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Experimentally and theoretically determined differential and total cross sections are reported for
excitation of atomic hydrogen to its n =2 level by 25—150-keV hydrogen molecular ions. The dif-
ferential cross sections decrease 3—4 orders of magnitude over the measured center-of-mass
scattering-angular range from 0 to 4.5 mrad. The results of a first Born approximation and two
other theoretical calculations based upon the Glauber approximation are presented and compared
with the experimental results. Both calculations based on the Glauber approximation agree fairly
well with the experimental results. The Born approximation agrees moderately well with the experi-
mental results at the very small scattering angles but is well below the experimental results at the
larger scattering angles. None of the theoretical calculations presented agree well with the total
cross section. However, the results for the total cross section of the two calculations based on the
Glauber approximation agree with the experimental results in curve shape better than the Born-
approximation results.

INTRODUCTION

The collision of a hydrogen molecular ion with a hydro-
gen atom is the simplest atom-diatom collision system
that one can investigate. However, there is little published
information concerning this collision system. Prior to
this paper, the only available experimental information
consisted of the total charge transfer cross-section mea-
surements for incident Hz+ energies from 0. 1—10.0 keV
reported by Fite, Brackmann, and Snow' and the total
proton production cross-section measurements for in-
cident Hz+ energies from 3.15—115.0 keV reported by
McClure. The only theoretical information available in
the overlapping energy range of these experiments is the
calculation of the total cross section for dissociation of
the Hz projectile with simultaneous excitation of the hy-
drogen target reported by Peek.

In this paper experimental and theoretical differential
cross-section results for the process

Hz++H( ls)~H +(8)+R"(n =2)

are presented for an Hz+ incident projectile energy range
from 25—150 keV and center-of-mass scattering-angle
range between 0.0—4.5 mrads. The total cross section ob-
tained by integrating the differential cross sections is also
presented. The theoretical calculations presented are the
first Born approximation and two other approximations
based upon the Glauber approximation.

EXPERIMENTAL METHOD

The apparatus used for the present investigation and
the method employed to extract differential cross sections
for measured angular distributions of scattered particles
are described in Refs. 4—9. Hydrogen molecular ions pro-
duced in a colutron ion source are extracted at 2000 V,

momentum selected, and injected into an accelerating
column. The accelerated beam is electrostatically steered
through a tubular —joule-heated furnace which produces a
hydrogen-atom target. The ion beam which exits the fur-
nace is mass analyzed and decelerated to 2000 V. The de-
celerated beam is electrostatically analyzed by a 127'
cylindrical analyzer to find the energy lost in the ion-
target atom collision. The ion energy-loss scale of the de-
celerated beam can be established to an accuracy of +0.03
eV. In the present experiment the energy resolution is 1.5
eV.

Angular distributions of scattered ions with a given en-

ergy loss are obtained by rotating the accelerating column
and ion source about a pivot point centered under the
hydrogen-atom —producing furnace. The scattering angle
can be determined with an accuracy of +3.33 grad. The
full width at half maximum of the incident beam is 120
prad measured in the laboratory. For a detailed discus-
sion of the ion energy-loss measurement method see Refs.
4—9, and for a recent schematic of the present apparatus
see Ref. 8.

The distribution of vibrational states in our incident
H2+ beam has not been measured by us. McGowan and
Kerwin' have determined the relative populations of the
various vibrational levels of Hz+ that are produced from
bombarding H2 by electrons at various energies. The ion
source used for this experiment was always operated with
an ionizing electron energy between 40 and 60 eV. This
indicates that the vibrational levels in our incident H2+
beam correspond to the distribution at saturation. ' The
experiment does not separate out the various initial vibra-
tional components of the incident hydrogen-molecular-ion
beam nor does it measure the final vibrational distribution
of the scattered hydrogen molecular ions.

Because the experiment does not resolve the vibrational
states, the experimental results are compared to a theoreti-
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cal calculation that sums over all final vibrational states
and statistically averages over all initial vibrational states
of the incident Hq+ projectile.

Any measureinent of an angular distribution involves

some convoluting effect of the measuring apparatus. One
method for "unraveling" the effect of the apparatus on
the experimentally determined differential cross section
has been presented by Park et al. in Ref. 9. This method
has been used to obtain the experimentally determined dif-
ferential cross sections which are reported in this paper.

It is important to reiterate that the dissociation fraction
of the present system is greater than 95% and that any
residual molecular hydrogen in the target does not affect
the integrity of the hydrogen n =2 state measurement as

there are no hydrogen-molecular-ion states that have an

energy loss of 10.2+1.5 eV. The atomic hydrogen target
density is normalized to the proton-impact-excitation
measurements from Ref. 4.

THEORY

The Born differential cross section for excitation is
known to fall off more rapidly than experiment for
proton-hydrogen scattering. However, a first-Born-
approximation calculation of H2+ + H~Hz+(8)
~H'(n =2) was undertaken for comparison with the ex-

perimental results because the well-understood properties
of the Born approximation make it useful as a benchmark
in evaluating other theoretical approaches. Two different
calculations based on the Glauber approximation" for
H2++H~H2+(8) +H'(n =2) are also presented. One
Glauber-approximation calculation is based on the first
Born approximation. The other is based on an expansion
of the profile function that is similar to the treatment em-

ployed by Franco' for He+-H excitation.
The interaction potential V in atomic units between

Hz+ and H is given by

The vector r is from the hydrogen-atom nucleus to the

center of the H2+ internuclear line, ro is from the center
of the H2+ internuclear line to the electron bound to Hi+,
ri is from the hydrogen-atom nucleus to the electron

bound to H, and R is the vector between the nuclei of
H2+. Atomic units will be used throughout the theory
section. We assuine the Born-Oppenheimer separation of
electronic and nuclear variables for H2+. Let @(ro,R) be

the wave function for the ground electronic state of Hi+.
The nuclear wave function and subsequent matrix ele-

ments will be considered later. The initial and final wave

functions for the hydrogen atom are g;( r i ) and g~( r, ),
respectively. The momentum transfer is given by

q=k; —k~, where k; and k~ represent the relative mo-

menta of the collision system before and after the col-
lision. Within the context of the first Born approxima-
tion we define

Gy; ——— f d'rod'ri d'r
I
@(ro,R)

I pf(ri)2'
Xgj(ri)Vexp(iq r), (2)

where p is the reduced mass for the Hz+-H collision sys-

tem. The mass of the electrons are ignored with respect
to the nuclear masses. To obtain the scattering amplitude,
the function G~; must be evaluated between the initial and

final nuclear wave functions. The integration over r can
be perforined to yield'

Gy; ——2 cosB q.R
2

where

—S +(q) fg(pH),

&„+(p)= ji'ro
I
@(ro,R)

I
'exp( iq—ro) (4)

2

is the form factor for the H2+ ground electronic state and

f~;(p, H) is the first Born scattering amplitude for a
"heavy proton" with a mass equal to the mass of Hz+ and

with a relative velocity v =k;ljLj colliding with a hydro-

gen atom. Thus in the first Born approximation, G~; con-

sists of a factor depending upon the nuclear coordinate R
and a factor independent of R which basically determines
the angular distribution of the scattering. In the differen-
tial cross section the nuclear factor does not depend
strongly upon q. Also the momentum transfer q does not
vary significantly over our range of angular scattering.

A simple Glauber approximation can be obtained that
displays the same structure as the first Born approxima-
tion. This can most easily be achieved by replacing the
first Born scattering amplitude by the Glauber scattering
amplitude for the heavy proton scattering. Consider the
first Born scattering amplitude which is given by

fg(p, H)= — d ri d r gy(r&)g;(ri)V~&(ri, r)
2m

Xexp( i q r ), (5)

where Vzii(ri, r) is the interaction potential between the

heavy proton and the hydrogen atom. Let r=b+z,
where b and z are the components of r perpendicular
and parallel to v which is the velocity of the projectile
relative to the target. 'z Likewise define ri ——bi+zi,
where bi and zi are the components of ri perpendicular
and parallel to v. ' For small angle scattering we may as-

sume q. r=q b, i.e., q is perpendicular to the z direc-
tion. ' The only remaining z dependence is in the interac-
tion potential Vp~. The z integration can be related to the
phase-shift function which is defined as'

—+ —+ J 00

X ii(b, b —bi)= —— V ii(ri, r) dz .
p —co

Franco' ' has evaluated the phase-shift function for col-
lisions between an ion and neutral hydrogen. The first
Born scattering amplitude becomes

ffj(p, H)= f d ri ji b g~(rj)fj(ri)
2m

XX&&(b, b —bi)exp(i q b) . ~
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The profile function is defined as'

I H(b, b —bi)=1 —exp[iX&H(b, b —bi)], (8)

which to lowest order becomes —iX~H(b, b —bi). The
Glauber scattering amplitude for the heavy proton scatter-

ing is given by"'

where I &H and l,H are the corresponding profile func-
tions for proton-hydrogen and electron-hydrogen col-
lisions. In this approximation Gf; is given by

f d'rod'r d b
I
@(ro,R)

I

'
2~

Xfy(ri)1(t;(ri)I'"exp(iq. b) . (13)

ff;(p, H)= d r, d ii fy(ri)g;(ri)IqH(b, b —bi)
2m'

X exp(i q b ) .

The first Born scattering amplitude, Eq. (5), corresponds
to keeping only the lowest-order term in the expansion for
the profile function. Replacing the first Born scattering
amplitude by the lowest-order Glauber scattering ampli-
tude yields the following approximation for G~;, namely,

Gfg —2 cosG1 q.R
2

—S + (0) fbi(P, H ),

+X,H(b+ bp, b+ bp —bi)

where X~H and X,H are the phase-shift functions for
proton-hydrogen and electron-hydrogen collisions, respec-
tively. They are given explicitly by Franco. ' Following
Franco'2 the first-order profile function is given by

r~'~ = 1;„(b+—,
' B,b+ —,

' B—b, )

+ I (b ——,'B,b ——,B—b )

+1 H(b+bo b+ "o—bi) (12)
I

which has the same structure as the first Born approxima-
tion for G~;.

A somewhat more complicated Glauber approximation
can be obtained by expanding the profile function starting
with the H2 -H interaction potential. The interaction po-
tential can be arranged to represent the interaction of the
two protons and the electron of H2+ with neutral hydro-
gen. ' This leads to a similar form for the phase-shift
function. As before, let R=B+Z and Ro=bp+ zo where

(B,bp} and (Z, zp) are the components of (R,Rp) perpen-
dicular and parallel to v. The phase-shift function is then
given by

X=XpH(b+ —,
' B,b+ —,

' B—b, )+X~H(b ——,
' B,b ——,

' B—bi)

Each of the terms in the profile function can be identified
with a Glauber scattering amplitude if the origin of b is
shifted appropriately in each term. ' This yields

G~; =2cos fy;(p, H)
2

+fg(e, H) f d rp
I
4&(roR)

I
exp( —iq bp), (14)

where f~;(e,H) is the Glauber scattering amplitude for a
heavy electron with a mass equal to the mass of H2+ and
with a relative velocity v = k;/p colliding with a hydro-
gen atom. In keeping with the assumption that q is per-
pendicular to the z direction we may take q B= q.R and

q.bo-q ro. Using this assumption gives the second
Glauber approximation

T

Gg =2cos fg (p, H)+S +(q. )fg;(e,H) .

In this approximation the nuclear coordinates are con-
nected to the functions that determine the angular scatter-
ing distribution in a rather complicated way.

The quantity Gy; for the three approximations con-
sidered here must be evaluated between the initial and fi-
nal wave functions for the nuclear motion in order to ob-
tain the scattering amplitude and ultimately the differen-
tial cross section. The nuclear motion is assumed to be
that of a rigid rotator with the rotational and vibrational
motion uncoupled. Let X„(R) be the vibrational wave
function with vibrational quantum number v. The rota-
tional wave function will be the spherical harmonic

FJ~(R) with the rotational quantum numbers j and m.
The experimental results reported in this paper do not
resolve the rotational or vibrational structure of H2+.
Therefore, we sum over the final vibrational state v' and
final rotational states j ', m' and average over the initial ro-
tational state sublevel m. Thus the differential cross sec-
tion for a particular approximation is given by

J oo J k1, , k. &vj m
I &Jr Iv'j' m'&&v'j' m'IGyi Ivj m& .j+ m =—j j'=0 m'= —j' v'

(16)

do"
dQ k; 2j+1

x g f d'& Ix.(&) I'I &j (&) I'I Gyc I'.
(17}

If we ignore energy conservation with regard to the rota-
tional and vibrational states, we can carry out the v', j',m'

sums by using the closure relation. This gives

f d R Ix„(R)I2IG~;I~. (18)

The differential cross section for a particular approxima-
tion is obtained by using the appropriate Gf;.

The differential cross section was averaged over the vi-

I

The sum over m can be carried out to yield a result which
is independent of the initial rotational state j. Thus



732 J. L. PEACHER et al. 30

brational distribution of the incident H2 beam. If g„ is

the fraction of H2+ molecular ions in vibrational state v

in the incident beam, the differential cross section aver-

aged over the vibrational distribution of the incident H2+

beam is given by

dO„'"dn (19)

[1+exp( —aR /2)]

X [ exp( —a ra+ —,
' R )

+exp( —a
f

ro ——,'R
f

)] . (20)

The parameter a is determined from a variational calcula-
tion to minimize the electronic energy at a given internu-

clear separation R and thus it is a function of R. The
value of the parameter a varies from a =32/9m
a.u. = 1.132 a.u. at R =0 to a = 8/9m a.u. =0.282 a.u. at
R = oo. It has a weak minimum value of 0.251 a.u.
around R =5.3 a.u. The value of a at R =2.00 a.u. , the
physical equilibrium distance of H2, is 0.436 a.u. The
variational calculation yields an equilibrium distance for
Hq+ of 2.06 a.u. and the value of a for this distance is
0.427 a.u. Overall the variational calculation using
Gaussian basis functions yields quite reasonable results
for the bound electronic energy of H2+. The electronic
wave function determined in this way was used to calcu-
late the form factor SH +(q} with the result that

The normalized values for g, were determined by
McGowan and Kerwin' for an ion source with our
operating conditions.

The quantity Gf; must be determined for the three ap-
proxirnations under consideration. One factor is SH +(q)

which involves the electronic wave function 4(ro, R) for
the ground state of H2+. A Gaussian basis function was
chosen because of its simpler algebraic form. These basis
functions have been used recently for electron-molecule
scattering' ' in order to simplify the calculations. The
electronic wave function is given approximately by

1/2 —1/2

&b(r'O, R}=
2Q

J

RESULTS AND DISCUSSION

The experimental results of the present investigation are
summarized in Table I. The experimentally determined
differential cross sections and the scattering angles are
given in the center-of-mass system while the incident H2

ion energies are given in the laboratory system. The total
cross sections were obtained by numerically integrating
the experimental differential cross sections. These are

also given in Table I. A11 error bars in the table represent
one standard deviation about the mean.

Figures 1 and 2 display the present results for the dif-
ferential cross section for the excitation of atomic hydro-

gen to its n =2 level by singly charged hydrogen molecu-
lar ions at incident laboratory energies of 50 keV ( v =1.0
a.u. ) and 150 keV ( v = 1.73 a.u. ), respectively. Also
shown are the results of the Born and the two Glauber ap-
proximations discussed in the theory section. Both the
simpler Glauber (Gl) results and the more complicated
Glauber (G2) results are in fairly good agreement with the
experimental results over the measured range of scattering
angles. In general the Born results are higher than either

Glauber result at the very small scattering angles but at

So-' I 0 I ~ I I ~ I I I

gp- 10

Hp + H(1s )

Hp+(8) + H*(n =2)

50 keV

gp-11
G2
BORN

j 0-12

the expectation value of
~
Gf; ~

for vibrational state v

must be calculated. Harmonic-oscillator wave functions
were used for X„(R) with the parameters taken from
Herzberg. The angular integration can be carried out
analytically. The remaining integral over R was carried
out numerically using standard numerical techniques.

cos(q R/2)+exp( —aR /2)

1+exp( —aR /2) gp- 1.3

Q exp
Sa

(21)

The Glauber scattering amplitudes for a heavy proton
or a heavy electron exciting a hydrogen atom are also
needed to determine Gf; for the two Glauber approxima-
tions to the H2+-H collision. Thomas and Gerjuoy' have
given these in closed form in terms of hypergeometric
functions for the excitation of hydrogen to a particular
substate of its n =2 level. The Born scattering amplitude
for the excitation of hydrogen to a particular substate of
its n =2 level is, of course, straightforward to calculate.

Once Gf; is determined for the various approximations,

I & s a s I ~ ~ ~ & s I i ~ ~ s

0 l. 2 3

c. m. (mead )

FIG. 1. Angular differential cross section for excitation of
atomic hydrogen to its n =2 level -by 50-keV hydrogen-
molecular-ion impact. The solid circles with error bars are the
experimental results. The error bars represent one standard de-

viation from the mean and include only random statistical error.
The theoretical results for the approximations described in the
text are the following: , 61; ———,62; and —~ —~ —.,
Born.
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FIG. 2. Same as Fig. 1 except for 150-keV hydrogen-
molecular-ion impact.

the larger scattering angles the Born results are well below
either of the Glauber results or the experimental results.

It was found that the results for do "/dQ [Eq. (18)]
were not very dependent upon the vibrational state v. For
a fixed scattering angle 0 or momentum transfer q the
various approximations for J diaz ~

Gf; I
were slowly

varying over the range of internuclear separation R for
which

I
g„(R )

I
is si nificant. To a fair approximation

one could evaluate dQ~
I Gf;

~

at the equilibrium in-

ternuclear separation for Hz+. This would leave only the
normalization integral for IX,(R)

I
which is, of course,

equal to 1. Thus the results are not expected to change
significantly even if a more sophisticated wave function
than the harmonic-oscillator wave function were used for
X„(R)

The experimental results for the excitation of atomic
hydrogen to its n =2 level by an Hz+ projectile are sirni-
lar to the results for an H+ projectile if the results are
corrected for the change in reduced mass and compared at
the same velocity. The experimental results for protons
and deuterons exciting hydrogen to its n =2 level appear
to be identical if the data is plotted in this manner. ' The
Glauber approximation agreed well with the experimental
results. ' In the context of the simpler Glauber approxi-
mation (Gl) the differential cross section for the excita-
tion of hydrogen to its n =2 level contains a factor, which
depends on the internal structure of Hz+, times the dif-
ferential cross section that would be obtained if the pro-
jectile were a deuteron. This factor is basically the form
factor for Hz+, averaged over the nuclear wave function,
and summed over final and averaged over initial vibra-
tional and rotational states of the H2+. The factor, which
is a function of the momentum transfer q, varies smooth-
ly from 1.0 at q =0 to 2.0 for large q. It is essentially
equal to 2.9 at q =4.0 a.u. Thus the differential cross
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section for the excitation of hydrogen to its n =2 level by
Hz+ is predicted to be the differential cross section for the
excitation of hydrogen to its n =2 level by a deuteron
pmjectile times a factor which is close to 1.0 at the very
small scattering angles and becomes -2.0 at the larger
scattering angles. The fairly good agreement between the
experimental results and the simpler Glauber results (61)
support this interpretation of the experimental results at
these intermediate energies.

In Fig. 3 the total cross section for the excitation of
atomic hydrogen to its n =2 level by singly charged hy-

drogen molecular ions is plotted versus the incident labo-
ratory energy of the H2+ ion. The uncertainty in the total
cross section obtained by integrating our experimentally
determined differential cross sections include the errors
inherent in the measurement of a differential cross section
as well as any errors resulting from the numerical integra-
tion. As a result the uncertainty of the reported total
cross section is larger than might be obtained from a less

sophisticated experiment designed to measure only the to-
tal cxoss section. The Born and the two Glauber approxI-
mation results are also shown. The Born results obviously
have the wrong curve shape and are significantly higher
than the experimental results at the lower energies. The
two Glauber results yidd a better curve shape but they are
both lower than the experimental results over the whole

energy range. At the higher energies the Born results are
closer in magnitude to the experimental results. This is
due to the fact that most of the contribution to the total
cross section at a given incident energy comes from the
very small scattering angles. Thus even though the Born
results for the differential excitation cross section are
wrong for the larger scattering angles, they agree better
with the experimental results at the very small scattering
angles. It is for this same reason that the simpler Glauber
results (61) yield a higher total excitation cross section
than the more complicated Glauber results (62). On the
semilog plots of the differential excitation cross sections
the simpler Glauber results (61) are only shghtly higher
than the more complicated Glauber results (62). Howev-

er, this difference yields a higher total excitation cross
section for the simpler Glauber results (61).

In conclusion it has been shown that a Glauber approxi-
mation (61) that exhibits the same simple structure as the

~ ~ ~ ~
I

~ ~ ~ ~
I

~ ~ I ~ I ~ ~ 0 ~

Hp + H(1s)
Hp + H*( n =2)

Exper tment
G1—t2——Barn

~ l l I 1 k k I i I I I k I I I

50 100 150 200

E (keV)
FIG. 3. Total cross section for excitation of atomic hydrogen

to its n =2 level by hydrogen-molecular-ion impact. The solid
circles with error bars are the results obtained by numerically in-

tegrating the experimentally determined differential cross sec-
tions. The mean value is obtained by averaging the total cross
sections obtained from the individual experimental runs. The
error bars represent one standard deviation from the mean and
include only random statistical error. The theoretical results for
the approximations described in the text are the following:

61' ———62' and —~ —~ —~ Born
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first Born approximation yields fairly good agreement
with the experimental results for both differential and to-
tal excitation cross sections over the scattering-angular
range and incident energy range considered.
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