—@)], (3.42)

relating S (0)—S _,(—o) which determines the dissipation (H,(1)) to Sp(@)+S_,(—w) which determines the fluctua-
tion (H? (t )). The spectral relations for the number operator are

(M) = [ dobo,t) 3 plSye)+5_p—a)l,

p(>0)

<N2<t)>_f dobla,t) S plS,(w)—

p(>0)

S_p(—aw)].

These equations are, of course, consistent with Egs. (3.22)
and (3.23) discussed earlier.

Additional insight is obtained by considering the special
case when the unperturbed system is an harmonic oscilla-
tor,

Ho=Q(No+7) . (3.45)
In this example, ©, ., —©, =pQ, so
Splw)=S8,8w—pQ), (3.46)
with
Sp=3paN|{n|V]|n+p)|?. (3.47)
Then
(N}(2))= 3 b(pQ, t)pX(S, +S_,) , (3.48)
p
(Ny(1))y= 3 b(pQ, t)p(S,—S_,) , (3.49)
14
and
D,S_,=S, . (3.50)

For a dipole interaction, V=a +aT, with a' and a be-
ing the usual raising and lowering operators satisfying
[a,aT]= 1 we find

(3.43)
(3.44)

i
(N3))=b(Q,1)(2T+1), (3.51)
(N, (1)) =b(Q,1) . (3.52)

Since (N}(¢)) is linear in J, the higher derivative terms in
Eq. (3.28) vanish, so the classical relation (3.29) is valid.
When V=(a+a')? then

<N,<t)>=b(m, 1)(8J2+16J +8) , (3.53)
(N,(1))=b(2Q, t)(8J +4) . (3.54)

Since (N3(¢)) is quadratic in J, the third- and higher-
order derivatives in Eq. (3.28) vanish, so

(o)) = | 32— %—37 (N2(D) . (3.55)
Finally, when V'=(a +a')3, then
(N3(t))=b(Q,1)9(2J>+9J%+8J +1)
+b5(3Q, 1)92J3+9J2 4187 +6),  (3.56)
(N,())=b(Q, t)9(3J2+6J+1)
+b(3Q,1)93J%+6J +2) . (3.57

In this case the third derivative term in Eq. (3.28) must be
kept, and since the coefficient of 3°/3J3 is not simply
proportional to p, distinct differential relationships hold
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for p=1and p=3.

We shall now conclude this section by demonstrating
the equivalence of Eq. (3.50) to the fluctuation-dissipation
relation as usually stated for the canonical ensemble. The
expectation value { ). in the canonical ensemble is

(VWi (), =Z =" Tr[e 2oV, (v (1],

where Z is the partition function and B=1/kT. In this
ensemble the fluctuation-dissipation relation is’

(3.58)

ViVt =V (t"WVi(t+iB)), . (3.59)
Introducing the Fourier transform F(w) by
(V)= ViV () =LV () 1)
= [doF(w)e=*"=",  (3.60)
we see that Eq. (3.59) implies
Flo)=ePF(—w) . (3.61)

When H, is the harmonic oscillator Hamiltonian of Eq.
(3.32), then

F(o)=F,8(0—pQ) , (3.62)
where
)
F,=eP%F_, . (3.63)
Using the diagonal representation,* we can write
2
—é—e o_ [ iﬁﬁpm la)a| , (3.64)

where the coherent states |a) were defined in Eq. (3.7),
and then it follows that
1

_..5(,," 0 :
—e = [ dIPDp, (D) .

(3.65)

Therefore, the canonical average defined in Eq. (3.58) is
related to the Poisson average of Eq. (3.10) by

(0)e= [~dIpPuxo0), (3.66)

which is the quantum-mechanical generalization of Eq.
(2.16). For the harmonic oscillator Hamiltonian of Eq.
(3.45), one knows*

P(J)=ye ¥ (3.67)
with
y=ef_1 (3.68)
Therefore,
F,= [, dJ ye™’s, , (3.69)
so Eq. (3.63) becomes
[ dre™s,= [“araiyrers_, . (3.70
From its definition in Eq. (3.47), it is clear that
oks _,
k =0 for0<k<p, (3.71)
aJ J=0

so Eq. (3.70) is simply the Laplace transform of the rela-
tion S,=D,S_, of Eq. (3.50).
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