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Full Coulomb calculation of Stark broadening in laser-produced plasmas

L. A. Woltz' and C. F. Hooper, Jr.
Physics Department, University ofFlorida, Gainesville, Florida 32611

(Received 25 August 1983)

The full Coulomb interaction between radiating ions and perturbing electrons is included in the
calculation of Lyman-series spectral line profiles emitted by highly ionized hydrogenic radiators in a
dense, hot plasma. Profiles from this calculation and from a similar calculation based on the dipole
approximation for the radiator-perturber interaction are compared over a range of plasma densities.
The significance of inelastic collisions between the radiator and perturbing electrons is also exam-
ined.

I. INTRODUCTION

In the past few years the plasma-broadened spectral
lines of highly ionized high-Z elements have been used as
a diagnostic for the plasma conditions obtained in laser-
driven pellet implosion experiments. ' Since the plas-
mas in some recent experiments have reached densities for
which the average electron spacing approaches the size of
the radiating ions, the dipole approximation for the
radiator-perturber interaction, which many theoretical
line-shape calculations have used, has become of question-
able validity. In this work we extend the line-shape for-
malism of Tighe and Hooper, which was based on the
dipole approximation, by retaining the full-Coulomb in-
teraction between the radiating ions and the perturbing
electrons of the plasma. We will neglect terms of higher
order than dipole in the radiator-perturbing ion interac-
tion. This approximation is much better for the ions than
for the electrons in the case of high-Z perturbers since the
ion density is 1/Z;, „ times the electron density and since
the large ion-radiator repulsion tends to keep the ions and
radiators apart. However, for high-density deuterium-
tritium plasmas with a sinall amount of high-Z impurity,
terms of higher order than dipole in the radiator-ion in-
teraction may have a significant effect on the line shape.

We compare the profiles calculated with the full-
Coulomb treatment of Arxvnl Lyman line profiles with
those calculated using a dipole approximation over a
range of plasma densities to assess the validity of the di-
pole approximation. We compare Lyman-a and -P line
profiles from this full-Coulomb formalism with those
from a full-Coulomb formalism developed by Griem
et al. ,

' which is based on quantum-mechanical
distorted-wave calculations. The profiles used in this
comparison include only elastic electron-radiator col-
lisions;" but the calculations of Griem et al. can also in-
clude inelastic collisions. We also consider broadening ef-
fects due to inelastic electron collisions.
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is the electron-broadened line profile for a radiating ion in
the presence of the ion microfield e, Tr„ is a trace over
radiator and electron states, d is the radiator dipole
operator, p„ is the density operator for the radiator and
perturbing electrons, and H (e) is given by

H (e) =H, +eez„+H, + V„

=H(r)+H, + V,„.
Here, H, is the unperturbed Hamiltonian for the radiator,
z, is the z coordinate of the radiating electron, H, is the
Hamiltonian for the plasma electrons, V„ is the radiator-
electron interaction, and H(r) is the Hamiltonian for the
radiator in the presence of the static ion field. For con-
venience we have chosen the z axis to be in the direction
of the static ion field. We also take the radiator nucleus
to be the origin of our coordinates. Corrections to the
static ion approximation are discussed elsewhere. ' In Eq.
(1) Doppler broadening of the line shape due to radiator
motion has been neglected. This will be included approxi-
mately at the end of the calculation by convolving I(co)
with a Doppler profile based on a Maxwell velocity distri-
bution.

Employing well-known transform techniques ' ' and
neglecting any plasma-generated static level shifts, which
are believed to be small, we can write Eq. (2) as

J(to,e)= ——Im Tr, d. [to L(r) —M(to)] 'f—(r)d, (4)

where

I(to) = f P(e)J(to, e)de,

where P(e) is the ion microfield probability distribu-
tion, ' '

II. FORMALISM

The line-shape function, in the static ion approxima-
tion, is given by'

with P= 1/ktt T. The Liouville operator L (r) represents a
commutator of the corresponding Hamiltonian,

L, (r)g(r)=[H(r), g(r)] .
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represents initial (final) states for the particular Lyman
line to be calculated, and V;; is the radiator matrix ele-
ment of V&(r, l). The significance of inelastic collisions
neglected in the no-quenching approximation is con-
sidered later in this paper.

This form of M(co) with the dipole approximation for
I

V&(r, 1) was used by O' Brien' and Tighe ' in calculating
Lyman line shapes for charged radiators. However, we
expand the full-Coulomb interaction, V~(r, 1 ), in spherical
harmonics and use Coulomb wave functions to evaluate
the trace in Eq. (12). This gives for the real and imag-
inary parts of M(co) (Ref. 20)

M~(bco) = J dk i J dk2e

G(k), k2) —G k), k)+

bco+ (k )
—k2)2 2

2m
1/2

G k k2 2m Ace
1~ 1+

1/2

Eco) 0

Ml(hco) = — J dkie
2m hem

1+
Aco +0 (14)

and similar equations for b,co &0. The term G(k&, k2) is given by

4n, A, Te "—»& —~ (2l3+ 1)(214+1)(216+1)
l& l2 m ~m2 215+

2 2
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0 0 0 0 0 0)
00 '2

X dx F(,(rj),k, x)FI (ri2&k2x)A(, (,( (x) (15)

where
QO

Ai, i, I,(x)= dx, x„R„i,(x„)

l5
X &

1~+1
x~

R„I,(x„), (16)

F~(ri, kx) is the Coulomb wave function, ' R„I(x„) is the
hydrogenic radial wave function of the radiator, and x &

(x & ) is the lesser (greater) of x, and x, the radial coordi-
nates of the radiator electron and perturbing electron.
The 13 sum is over initial radiator angular momenta, the
15 sum is over multipoles of the Coulomb interaction, and
the 14 and 16 sums are over perturber angular momenta.
Equation (16) gives the x dependence of multipoles of the
radiator-perturber interaction. The symbol

11 12 13

m1 m2 m3

is the Wigner 3-j symbol.
Increasing values of 14 and 16 in the function G (k&,k2)

correspond to increasing separation of the radiator and
perturber; so for 14 and l6 greater than some value, say 1',
we can use the dipole approximation for the radiator-
perturber interaction with negligible error. Use of the di-
pole approximation simplifies the 14 and 16 sums to a
form which can be done exactly from 1'+ 1 to infinity. '

We evaluate the electron broadening operator Ml(her)
numerically from Eqs. (14)—(16), then use these results in

Eqs. (4) and (1) to generate line profiles. The effect of
M~(hco) on the line appears to be small and we will
neglect it here.

In obtaining Eqs. (14)—(16) for MI(b, co), we neglected
electron-electron interactions, and thus the effects of
electron-electron correlations. These correlations, which
produce a screening of the radiator-perturbing electron in-
teraction, most significantly affect that part of the line
shape corresponding to times long compared to electron
relaxation times, i.e., for frequencies inside the electron
plasma frequency co, . Smith and Hussey et al.
have shown that the inclusion of correlations has little ef-
fect on Mi(hen) for

~

her
~
) co~, and that for

~

b,co
~

&co~,
the correlated result for Mi(hco) is nearly equal to the un-
correlated result evaluated at the plasma frequency,
Mi(co~). Hence, to approximate the effects of correla-
tions on MI(he@), we set Mi(hco) =MI(co~, ) for

i

b,co
i

& co~.

III. RESULTS

Figures 2 and 3 show Lyman-a line profiles calculated
for a plasma of Ar' + ions and electrons at densities of
10 and 10 electrons/cm and a temperature of 800 eV.
Figures 4 and 5 show Lyman-P lines and Figs. 6 and 7
show Lyman-y lines for the same plasma densities and
temperature. Each figure contains profiles calculated
with (1) our full-Coulomb formalism, (2) a similar formal-
ism in which the dipole approximation for the radiator-
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FIG. 2. Argon Lyman-a line profiles calculated with the
Coulomb interaction, the dipole interaction, and the dipole part
of the Coulomb interaction (DC). The density is equal to 10
electrons/cm and the temperature is 800 eV.

FIG. 4. Argon Lyman-P line profiles calculated with the
Coulomb interaction, the dipole interaction, and the dipole part
of the Coulomb interaction (DC). The density is equal to 10
electrons/cm and the temperature is 800 eV.

perturbing electron interaction is used, and (3) from the
dipole part of the Coulomb interaction: 15 is restricted to
equal 1 in Eq. (15). The fine-structure splitting, which we
have neglected here but will include in a later paper,
causes a large asymmetry in the Lyman-a profiles; so the
Lyman-a profiles should only be used for comparison of
the various calculations. The fine-structure splitting also
causes a significant asymmetry in Lyman-P profiles at
lower densities ( & 10 cm ).

As was discussed previously, the dipole interaction
overestimates the actual dipole part of the Coulomb
radiator-perturbing electron interaction for perturbers
near the radiator; this results in line profiles which are
broader than those calculated from the dipole part of the
Coulomb interaction. A measure of this overestimate
comes from a comparison of line profiles calculated from
the dipole part of the Coulomb interaction with those pro-

files calculated from the dipole interaction. These, in
turn, can be compared with full-Coulomb profiles to
determine the significance that the l =0,2, 3, . . . , 2n —2
multipoles have in broadening the lines.

The difference between profiles calculated from the di-
pole approximation and from the dipole part of the
Coulomb interaction is small at 10 electrons/cm but in-
creases as the density increases; and the greater the princi-
pal quantum number of the initial radiator state, the
greater the difference.

The difference between line profiles calculated from the
full-Coulomb interaction and from the dipole part of the
Coulomb interaction is small at 10 electrons/cm but in-
creases as the density increases; the increase becomes pro-
gressively larger in going from the a to the y line. Al-
though we have explicitly removed a long-range monopole
contribution from V, (r, 1) [see Eq. (9)], the redefined ex-
pression for V, (r, 1) contains a monopole term that is sig-
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FIG. 3. Same as Fig. 2 but at a density of 10 ' electrons/cm . FIG. 5. Same as Fig. 4 but at a density of 10 ' electrons/cm'.
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FIG. 6. Argon Lyman-y line profiles calculated with the
Coulomb interaction, the dipole interaction, and the dipole part
of the Coulomb interaction (DC). The density is equal to 10
electrons/cm and the temperature is 800 eV.

nificant only when the perturber penetrates the radiator.
This short-range monopole contribution to the interaction
is largely responsible for the difference between the calcu-
lations based on the Coulomb interaction and on the di-
pole part of the Coulomb interaction. The contribution
from the higher multipoles (l& ——2, 3, . . . , 2n —2) is al-
most negligible for Lyman n and causes a slight but no-
ticeable broadening of the P and y lines, which increases
with the density.

It is interesting to note that even for fairly high densi-
ties, the calculation using the dipole interaction can give
line profiles which are fortuitously close to those from the
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FIG. 8. Comparison of argon Lyman-a line profiles calculat-
ed from this full-Coulomb formalism and from the full-

Coulomb formalism of Griem, Blaha, and Kepple. The density
is equal to 10 electrons/cm and the temperature is 800 eV.

full-Coulomb calculation (e.g. , the Lyman-P line at
10 /cm and 800 eV).

In Figs. 8 and 9 we compare Lyman-a and -P line
shapes calculated from this full-Coulomb relaxation
theory to corresponding line shapes calculated from a
full-Coulomb formalism of Griem et al. ' '" which in-

cludes, by a method based on distorted-wave scattering
cross sections, the quantum-mechanical effects of close
electron-radiator collisions. Figures 8 and 9 show that
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FIG. 7. Same as Fig. 6 but at a density of 10 ' electrons/cm'.

FIG. 9. Comparison of argon Lyman-P line profiles calculat-
ed from this full-Coulomb formalism and from the full-
Coulomb formalism of Griem, Blaha, and Kepple. The density
is equal to 10 electrons/cm and the temperature is 800 eV.
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ther broadening. States having higher principal quantum
numbers will have an even smaller effect; so Fig. 10
should well represent the additional broadening due to in-
elastic collisions.

IV. SUMMARY
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FIG. 10. Comparison of argon Lyman-P line profiles calcu-
lated with (solid line) and without (dashed line) radiator-
perturbing electron interaction matrix elements between radiator
states of principal quantum number 3 and 4. The density is

equal to 10 electrons/cm and the temperature is 800 eV.

our a and P lines are slightly broader than lines of Griem
et al. which include elastic collisions that penetrate the
radiator. In this range of plasma conditions our calcula-
tion, when used to determine experimental plasma densi-
ties, would indicate a density about 18% lower than
would the calculation of Griem et al.

In the calculation of the profiles shown in Figs. 2—9 we

have assumed that matrix elements of the radiator-
perturber interactions between radiator states having dif-
ferent principal quantum numbers are negligible; and we
have set them equal to zero, thus neglecting inelastic elec-
tron collisions.

To determine the significance of the neglected matrix
elements, we have calculated Lyman-P line profiles in
which states having principal quantum numbers 4 and 5
have been included in the set i" in M(co) [Eq. (12)]. Fig-
ure 10 shows that inclusion of the states with n =4 gives
a small but noticeable additional broadening. The in-
clusion of states with n =4 and 5 causes only a slight fur-

In this work we have extended the line-shape formalism
of Tighe and Hooper by eliminating the dipole approx-
imation that they used for the radiator-perturbing electron
interaction, retaining instead the full-Coulomb interac-
tion; and we have compared Coulomb and dipole calcula-
tions of Ar xvIII Lyman line profiles over a range of plas-
ma densities pertinent to current laser implosion experi-
ments. We find that for a density of 10 electrons/cm
and a temperature of 800 eV the two calculations agree
well for Lyman-a, -P, and -y lines. At 10 electrons/cm
the agreement is not quite as good; but it is better than
might be expected considering that the average electron
separation is on the order of the radiator size. This near
agreement is a fortuitous consequence of the dipole ap-
proximation giving an overestimate of the actual dipole
part of the Coulomb interaction for perturbers near the
radiator, partially compensating for broadening due to the
multipoles neglected in that approximation. The agree-
ment becomes worse in going to higher lines of the series.
At 10 electrons/cm there is a significant difference be-

tween the a lines and a large difference between the P
lines and the y lines. A comparison of our line profiles
with those calculated by Griem et a l. ' ' " shows a fair
agreement, with our profiles being slightly broader.

We have also included the effects of inelastic radiator-
perturbing electron collisions in the calculation of a
Lyman-f3 line, obtaining a slightly broader P line profile
than when the inelastic collisions are neglected.
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