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Line-shape function for the microwave-induced hyperfine-level transition in positronium
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Recently (e.g., Rich, 1981; Mills, 1983) it has been realized that the effect of the annihilation
width on microwave absorption line shape for the Zeeman transitions between the hf levels of the Ps
atom in its ground state has to be accounted for at a better level of approximation than it has been in
the past. In the traditional Breit-Rabi representation the subtle effects of the annihilation widths
show up as an extra off-diagonal coupling between the off-resonant and one of the near-resonant
states. In this paper we derive an analytical line-shape formula by solving the rotating-wave ampli-
tude equations within the BR representation, where the off-resonant off-diagonal coupling is treated
by the adiabatic-elimination procedure. The resulting line shape is found to be slightly asymmetric
in form —a conclusion which has been first reached by Mills (1983). It is seen explicitly that due to
the off-diagonal coupling an effective decay constant is dependent on the microwave frequency (co).

It is also shown that only if, as a zeroth approximation, this co dependence is neglected, then a for-
mula for the hyperfine interval A8' recently given by Rich (1981) on the basis of heuristic argu-
ments, may be obtained. Explicit illustrations of the present slightly asymmetric line-shape func-
tion, and the co dependence of the said effective decay constant [A& pleo)] are also presented. We
have taken this opportunity to point out certain apparent discrepancies noted among some of the
previous line-shape formulas.

I. INTRODUCTION

The theoretical QED calculation of the energy differ-
ence between the triplet and the singlet components of the
positronium atom in its ground state and their compar-
ison with the experimental measurements have attracted
renewed attention recently. ' The theoretical value of the
energy difference is known (exactly) up to the fifth power
of the fine-structure constant. Experimentally it has
been measured with increasing precision over the
years. ' At the current level of experimental accuracy,
and in view of the possibility of calculation of the as
terms for hW, it is expected that comparison of theory
and measurement at the level of a few ppm will be possi-
ble in the near future.

Due to the irnpractically high microwave power needed
one cannot observe the direct transition between the I S~
and 'Sp states. In these experiments, therefore, one first
splits the triplet level by applying a static magnetic field
and subsequently induces a resonance. transition between
these perturbed hyperfine levels by tuning a microwave
field appropriately. The experimental value for the ener-

gy difference b, W( St —'Sp) is then extracted by fitting a
theoretical line-shape function to the observed micro-
wave-absorption spectrum. Nevertheless the analysis of
the spectral line shape has been made until very recent-
ly ' ' without properly accounting for the annihilation
effects.

Basic to the derivation of the absorption line shape is
the treatment of the Schrodinger equation for the ampli-
tudes of the hyperfine levels in an external microwave
field. The original analysis in this context is due to Hal-
pern and Theriot et al. ,

' who obtained the first line-
shape function explicitly in analyzing their experimental

K =Kg +K~,

where H~ is the unperturbed Hamiltonian of the atom
and Hst is the interaction of the magnetic field with the
system. Explicitly

triplet (1 S~)
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FIG. 1. Splitting of the singlet and triplet ground-state com-
ponents in the presence of a static magnetic field. The field
strength is Bo and the direction is taken to be parallel to the z
axis.

data. Let Ap (=A,3y) and A~ (=A,2r) be the annihilation
widths of the ortho and para Ps in its ground state
(n =1). The complex unperturbed energy values includ-
ing these widths are then E, = Wt i (8/2—)A,p and
Ep = Wp —i(fi/2)A&, respectively, where Wr and Wp are
the usual real energies of the corresponding states. The
splitting of these states by a static magnetic field of
strength 80 parallel to the z axis is depicted schematically
(Fig. 1). The Hamiltonian of the perturbed system is
given by
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~M =I Bg—s —~0+I Bg+ s + 0

=—)M~g(cr, —0, )Bp,(-) (+)
2

(2)

where tu~ ——eA/Zmc is the Bohr magneton, g =g+
~g=Z the g factor, and ( s, s+ ) the respective spin vec-
tors of the electron and the positron. In terms of the Pau-
li spin operators one has s =(h/2) o. Let p be the matrix
element of the magnetic perturbation between the unper-
turbed states:

p = ( S(.M =0
l
H~

l

'Sp'.M =0 &
=fqlggBp .

The other matrix elements of HM between S) with
M=+1 and 'Sp with M=O vanish. Thus the magnetic
field leaves M=+1 components of the triplet state unal-

tered. Taking into account the annihilation widths, the
perturbed (complex) energy eigenvalues have been ob-
tained by Rich' as the solution of the secular equation
(5= 1)

g We»P(/2

(MHz)

203387.0 (Ref. 11)
203384 (Ref. 12)
203384.9 (Ref. 5)

4 8'/2m.
(Rich, Ref. 7)

203 388.7
203 385.9
203 386.8

5S'/2m
(Mills, Ref. 8)

203 387.5

203 389.0

An independent derivation of the line-shape function,
in an analytical form, which includes the effect of off-
diagonal decay terms is expected to be helpful in this con-
text. %e derive such a spectrum which shows that the
line shape is indeed asymmetric as found by Mills. It also
clarifies under what approximation a heuristic formula
like that of Rich [Eq. (5)] may be obtained.

so obtained to correct the experimental values of hW, ex-
tracted previously on the basis of simpler symmetric line

shapes, of Mills and Bearman" and Egan et al. 5 It is in-
teresting to note that the corrections to 48' thus obtained
by Mills and the heuristic estimates of Rich, which are
compared in the table below, differ but slightly:

det

. ~0
8")—i —E

2

S'p —i —E
2

(3)
II. SCHRODINGER EQUATION

IN BREIT-RABI REPRESENTATION
VfITH OFF-DIAGONAL DECAY TERMS

Writing EW= W) —Wp, A+=(Ap+A&)/2 A =()(&
—A,p)/2, the energy eigenvalues are

The full Schrodinger equation including the decay for
the two-level system is given by (A'=1)

&i,o=
W)+ W() A, +

2 '2
+ (1+x y+i Zy—)'~AS'

2
(4)

H ly(t)&=I-

where the total Hamiltonian is given as follows:

H=H„A, +H,—+—HD(t) .

(6)

(7)

where the upper sign goes with E& and the lower sign
with Ep, x =ZM~gBp/b, W, p =(x/2)bW, and
y=A, /b, W.

Rich has recently utilized the complex eigenvalues
which are obtained in the presence of annihilation, to
derive in a heuristic manner a correction of the line center
with respect to the usual Breit-Rabi formula. ' He gives
the correction in hyperfine interval in the form

a W —aW" (1+x')'"
48' (1+x')'~' —1

' (5)

where EW is the actual hyperfine separation (EW=hb, v)
and b, W is the experimentally extracted value for b, W
using the Breit-Rabi formula, and the entity q is defined
as

Here Hz represents as before the Hamiltonian of the Ps
atom, A. is the decay matrix of Ps, H, denotes the interac-
tion term for the static magnetic field, and HD(t) that for
the dynamic (microwave) field which is taken here to be
parallel to the x axis;

Hg)(t) =
~ pggBgcos(cot )(cT» —rJ» ) .

For the choice of the unperturbed states as basis vec-

tors, namely, the triplet states
l P, &, l gI&, and

corresponding to M=O, 1, and —1 (see Fig. 2), respec-
tively, and the singlet state f, &, we note that the decay
matrix A, is diagonal with the elements X0 and kp. We
now proceed to solve (6) by splitting the total Hamiltonian
as follows:

The utilization of the change in the eigenvalues of the
static problems alone may not provide a proper extraction
of b, W (as noted already by Rich7), since inclusion of de-
cay in the static case may also alter the line shape in the
presence of the microwave field. Indeed Mills, who for-
rnulated the line-shape problem in terms of a set of Liou-
ville equations of the system and obtained the line-shape
correction numerically, showed that the hne shape to be
slightly asymmetrical. He used the numerical line shape

trI piet

2y- decay made
y- decay mode
e: mic rowa ve coupling

3y-decay mode

Bp ( ll z -axis )

FIG. 2. External microwave-field coupling of the perturbed
and unperturbed components of the triplet level. The frequency
of the field is co, strength Bq, and the direction parallel to the x
axis.
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H =H, +H'(t),
where

Hp ——Hg+H,

H'(t) =H~(t) ——A, .
2

The basis vectors in which Hp is diagonal are given by

a =exp(iW, t)a

Eqs. (9)—(12) in the rotating-wave approximation reduce
to the following set:

i(w, —w,')~ i(~+w,' —w, )~ . pA
iap ——i—a &e

' ' —Va+e ' ' —i ap,
2 2

(13)

i( w' —w' )& i( w' —w —~)t A
ia

&
——i—ape ' ' —Va+e ' ' —i a &,2 2

t I( Wf wS CO)t t i(CO+ wg Sg )f pia+ ———2Vape ' ' +a &e
' ' —i a+,

2

together with ~p'& and ~1it, '&, where one defines D
=p +(b, W, } with

kp
ia = —

& a

(15)

(16)

as

~ W, = ~Wt = [p'+(~Wn}2) i"

Expanding
~

P(t)& in terms of these new basis vectors

I
Wt) & = ao(t}

I

0' &+a i (t}
I fl &

The second and the first term, on the right-hand side of
(13) and (15), respectively, rotate even more rapidly than
the neglected antirotating terms and have coupling
strengths V much weaker than I'; hence they too are safe-
ly neglected.

+a (t) ~q,'&+a (t) q'&

one obtains the following equations for the amplitudes:

ia 0= W,'ao ——Aoao+ —I a'i —2Vcos(cot)a+,
2 2

ia i ——8 a'i ——Aiai+ —I ao —2Vcos(cot)a+,
2 2

ia+ ——8;a+ ——Aoa+ —4Vcos(cot)(ao+a', ),+

ia =W, a '——Aoa

where

a+(t) =a i(t}+a i(t},

(8)

(10)

(12)

III. CORRECTION OF THE BREIT-RABI
FORMULA

The off-diagonal coupling with respect to I in Eqs.
(13)—(16), which was neglected in Refs. 6 and 10, are now
retained and wi11 be shown to give rise to a small but sig-
nificant correction to the absorption line-shape function.
(We emphasize that the strength I is greater by many or-
ders of magnitude than that of the microwave coupling
strength V.) Introducing the new amplitudes bo and bi
related by a phase transformation to a o and a i as

—idiot, —i/)t
bp ——a pe, b~ ——a &e

~here

P i(co ) = 8,' —W, —co

h8; Bd

4vZ D a,
and

y,(~)=P,(~)+W,
' —Wt'

all d

I = 5W(Aq —Ao),
D

p Aq+(68', ) A,o
Ap ——

D2 Ap . E
i bp Po i ——b—a+i b, , —

2 2
(17)

one can reduce the amplitude equations (13)—(15) to the
following set:

p Ao+(b, 8;) A~
A) ——

D2
.r Ai

ibi =i—bo+ p, —i bi —Va+,
2 2

(18)

Using

a o =exp(i W,
' t )a 0

a i exp(iW, 't)a——i,
a+ exp(iW, t)a——+,

and

p
i a+ ———2Vb

&
—i a+

2
(19)

[to shorten writing we omit quoting Eq. (16) from now
on).

One can now eliminate the amplitude bp by the adia-
batic elimination procedure, namely, setting bp-0 which
then, utilizing (17), implies
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i I
2

4o ——Ao
2

(17a)

It may be pointed out in this context that the solution of
the amplitude equations are obtained with the assumption
that the atom-field interaction begins at a finite initial
time, t=0. This is consistent with the sudden switching
assumption for a constant amplitude microwave field in-

teracting with Ps atoms. This is reasonable for the near
resonant terms which satisfy the inequality t„„&1/b,
where t„„is the actual rise time of the microwave field
and b, is the detuning, but is a poor approximation for the
highly off-resonant state for which t„„&1/b„since for
this state 5 is relatively large (in fact larger than the de-

tuning of the neglected counter-rotating terms).
The adiabatic approximation avoids this inadequacy of

the RWA constant amplitude assumption of the mi-
crowave field and the consequent sudden switching condi-
tion at t =0 for all states, by adiabatically eliminating the
highly off-resonant terms while retaining explicitly the
near-resonant ones.

We set (17a) in (18) to obtain the effective two-level
equations:

b'' =V ' ——A b'l )= 8 j. o2
(20)

i( —p, —h)t, i
ia+ ——2Ve ' b', ——boa+,

2

where

(21)

1
&(ro) =—,, Pp(co),

4 P (co) + —,'A
(21a)

and

1 P2
Ai p(oi) =Ai ——,Ap,

4 Po(co)+ —,'Ap
(21b)

i [/&(u)+h(co)]t
1 1~

If the terms involving I in Eqs. (20) and (21) were
neglected, these equations become identical with those
used by Theriot et al. The error committed by the
lowest-order adiabatic approximation can be estimated as
follows. We invert Eq. (17) fully to obtain

bp(r) =— 1 . I
l . 8 2

i—bg

Pp — Ao —i—
2 Bt

~ a
l ++

l
0o ——Ao

2
. I—l

2 b)+
l

Pp ——Ap
2

E

0o Ao——
2
I
2

(Pp ——Ap)~
2

2 ~ ~

6] +o ~ ~ e

4

. 2 bI+
l

Pp ——Ap
2

l

4o ——Ao
2

If one now uses (18) to express bi in terms of bi one sees immediately that the fractional error in the coefficient of bi is

of the order 1: [P, (i/2)A—, ]/[Po , (il2)A—p] and that of the coefficient of a+ is of the order 1: iI /2/[Pp (i /2)Ap]—

These errors are therefore certainly less than 1: 0(co„/b, 8') where co„ is the resonance frequency.
Equations (20) and (21) can be solved directly to obtain the 2y signal for the microwave resonance absorption. Denot-

ing by Azz the 2y component of the decay rate of the perturbed triplet state, we take the usual definition of the 2y decay

probability as given by

Ppp ——Air f bi(t)
I

dt, Pip P, p
——A——~r I I

bi(t) dt,

where for Pp p the amplitude b i (t) is calculated with the initial conditions a', (0)= 1 and a i (0)=a i(0) =0; for Pi o one

uses the initial conditions ai(0)=a i(0)=0 and ai(0)=1; and finally for P i p one sets the initial conditions

a i (0)= 1 and a'i (0)=a i(0)=0. One thereby gets, after simplifying the algebra, the following result:

Azr 2
I

V (Ai, o+~o)/~o+ ~ (Ai, o+~o) +(Pi+~)
Po p = (22)

AI p 8I VI(Pi+6) + ~ (Ai p+Ap) 1+
&~,o~o

I
V

I
'(Ai, o+-Xo)/XoA2y

&i,o=
A, p 8I VI2

(Pi+6, ) + —,'(Ai p+Ap)i 1+
Ai, ohio

The total 2y signal, after subtracting the background Xzr(co), is then given by

(23)
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A2y
Xpr(co)= 4 P) p+P r o+Pp, o

1,0
(24a)

(24b)
Apr Ai p(co) —A,p

A)p(tp) 2A(p(co)Ap 8iVf[P)(co)+b(co)]'+ —,
'

[A) p(co)+Ap]' 1+
Ai, o(m)ao

Equation (24) is the desired line-shape function which corrects the usual Breit-Rabi formula.
Before proceeding further it is worthwhile to draw the reader's attention to a number of inconsistencies, presumably

due to the existence of misprints in the earlier literature. The standard work of Theriot et al. p provided the definitions
and derived the line-shape functions (prior to the need for inclusion of the off-diagonal coupling terms due to the annihi-
lation, onto the line shape) which have been followed by most authors subsequently. In that paper the line shape to fit
the data is defined as

1 ~10,2
T T ~1,0+ —1 0+ 0,0

1,0

[see Eq. (20) there] where the probability P~ p is the probability that the atom decays by 2y annihilation from the per-
turbed (in the BR representation) magnetic state M=+1,0. Furthermore A, ~p q is the 2y component of the total decay
rate A,

& p of the triplet state M=0 [see Eq. (7a) there]. In the subsequent work Egan et al. used the method of Theriot
et al. ' to calculate the decay signal as

~10,2 ~10,2 V 1 1+ ' (~o+~i,o)
1,0 1,0 2~o ki, o (~—oi) + Y~(~o+~&,o)+2(Ao+~i, o) V /~i, plod~

In an attempt to rederive the above formula we found that the definition of S [e.g. , Eq. (5) of Egan et al. ] is not con-
sistent with the definition of PT above [i.e., Eq. (20) of Theriot et al. ] but to the following definition:

~10,2 1 ~10,2
~T

g
+

4 ~1,0+~—1,0+2 ~0,0—
4 10 10

(26)

8i V[
~i,o) o

(~p~ —) +
2

Note particularly the difference in the factor of 2 before the third term in the second set of large parentheses and in the
large square brackets of Eq. (25) and Eq. (26). (In formula (5) of Egan et al. there is an obvious printing error missing
the square sign from the term [T(Ap+A~ p)] in the denominator. This printing error has been corrected by Rich in his

review and by Mills who also adds a —, to the formula of the signal while quoting this formula, but the difference in the
weighting factors remained unnoticed. ) Equation (26) leads to an unequal weighting of the Po p probability with respect
to P& p or P ~ p probabilities while Eq. (25) maintains an equal weighting factor of Pp p with respect to P& p and P
This factor also arises in the older paper of Hughes et al. , where it has been introduced on the ground of "separate con-
sideration of transitions between M =0 and +1 and between M =0 and —1 orthopositronium states in the approxima-
tion applicable to low microwave fields that the coupling of the three states can be neglected. "

.

We may also note that the expression for PT above [Eq. (20) in Theriot et al. '
] reduces for small values of x to their

Eq. (22a) multiplied by the factor [ &
x (A&/Ap)].

In the limit I ~0 Eq. (24) goes over to
2 2

~102 ~1 0 ~0
Xqr(co) = (27)

10 2 10 0

If, however, the signal is defined as [cf. Hughes et al. , Eq. (30)]

Azr 1 Azr
X2y(M)=

4A
+—Pl,o+P 1,0+2 Po,o—

4A)pco 4 ' ' ' A, ptp
(28)

we get

A2y A2y 1

4A ( ) Ai p(co)
'

2Ap

1

Ai, o(~) . [P)(~)+&(to)] + —,[A),p(~o)+&p] 1+
A

2

Ai, o ~ ko

(29)



30 LINE-SHAPE FUNCTION FOR THE MICROWAVE-INDUCED. . . 2321

This will, in the limit I'~0, go over to the result of Egan et al. , namely,

~lp, 2 ~lp, 2 1 1
X~ (rp)= + (Ap+A, ) p)

1,0 1,0 0 1,0
(rp —

happ~) +
A, ) p+Ap 2(A) p+A, p)

~

V
~+

2 Ar ] QX0

(30)

In the further discussions below we shall restrict ourselves
to the definition as in (24a) and the signal Xzr, Eq. (24b),
rather than (28) and the corresponding signal, (29), Xz&.

IV. DISCUSSIONS

One sees immediately that the 2y signal, Xzr [Eq.
(24b)], is a slightly asymmetric spectrum because of the
dependence of the width A~ p(co) on rp (see Fig. 3). An
asymmetric line shape in the present context has been
found first by Mills in an alternative way. It is interest-

ing to note that if this cp dependence is neglected then the
line shape becomes symmetric and the line center coin-
cides with the zero of (t &(ro)+A(cp) =0. This leads to

1

gW 2 (1+x&)&/2
1+

X '+ +
2b, 8.

'2 —1

(31)

where, as before, q = ( A&
—A p) /(25 W) and 4 Wp = 2'/

(1+x )' +1.
Formula (27) agrees with that obtained by Rich using

his heuristic method [cf. Eq. (5)], when one neglects the
term (Az/25W) =3.9&&10 compared to x =4.8

X10—'.
Rich has already used this formula to adjust the exper-

imental 5JY values previously reported. However, we
note that the derivation given above of (27) clearly re-

quires the neglect of the ro dependence of A& p(ro) and

l

b, (rp), which also make the otherwise slightly asymmetric
line shape symmetric. One may expect that the neglect of
the rp dependence of A~ p(cp) and the formula (27) could be
reasonable. However, Mills has pointed out that the ex-
periments are sensitive to the line-shape asymmetry be-
cause the line center is determined mostly from data
points where the slope of the resonance is the largest.
This indicates that it would be perhaps more appropriate
to use directly the full line-shape function (24b) to provide
ab initio analysis of future experimental data.

It is difficult to compare the numerical method of Mills
who worked in the unperturbed representation with our
analytical method in the BR representation. In so far as
the Hamiltonians used in the two representations are the
same, the result obtained using the same initial condition
should of course be identical. However, we note that after
the representations have been chosen, Mills and we make
further approximations [Mills neglects the small z terms
in his Eq. (9), while we make the adiabatic elimination ap-
proximation] which lead to solutions which are no longer
exact (with respect to the original Hamiltonian) and then
also are not completely equivalent.

Below, we show the signal as given by X~r(ro) [Eq.
(24b)] as a function of x in Fig. 4. For the purpose of il-

lustration we have set (cf. Mills ): y =2&& 10 ' and
co=3.25 GHz (with EW=203.385GHz, A,p

——,~, GHz,
and Az

——8 GHz). For the same parameter values the peak
for Mills's computation is

&p„k——2' ——2 X0.127 415 955 1,

A) 0(x, cv = 3.256Hz)
12—

Z2&(x, e =3.25GHz)

) 2 )0- y=0.00002

10 ).0-

X

I

0.8—

0.6—

0.2—

0.) 0.2
I I

0.& 0.4
x

00 I 1 i ~

0.2 2 5 0.235 0.245 0.255 0.265 0.275 0.285
X

FICx. 3. "Effective" decay constant A& o(co) as a function of
the parameter x plotted in units of 10 X hyperfine separation.

FICx. 4. Signal as given by Eq. (24b) plotted for microwave
frequency w =3.25 GHz and y =(Bq/2V 2)(gp~/hw ) =2
X 1O-'.
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whereas we find the peak of the line shape (24b) at

x~k ——0.254884555 1 .

Although these two values are very close, there exists the
difference at the fifth decimal place. On the other hand,
we note that the height of Mill's line shape differs by
several orders of magnitude from our result. In the ab-
sence of an analytical result in Mills's work it is difficult
to see where exactly this difference comes from. We note,
however, that for small values of x our signal is of the

same order of magnitude as that given by the usual Breit-
Rabi formula [see Theriot et al. ,

' Eq. (22a) for PT]j
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