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In the light of a couple of new and important experiments in threshold ionization, several aspects of the
Coulomb-dipole threshold law, B~ E(lnE) 2M(E) are reexamined. The principal results are as follows.

(a) The logarithmic factor has a natural cutoff [tn[E (Ry)/5]) when, as indicated, E is expressed in Ryd-

berg units. (b) The modulation factor for electron-impact ionization has the form M ~ 1

+ (D/a)sin(n lnE+$) in which the effect of a superposition of partial waves gives a factor D which is ex-

pected to be less than one. This alters the relation between frequency and amplitude that is predicted to
arise in the spin-asymmetry ratio as a function of E. Finally, (c) the range of validity of the threshold law

(E ( E, ) is estimated in terms of a formula between E, and the dipole parameter n of M(E). Some im-

plications of this, particularly for the recent two-electron photodet lchment experiment of Donahue and

co-workers [Phys. Rev. Lett. 48, 1538 (1982); 52, 164(E) (1984)] are drawn.

I ~ INTRODUCTION

In a recent paper' we have derived the ionization thresh-
old law based on a Coulomb-dipole (CD) theory of the ion-
ization process. The threshold law is by definition the yield
of positive ions in the limit tliat the available energy after
ionization approaches zero (lim E 0). For the purposes
of this discussion we shall express that result:

@(E)= CEM(E)
(In[E (Ry)/5])'

In comparison with the previous form, ' the denominator
here involves the energy in rydbergs E (Ry) and that ener-
gy is divided by a factor of 5. The modulation factor M(E)
is the given generic type but of two specific forms, M, (E)
and M„(E), depending on the specific threshold process:
(a) electron-atom-impact ionization and (b) two-electron
photodetachment. For process (a)

M(E) = M, (E) = I+ g sin(nL lnE+ pL, ) . (2a)
cfL

L nL

M, (E) is seen to involve a superposition of partial waves.
In (2a) the dependence on nt in the denominator is approx-
imate. We give the exact dependence for process (b) (the
word photodetachment implies that the target here is a neg-
ative ion):

M(E) = M„(E)= I +»&2 sin(n lnE+ p, ) . (2b)d
n2+ I tj2

plying InE»nside the sine term. (Note only one dL —= d con-
tributes. In principle d= l, but the present fit has d~ 1; cf.
discussion below and Fig. 2 caption. }

It is our purpose in this Brief Report to discuss the origin
of the specific form of the logarithmic factor in Eq. (I),
which is a result particularly relevant to two-electron photo-
detachmen~:, as well as a simplification of Eq. (2a) as it
arises in the quantitative description of electron- (alkali or
hydrogen) atom spin asymmetry. Both kinds of experi-
ments in the neighborhood of threshold have now been ini-
tiated, ' arid our results will have implications for them as
well as future experiments along those lines.

II. ENERGY SCALE OF THE LOGARITHMIC
DENOMINATOR

First note that all factors other than the (lnE} 2 in

B(E}are scale independent in the sense that if one mea-
sures E in different units, then one can alter a suitable con-
stant so as to preserve the value and form of B(E). For
example, I f we measure F in eV, then the linear and
sinusoidal factors in (I) are such that CE(Ry) = C'E(eV)
and

sin [n lnE (Ry) + p, ] = sin [n lnE (eV) + p. ']

where C'=: C/13.6 and p'= p. —ln(13.6) = p, —2.610. How-
ever the (lnE) ' factor does not have the property,
although to be sure it is scale independent in the limit

lim )ln[E (Ry)]) 2= lim (ln[E (eV)])
E~O E 0

Equation (2b) is clearly a special case of (2a) in which only
one partial wave is involved, but in addition our derivation
shows the more exact form of the relation between the
coefficient outside the sine term and the coefficient multi-
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For that limit to be numerically accurate would require a
value of .E far too small to be experimentally feasible.
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Thus, for practical purposes one must know something
about the scale of this logarithm.

In fact, the answer to the question of the appropriate cut-
off was implicit in our original considerations4 of what con-
stitutes the CD region. Specifically in terms of the recent
law' the Coulomb-dipole contribution to the yield can con-
veniently be written5 (in Ry units)

t

I +c os [a ( R ) Inc + C, ]B„(E ~ deP g 0 Ine)'
(3)

e= k2
2 (4)

Asymptotically the distances of the outgoing electrons from
the nucleus at time t are given by

I&= k&1, I = 1, 2 (5)

When this is combined with the expression for the total en-
ergy in Rydberg units,

The upper limit in particular assumes that the energy ~ of
the slower electron is related to its wave number k2 via

contribution from all partial waves, thus described by the
modulation function M, (E) of Eq. (2a) in the threshold
limit. Specifically, the spin-asymmetry ratio for electron-
(hydrogen or alkali) atom-impact ionization is defined by
(cf. Ref. 6)

g(1[)—&() ) )
B([ [)+B() ) ) &, +3&,

The arrows in the argument refer to directions of the elec-
tron and target atom before the collision, and what is mea-
sured is the total yield of positive ions in each case. For
theoretical analysis it is more convenient to convert this to
singlet and triplet (s and r) yields, as is done in the right
most part of Eq. (11). In principle, one can insert the
threshold form of the cross section [Eq. (I)] with each set
of the constants having the appropriate subscript, to find the
threshold form of Ai. To a good approximation the result-
ing expression can be reduced to the form

A, (E) = P+ ~t(I+ 2p —3P')

k(+ k) =E (Ry) (6)

(implying kf' = E —~ is the energy of the faster electron)
and the definition of the Coulomb-dipole region

(rq/rt) ~ I/2

one finally arrives4 at the differential energy range

where

D, D,
&&

' sin(u, inE+g, ) — ' sin(a, lnE+g, )

I —(C, /C, )

1+3(C,/C, )

(12)

0~ e ~ ~E (Ry) and (a =sor r)(g

and its symmetric counterpart ~E (Ry) ~ e ~ E (Ry) as

constituting the Coulomb-dipole region. If for example,
one had used atomic units of energy (hartrees), then one
would obtain the limits of the Coulomb-dipole region
0~ e ~ To-E (hartree). To be sure the upper limit ~E (Ry)
does depend on the definition of the Coulomb-dipole region
as given by (7). Suppose we had used a more restrictive
boundary for the CD region, r2/rt ~ ~, then a similar

analysis would yield a CD energy range 0~ e ~ To-E (Ry).
Although this may seem to be a substantial difference from
(g), it is in fact a very small difference in the logarithmic
factor in the denominator of the threshold law (I), which
(in eV) goes from

to

) In [~E (Ry ) ] )
2 = [In [E (e V ) ] —4.22)

[In[~oE (Ry) ]) 2= [lnE (eV) —4.91]

(9)

The insensitivity of the cut-off parameter in the threshold
law can be summarized by writing

@(E) CEM(E)
[lnE (eV) —X]

(10)

where the above arguments would suggest that 4 & X & 5.
This will be particularly pertinent to the present2 and future
photo double detachment experiments when the data are fit-
ted to our new form, Eq. (10), of B„(E) (cf. also Sec. IV).

D cos$ gdL='cosy. j '

L

0 sin@ = g d) ' sing, ) '

L

(14a)

(14b)

RL
—=R && L(L+ I)

n, —=a= J2R

(16a)

(16b)

The analytical result for Al(E) in Eq. (12) differs in form
from the one originally derived in Ref. 5 only by the pres-
ence of the superposition constant 0 in Eqs. (14); i.e. , the
formula in Ref. 5 can be recovered by setting D, = D, =1.
However, the consequence of the factors D from the ex-
perimental point of view could be significant. Assuming
several partial waves make sizable contributions and the as-
sociated phases p.) ' [which, in principle, result from de-
tailed calculations and are not controlled by any dominant
physical process (as far as we can see)] are randomly distri-
buted, it is clear that a fair amount of cancellation can be
expected to occur among the terms on the right-hand side
(RHS) of Eqs (16). Thus, we expect

The major approximation which goes into (12) is that dipole
parameters for the various partial waves'

nL = [2RL —L (L + I ) —~]'~2 (15)

are associated with minimum distances of the inner electron
from the nucleus RL which are so large that both R~ and
the o.L are essentially independent of L for all important
partial waves; i.e. ,

III ~ THE SPIN-ASYMMETRY PARAMETER D(1 (17a)

Spin asymmetry is a quantity associated with polarized
electron-atom-impact ionization. As such it measures the

(We require that QL dL = I, and the individual phases p, ) '

are defined such that dL '~0. ) In that case, the magni-
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Ai{E} erable improvement, particularly in energy resolution for an
electron-impact spin-asymmetry experiment, to distinguish
convincingly between the different predictions.

IV. ESTIMATE OF a AND THE ENERGY RANGE
OF VALIDITY OF THE THRESHOLD LAVf:

TWO-ELECTRON PHOTODETACHMENT

Ih
i

I II+V

—0.1
I I l I I

0.5 1.0
EceVI

FIG. 1. Spin-asymmetry ratio AI', oscillatory curve corresponds to
the CD theory in Eq. (14), with parameters a = 10, D =0.4,
@,=3.652, $,=4.642. These values can be obtained from the indi-

vidual parameters [Eqs. (13) and (14)] C, = 1, C, = 3.6667;
]r) 0271739 p~i) 3 27257. p~'& 126175 p, I'& 2 28254

u, = n, = 10, and do= d t
= 1 independent of spin. The data are tak-

en from Ref. 3. The absolute value of P in the figure is left un-
specified in view of experimental discrepancies that now exist (cf.
Ref. 6, and Refs. 8, 9 of Ref. 3).

tude of the modulation of Al, which can readily be comput-
ed from Eq (12),

(17b)

In Fig. 2 we give the result of the two-electron photode-
tachment c:xperiment of Donahue etal. ' This figure indi-
cates several important points: first the energy range and, io
particular, the resolution of the photodetachment experi-
ment is much finer (a factor 13 to 21) than the electron-
impact experiment. ' The dashed curve represents the fit to
our prior modulated linear law4 7 B„~EM„(E), and the
solid curve, which is the one given in the erratum of Ref. 2,
represents the theoretical fit convoluted with the experi-
mental en&;rgy resolution' (AE,„„=—0.007 eV). One sees
that the resolution is so good that at the upper end (E=—0.3
eV) there is practically no difference between the two
curves. It is also clear that the fitted value of o. =41.6 was
controlled by the experimental substructure in the vicinity
of E =0.3 eV. The significance of the experimental oscilla-
tions, if they are real, can hardly be overestimated (see
below), but we shall indicate below that the true threshold
range and the true value of o. are likely to be significantly
smaller than the above values.

Let us f:erst derive a simple relation for the local oscilla-
tion period in energy (h. E) implicit in our (CD) threshold
law. We shall confine ourselves here to the single partial
wave modulation factor M„(E) appropriate to two-electron
photodetachment. From (2b) one sees that if M„(E')
= M„(E) at two neighboring energies E and E',

TABLE 1. Expected energy range E„(eV) of the validity of the
ionization threshold law for values of a and y [cf. Eq. (28)].

10 20 40

2
3
5

10

1.0
0.5
0.17
0.04

0.07
0.04
0.014
3x 10

4x 10
2x10 3

7x10 4

2x10 4

3x10 4

1 x10 4

4x 10
1x 10

(where D is a mean value of D, and D, ) would be smaller
than that derived and exhibited in Ref. 5 based on the sin-
gle partial wave formula.

In Fig. 1 we have plotted AI(E) from Eq. (12) using
a= 10 and D =0.4. It is compared to the data from the re-
cent spin-asymmetry experiment of Kelley, Rogers, Celotta,
and Mielczarek. ' The experimental data are cut off at E = I
eV, although in Ref. 3 the data are given to E=1.9 eV.
Even the former E is much beyond where we expect the
threshold law to be valid for (our preferred) values of
a = 10, and y = 2 (cf. Table I); nevertheless, we see that the
oscillatory fit is as consistent as the straight line fit (also
given), which is the prediction of the Wannier theory. No
concerted effort has been made to adjust the parameters of
the oscillating curve (CD theory) to achieve an optimal fit.
Rather, we would emphasize here that it will take a consid-

14.3
I

hv (eV)
14.4

I I

14.5 14.6

15—

V)I-
z~ 10—

LU
CC5

I-
CQ

J. . . ~~t
I

0 0.05 0.10 0.15 0.20 0.25 0.30 0.35

Etev)

FIG. 2. Two-electron photodetachment yield B„vs E. Data from

Fig. 3(b) oI Donahue et al. , (Ref. 2). The dashed curve is the
threshold linear modulated law (discussed at the outset of Sec. IV)
using their parameters. In our notation these parameters are
C=33.5, a=41.6, d=1.86, rM, =5.2, and the background B=0.69.
The photon energy (in the c.m. ) is hv and the available energy
E= (hv —14.321) eV. The solid curve, given in the erratum of
Ref. 2, corn.'sponds to the theoretical curve convoluted with the ex-
perimental «nergy resolution (&earp& 0.007 eV). It is emphasized
that the data in Ref. 2 have also been fitted, with a slightly lesser
confidence factor (19% vs 25%), to the Wannier law.
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E'= E+ XE, then 0. lnE'= o. lnE+ 2~. This yields

gE= (e "~—1)E=— E=2

Assuming it requires about four resolved energy points to
establish a wiggle experimentally leads to an experimental
energy resolution requirement:

aE,„„&(~/2n)E . (19)

1 2

E& E =~kf =~ 2' 5m
2R2d

(20)

Note that this confirms the scaling between the threshold
energy domain, E„and R that was previously suggested.
However, the constant of proportionality (Srr2/y2) may be
as large as 10, so that the threshold domain will be propor-
tionately larger than estimated in Ref. 9. Using the rela-
tions between R and n, Eq. (16b), we obtain the desired re-
lation between the threshold energy domain and o...

E, =20m'/) 'n4 . (21)

One sees from Fig. 2 that Eq. (19) correctly describes
where in energy the double photodetachment data2 can and
cannot follow the predicted. wiggles given the fitted value of
a=41.6. The question is how reasonable is that value of
A?

Let us start with the observation that in. order for the
quantum-mechanical (Coulomb-dipole) theory to be applica-
ble the de Broglie wave of the outer electron, ~q, must be
substantially larger than the minimum distance (R ) of the
inner electron from the nucleus Xd ~ yR, where, in analogy
to the delimitation of the Coulomb-dipole region by (7), we
can limit y by 2& y & 10.

The origin of the inequality for Xd is clear: the outer elec-
tron must be going slowly enough so it cannot probe the de-
tailed structure of the dipole formed by the inner electron
and the nucleus; otherwise some form of classical approxi-
mation would be appropriate, and that is the province of the
Wannier theory. 8 [We have discussed the complementarity
of the latter to our theory elsewhere;4' suffice it here to re-
peat that our (CD) theory dominates the yield in the thresh-
old limit. "] Frotn the inequality for A. q above and the sym-
metric counterpart of (8) one readily derives for the total
energy E:

In Table I we present values of E, as a function of a and
y. If the value of a were as large as 40, then the threshold
domain would be less than the range of millivolts; that
would be inconsistent with the value of E at which the value
n=40 was determined in the first place2 (cf. Fig. 2). This
suggests that the experimental oscillations, if they are con-
firmed to be real, may correspond to higher terms (harmon-
ics) in the CD threshold expansion. Our preferred values
are y =—2 an.d a =—10; there we see from Table I that the
threshold regime is limited to E 0.07 eV. It is interesting
to observe in Fig. 2 that there is a noticeable structure in.

the data at E=—0.05, and from Eq. (19) the experimental
width is marginally adequate to resolve it. %e recommend
this region for further study. [Analytical fits to a recent
He (~P') photo double detachment experiment'0 have
yielded o. =8 when fit to the CD law and n =1.5 for a
power law, Bcc E"."]

Table I is also seen to contain en.tries for o. =5. This is
noticeably smaller than our estimate of ~=—1o, which it-

self, it is to be emphasized, was a lour bound on o. derived
on the basis that the region for which the relative error of
the Coulomb-dipole function as an exact solution of the
Schrodinger equation be less than a tenth (b,W/qr +0.). If
one relaxes that condition by a factor of 2 (b, qr/qr & T),
then one finds that the Coulomb-dipole region demands a
minimum value Of r2 ———R =—13.5. ThiS CorreSpOndS to an
m-=5. 2, and it accounts for the added row in Table I.

There is an additional reason for taking the 0. = 5 column
seriously. The magnitude of the ionization. matrix element
coming from the Coulomb-dipole region can readily be es-
timated to be M~R' e ". The estimate is derived from
Eqs. (14) and (15) of Ref. 1, and it does not include any k
dependent or sinusoidal factors. Given the fact that R~ a,
one sees that the size of the matrix element will depend
very sensitively on e. This is the analytic estimate of the
tunneling effect which has recently been mentioned by
Feagin. '2 A value of n = 10(R = 50) yields 2 x 10 '9 for

whereas n = 5 (R = 12.5) gives a value 3 x 10
Although this is n.ot germane to the abstract question of the
form of the threshold law, it suggests that the smaller value
of a will have a profound effect on its experimental obser-
vability, particularly as regards electron-impact spin-
asymmetry experiments.
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