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Following an idea of Rankin and Thorson, a method is proposed to determine translation factors
in the molecular model of atomic collisions, and for low and intermediate nuclear velocities. The
method is based on the minimization of a measure of all (electrostatic and dynamical) couplings be-
tween the states included in, and those left out from, the molecular expansion. The properties of
this measure are discussed. In particular, its evaluation involves the calculation of a few new matrix
elements, and this can be performed analytically when Gaussian-type orbitals are used to construct
the wave functions. The method also provides a comparison between all approaches that employ
translation factors, and a test of the conditions that are usually enforced on these factors.

I. INTRODUCTION

As is well known, the main difficulties of the molecular
treatment of atomic collisions—pointed out by Bates
et al.! and currently known as the “momentum-transfer
problem”—are the origin dependence of calculated cross
sections and the existence of residual couplings at infinite
internuclear separation. The practical effects of these dif-
ficulties have recently become conspicuous (see, e.g., Refs.
2 and 3) and many authors consider incomplete a collision
treatment that ignores the momentum-transfer problem.

To tackle that problem, two formalisms have been pro-
posed:? the use of translation factors* (TF) and the use
of reaction coordinates’ (RC). ~Although by now the
literature on both methods is quite abundant, it is by no
means clear? which form of TF or RC one should use for

finite internuclear distances. Not only is there a lack of

agreement among authors, but comparison between dif-
ferent approaches is rendered more difficult by the fact
that approximations are often introduced [such as neglect
of terms O (v?)] that are unrelated to the form of the TF
and are not justifiable in general. And yet a criterion oth-
er than intuition is needed to determine TF (or RC), since
their form is known to considerably influence the results
of calculations.®’

In this respect, several methods that have been pro-
posed in order to provide guidelines to determine TF at
finite distances are particularly appealing, though often
difficult to apply. They are usually based®~'° on a Euler-
Lagrange approach!! which, although not strictly varia-
tional'? for finite basis sets (in the sense that the function-
al be stationary within the trial space), possesses the prop-
erty that transitions amplitudes obtained are accurate to
second order.'> However, this method leads, for a general
form of TF, to a complicated set of nonlinear differential
equations that are difficult to solve, and it does not pro-
vide an extremum principle, like the Rayleigh-Ritz
method for bound-state problems. The latter criticism
does not apply to the procedure of Chang and Rapp,!* but
this method is even more arduous to apply than those of
Refs. 11 and 8.

A different type of approach to determine TF has been
proposed by Rankin and Thorson.!> Given a trial space,
their method consists of minimizing the dynamical cou-
plings between each discrete state and a set of electronic
continuum states of the system; this stresses the fact that
incompleteness of the (truncated) molecular expansion is
at the root of the momentum-transfer problem. By
minimizing couplings between the states included in, and
those left out from, the expansion, one optimizes in some
way the molecular representation of the collision process.
A disadvantage is that one has to calculate the discrete-
continuum couplings; this calculation and the overall
minimization of these couplings are nontrivial problems
in the general case (e.g., the method is only feasible for the
exactly soluble one-electron systems'®). Also, one should
explicitly minimize electrostatic and discrete-discrete!®
couplings, too.

In this work we develop the basic idea of Ref. 15 so as
to avoid its disadvantages; in our approach only matrix
elements involving discrete states are required, and
minimization is restricted to a single functional, just as
for the usual variational methods. As in Ref. 15 the
determination of IF’s is decoupled from that of the expan-
sion coefficients; this results in a considerable simplifica-
tion of the computational work. Unlike Ref. 15, however,
a state-by-state determination of TF is not proposed, but
more generally that they be optimized for a given mani-
fold of molecular wave functions; the dimension of this
manifold, can, of course, be taken to be equal to one if so
desired. In Sec. II the optimization criterion is proposed
and its characteristics are discussed. Then we consider
the practical calculation of the functional to be mini-
mized. For simplicity, we shall only study the optimiza-
tion of TF in the impact-parameter formalism; the treat-
ment can be generalized to the quantum-mechanical for-
malism and RC. On the other hand, the form of the TF
(that is, of the trial space) will be left quite general; for ex-
ample, they can be different, or not, for each molecular
state. In this way, we aim at obtaining a practical cri-
terion, not only to determine TF within a trial space, but
also to compare different approaches. Atomic units are
used throughout.
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II. THEORY

The impact-parameter equation is

:
ot
where T denotes the set of electronic coordinates, defined
with respect to a common origin 0; H, stands for the
electronic Born-Oppenheimer Hamiltonian; and the nu-
clei, separated by a distance R, are assumed to follow a
straight-line trajectory R=1b+ V¢, with impact parameter
b and velocity V. Equation (1) must be solved subject to
the limit condition proper to the process under study (see,
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e.g., Ref. 2 for details). In the modified molecular
method, one chooses for ¢ the ansatz

Vapp= § a,(t)p,(T,t)exp [i [U,,(F,t)_fo‘En dt] ] ,
n=1
(2)

where ¢,,E, are the molecular wave functions and ener-
gies, and U, the (velocity and origin-dependent) transla-
tion factors. When ¢, ~ .o/ quXf as R— o0, representing
at infinite internuclear separation an atom A with ny
e1e<2:trons and an atom B with ny electrons, U, must ful-
fill

N g nytng
L GU(T0 o - R
dn(T0e "~ ot |pixBexpl—i |V p S Tj—q 3 T |+5(nipi+npgtvit asR—w , 3)
i=1 j=ng+1
—

where & is the antisymmetrizer and the origin O of elec-
tronic coordinates is situated at a distance pR of the nu-
cleus of A4 and gR of that of B. Each term of the sum (2)
then fulfills Eq. (1) when R — oo, which is equivalent to
sayin%that the set of modified molecular wave functions
{¢ne' "} presents no residual couplings at infinity. On
the other hand, the standard (unmodified) molecular ap-
proach sets U, =0, which does not fulfill (3), in general,
and accordingly residual couplings are present between
molecular states such that

lim (4, |i8/8t—Hy | $)70 .

Each specific choice taken for the functions {U,} in
Eq. (2) gives rise to a set of (new) dynamical couplings
and modifies the molecular energies and electrostatic cou-
plings.?2 Unless v <<1 a.u., these corrections to the ener-
gies and to the couplings which are responsible for transi-
tions can be quite important, and strongly depend on the
specific form of the TF."*~17 Since this form is arbitrary
at finite R —except for the obvious requirement that it be
symmetric with respect to electron exchange~and an “un-
reasonable” form can cause unphysical transitions and
render the ansatz quite useless, it is proper to question the
physical appropriateness of those corrections. In practice,
while some cross sections turn out to be fairly indepen-
dent of the explicit form of the TF!7 (within certain lim-
its), some other cross sections vary strongly when this
form is changed.’>~7 The question is what are “reason-
able” forms for TF. In this context, let us briefly discuss
two aspects of the determination of TF.

First, suppose that for each term of (2) we optimize the
TF using a Euler-Lagrange variational method, and sup-
pose further that the wave function ¢, has strong radial
or rotational couplings with other molecular functions.
One can then expect”'? that the resulting TF will make
the magnitude of a/at(dz,.e'U") smaller than that of
98/9t¢,. On the other hand, the effect of a strong cou-
pling {(¢,, | 3/9t) | $,) can be very simply taken into ac-
count by the expansion coefficients a,,a,, through transi-

tions between the states » and m. Hence, in a state-by-
state optimization of TF it is difficult'® to separate purely
“kinematical” and “dynamical” effects in the evolution of
each molecular state.

Second, the simplest physical meaning to be attributed
to U, is that VU, represents a velocity field of the elec-
tron cloud due to the nuclear motion®!® (the correspond-
ing current density being T,, =—¢? V.U,, ). However,
VU,, being irrotational, cannot reproduce the electronic
flux due to the rotation of the nuclei at short distances; on
the other hand, this flux is correctly described through
transitions between X-II, 3-II-A, etc. molecular states.
More precisely, it has been shown® that, in an electronic
reference frame where the nuclear center of charge is at
rest, the motion of the nuclei produces a null density flux
in the limit R =0. Then, one should have ‘7U,,=6 in
this limit; otherwise, one_ finds’ that the unphysical char-
acter of a velocity field VU, at small R causes the expan-
sion (2) to exhibit very poor convergence in this range of
internuclear distances. The condition VU,,=6 is often
enforced'® in the form of a cutoff for U,. However, when
choosing the explicit form for the cutoff factor, the obvi-
ous question is how large should be the region where
U,~0. As pointed out in Ref. 20, taking U,~0 is
equivalent to employing the unmodified (without TF)
molecular expansion, with the unfortunate consequence
that the origin dependence of the results of the standard
molecular method can reappear, when TF are introduced,
as a functional dependence on the parameters that are ex-
plicitly or implicitly introduced in those TF. When rota-
tional and strongly origin-dependent radial couplings are
both effective at small and intermediate R, there is no in-
dication of the form U, should have in this range of in-
ternuclear distances;’ an optimization procedure is needed,
in which rotational, radial, and electrostatic couplings are
simultaneously taken into account.

With these characteristics in mind, we consider, like
Rankin and Thorson,!® the set of TF {U, ], besides elim-
inating residual couplings at infinity through condition
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(3), as modifying the convergence properties of the molec-
ular expansion:

WED=S ap(0)g,(To1)

n=1

X exp [i [U,,(?,t)—fo'E,, dt” R

where the summation in (4) contains an integration over
continuum electronic wave functions. The ansatz (2) cor-
responds to the truncation of (4) after .#” terms. A good
choice for { U, } speeds up the convergence of (4) (e.g., this
is always so for R— «) and a bad choice can slow it
down so much that the approximation (2) is useless.
Direct study of the convergence of transition probabilities
or of cross sections as functionals of {U,} is exceedingly
laborious, and we search for a much simpler criterion to
approximately optimize the TF, within a trial space and
for a given set of molecular wave functions
{#p: n=1,...,47}, for small nuclear velocities. In-
cidentally, it is basic to our reasoning that we assume that
the right-hand side (rhs) of Eq. (4) converges to the exact
solution of Eq. (1), even in the weak sense; otherwise, the
molecular treatment is questionable. This is a point that
we shall not dwell upon in this work; we notice, however,
that formal convergence has only been proved in very spe-
cial instances: the common RC approach of Thorson and
Delos?! and the common TF method of Schneiderman
and Russek!* (see Ref. 20).

Introducing the ansatz (2) in Eq. (1) is equivalent to
solving :

. d
i<

P ot

Py T,)=0, (5)
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where P is the projector over the manifold spanned by the
set of functions {¢,,e'U": n=1,...,47}, hereafter called
P space and P functions, respectively. On the other hand,
Eq. (1) can be written

P.a
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with Q=1—P. We call Q space the complementary
space and Q@ functions those forming the set
{¢ne’ ™ n>). From Eq. (6) we notice that Py does
not fulfill (5); hence Py=£1,p,. Also, for nonorthogonal
bases, the Q space is a proper subspace of the span of
{¢,,e'U": n>A47.

At small velocities, provided that the basis set of P
functions has been adequately chosen, the wave function
Yapp Of (5) approximates the exact solution of (1) [or (6)].
One has £, however, because

U,
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and the operator Q[i(3/0¢)| .—H]P couples P func-
tions to those of the complementary space and takes the
state vector ¥ out of P space [see (6)] even if initially
(t— — ) it belonged to this space. We are thus led, as a
criterion to improve the convergence properties of the ex-
pansion (2), prior to and uncoupled from the calculation
of the expansion coefficients, to choose the set of TF
{U,} that minimizes'® the couplings between the set
{¢,,e'U": n=1,...,#7} and those spanning the comple-
mentary space ( P-Q coupling).

To apply our criterion, we require a measure of P-Q
coupling, which can then be used as a functional of the set
of TF {U,}. For a general choice of these TF, however,
one has to be careful because P and Q functions can have
a large overlap; in this case the magnitude of the coupling
matrix elements is not directly relevant, and a prior
orthogonalization of the Q to the P functions is obviously
excluded for practical reasons.

Hence, we start by considering the particular case of an
orthonormal set {¢,,e'U"]—-for example, when a common
TF U is employed in (2). In this case, any norm of the
P-Q—coupling generalized matrix is a good measure of
these couplings. The simplest one is the Euclidean norm,
i.e.,, the sum of the squares of the absolute values of all
P-Q couplings, including integration over continuum Q
functions; the convergence of this sum will be proved in
Sec. III. By writing this Euclidean norm in operational -
form we obtain an expression which is directly applicable
to the nonorthonormal case:

—He]

r

P

2
, (8)

e 1 (v, Bt ||

where overlap effects are taken into account through the
projection operators P and Q.

We thus propose to minimize N[U,] for each nuclear
trajectory,?? within a trial space for {U,} and for a given
manifold {¢,: n=1,...,#7}. The translation factors
{U,} are thus viewed as providing the smallest set of cou-
plings [in the sense provided by the norm (8)] from P to Q
space. Because of the positive definite character of the
functional, this minimiaa},ion may be carried out either
point by point or for | N N dt; notice that in general the
former procedure entails a more flexible form of the TF
than the latter, since all parameters in these TF must then
be functions of time. Clearly, N[U,]>0, and

N[U,]=0 forall ¢,
together with

lim (y—Py)=0,
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imply
Yapp( T ) =9Y(T,1) ©
appl T 1) =Y(T,0) .

The proof of (9) is very simple. N[U,]=0 implies that
Q[i(3/0t)| ,—Hq]P is the null operator. Then P,
[the solution of Eq. (5)] is also a solution of Eq. (6). From
lim(¢— Py)=0 and Eq. (3), it also fulfills the initial con-
‘dition. Therefore, solving Eq. (5) yields, when N[U,]=0,
the exact solution to the collision problem. This property
of the functional N is of obvious importance and links our
approach to the Euler-Lagrange variational method of
Ref. 11. In contrast with this latter method, however, N
is bound below and is symmetric with respect to all P
functions; in particular, it does not contain any informa-
tion on the initial state of the collision system. This last
property might be a slight inconvenience when some
molecular states (e.g., the entrance channel) are much
more strongly populated than others during the whole col-
lision process. It is then trivial to generalize (8) to

.0
< . 0
=1am(t)Q l—a_; ?_Hel

~

2
D

Pfapp
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and the rhs of (12) becomes (10) for w, = | a, | % in agree-
ment with our intuitive choice. To obtain a rigorous
bound of D by N2, we require an upper bound on | a, |2
For example, in the special case of a common TF,
. ]a,|*=1, and one has _

0<D<yN?%, (13)
where y=1 when N is given by (8), and y=w; ! for Eq.
(10), where v is such that either

|a, | =max,(|a,|) (14)
or
.0 i
0 ‘z a7 |~ Ha [Poe o
=max, [ ’Q 15 ?_Hel ]

| o

Eq. (13) implies that when N <€, O<ye? and a small
value of € means that 8y~0, i.e., Y,y

In practice, it is not indispensable to reach the absolute
minimum of (8) [or (10], which may have several relative
minima. Any choice of U, that reasonably speeds up the
convergence of (2) will do; if within a region of trial space
N[U,] turns out be to insensitive to the choice of {U,},

X P¢,exp [i [Un - fotE"dt ] ] l
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X exp [i {Um—fotEm dt] ]

(10)

where w,, are appropriate weights.

The intuitive generalization (10) of N[U,] is connected
to the definition in Ref. 14 of the measure of the deviation
8Y=1)—1f,, of the approximate wave function t,, from
the exact solution ¢ of Eq. (1):

2
ot

2

D= _H, ) (11)

—
r
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The connection can be seen from Egs. (2), (7), and (11)
and QP =0:

Pé, exp [i [U,,,— S En dt] ] ‘ \2

i [U,,,—fo'E,,, dt] ] I

2
) (12)

|

so much the better. Comparison between different
methods, and several forms of TF, is provided by the
functional N[U,], for a given set of molecular wave
functions {¢,: n=1,...,#7}. In particular, if for some
point along the trajectory N[U,]> N[0] in all trial space,
a cutoff is needed because the TF clearly impair the
description of the process by the molecular basis. The
form of this cutoff can be inferred from the values of
N[U,] and N[0] at neighboring points of the trajectory.
Analogously, one can test the appropriateness of intuitive
conditions!® enforced on TF.

The convergence property (9) of the norm (8) [or of
(10)] has an interesting consequence. Suppose that the tri-
al space of U, contains a (proper) subspace corresponding
to a common TF Ui, this is the case for many choices of
TF proposed (see, e.g., Refs. 9, 13, 16, and 19 and lists in
Ref. 2). Then one has

O<N[U,]<N[U]. (16)

Since N[U]—0 as .#"— w, because the set {¢,e'"} be-
comes complete in this limit and Q—0, the inequality
(16) implies that N[U,]—0 as A#"— o too. We have
thus shown the completeness of the set {¢,,e'U"} as
N "— oo provided that, for each value of .#", the TF { U, }
are calculated according to our criterion.

On the other hand, the measure (8) [or (10)] should not
be used as an additional (more ambitious) criterion for the
convergence of (2) when .4 increases. For example, in-
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creasing the basis set always improves the description of proach, shown in Sec. III, is that it does not involve the
the collision process, while it might shift strong Q-Q cou- explicit calculation of P-Q couplings, whereas they should
plings into P-Q couplings and thereby increase N[U,].  be calculated for a monotonic N[U,]. For this important
In other words, while N[U,]—0 as .#"— o0, this limiting practical reason, we restrict our procedure to the deter-
procedure may not be monotonic. Formally, it is trivial mination of TF for a given molecular representation. In
to generalize (8) or (10) to obtain a monotonic function of ~ Sec. III we shall briefly consider the evaluation of the
&, by extending the measure to include Q-P and Q-Q  functional N[U,] of Eq. (8)—the corresponding expres-
couplings. However, a great advantage of the present ap- sions for (10) are practically identical.

III. EVALUATION OF N[U,]

Using closure in Eq. (8) we obtain the expression
i=

N[U, 1= §< -
>\ [ar |-

-2 (1.

Hel

b i [0~ f ] |12 bm 1[0 [ Bt )
bnssn 1 0= B || s s 1[0 [yt
g

[on- fimar] )],

. 0
l"é?l —Hel
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¢,,,exp[ [U - [ En dt]]

Y, dmexp

X (s—1>k,<¢,exp [i [U,— [E dt] ] [ii l_»—Hel

where .
Sk1=<¢kexp [i [Uk—f'Ek d:] ] 1¢,exp [i [U,..f'E, dt] ]} .

For well-behaved TF {U,}, Eq. (17) proves the convergence of the norm (8)—and of the Euclidean norm of the
P-Q—coupling generalized matrix in the particular case of an orthonormal basis {$,e On 1.

The evaluation of the second term in Eq. (17) does not present any difficulty, since it can be calculated from the
knowledge of the modified electrostatic and dynamical couplings® »23 which are needed to solve Eq. (5). The first term in
(17) involves new diagonal matrix elements between P functions (i.e., no Q space discrete or continuum wave functions
appear). It can be calculated exactly by extending the quantum-chemical techniques usually employed to calculate ener-
gies and couplings.>?* It can also be calculated to a sufficiently good approximation by assuming that the wave func-
tions ¢, are exact eigenfunctions of the electronic Hamiltonian (or linear combinations of them, as in the case of diabatic
states). This assumption can be exactly fulfilled for one-electron systems and can be satisfied as well as desired for
many-electron systems; it drastically simplifies the evaluation of N[U,] and is a sensible approximation since one is in-
terested in TF optimization and not in ascertaining the quality of the molecular wave functions. Then, one takes

. 3 . '
v ?——Hel dmexp [z [Um—fo E, dt”
. t ) i 1 _ OUn =
=exp[l[Um—f0Emdt” = ?+5§v§- 5; = r+l§v,U,,,  16m
} ¢ . 0 - = =
=exp [l {Um—fOEm dt” ia +Gu(T0)+i X ViUp'V; |6 (18)
T j

where the sums run over all electrons. The first term in (17) then becomes a sum of matrix elements of the form

(] »

i—

at

+Gm+lz€]Um'V] ]¢ml +Gm+lzijm°Vj
J J

b,
=<19§1"l 2m >+<¢m162 l¢m>+z<v bm* V1 Un | Viehm* Vi Un >+zz Vibm Vi Un B >
t |7 ot e at +
+2<¢m Im(G,,) ———gm >+22(Vj¢m-Vij | In(Gy) | b ) - (19)
B j
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The difficulty in the evaluation of the second and third
terms of Eq. (19) depends completely on the analytical
form chosen for U,,; usually, their calculation is trivial.
For the other terms in (19), as for the usual dynamical
couplings, one has to pass from laboratory-fixed axes to a
molecule-fixed reference frame for the electronic coordi-
nates, with the z axis along the internuclear vector and
X=b. We do not go into the details of this well-known
transformation. Finally, there appear the following new
matrix elements:

<Fm|iLy;¢m>, (20a)
)
(Fm 3R ¢m> , (20b)
(iLy$pm | iLybm) » (20c)
9 3
(aRqsm aRd:,,.}, (20d)

where F,, is a function of T, and ¢, like G,,¢,, and L,, is
the angular momentum operator. All these matrix ele-
ments in (20) can be calculated with appropriate modifica-
tions of the usual techniques to calculate couplings in the
molecular method.? For example, when one uses simple
analytical forms for the TF’ and a configuration-
interaction (CI) treatment to construct the molecular wave
functions, and the basis configurations are symmetry-
adapted antisymmetrized products of Gaussian-type orbi-
tals (GTO’s) then all matrix elements (20)—like the
dynamical couplings in the usual method?»?*—can be
evaluated analytically. This is obvious for the matrix ele-
ments [(20a), (20c)] since the application of the operator
iLy, to a GTO yields a linear combination of GTO’s. To
calculate [(20b), (20d)] one requires the derivatives of the
coefficients of the CI expansion, whose analytical evalua-
tion is explained in detail in Refs. 2 and 24; for (20d) we
need matrix elements that are also required in the quantal
treatment of collision problems?® and that can also be
analytically evaluated.?

IV. CONCLUSION

There is a general lack of agreement as to the correct
form translation factors should have at finite internuclear
distances, and the need for a practical criterion to deter-
mine this form has been stressed in the introduction. Fol-
lowing an idea of Rankin and Thorson,'> we propose to
minimize the functional N[U,] of Eq. (8)—or its general-
ization (10)—as a practical solution, at low and intermedi-
ate velocities, to optimize the TF {U,} in a given trial
space for a given set of molecular functions
{¢n: n=1,...,#7}. That functional N is a measure of
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the (electrostatic and dynamical) couplings between the
states included in the molecular expansion (2) and those
(discrete or continuum) states that have been left out. The
properties of the functional N[U,] have been studied in
Sec. II. In particular, it is always >0, and the lower
bound O is reached for a whole trajectory when (and only
when) the wave function ¥, that fulfills (5) is an exact
solution of (1). The procedure is closely connected to the
minimization'* of a measure of the deviation 8¢=1— 1),
between approximate and exact wave functions, for each
point of the trajectory. Our proposal is that the collision
treatment be carried out in two steps. In the first step the
TF are determined by (approximate??) optimization of
N[U,]; the second step is then identical to the usual
treatment—i.e., solving the system of linear differential
equations? for the expansion coefficients a, and calculat-
ing the transition probabilities. In this procedure the
determination of TF is uncoupled from that of the expan-
sion coefficients, and a drastic reduction of computational
work is achieved with respect to a coupled determination
of {U,,a,}; also, in routine calculations, a lower degree of
accuracy may be used to evaluate (19) than is needed for
the usual couplings.

The main advantage of the method proposed here to
determine TF is that it is easily implemented and involves
a modest amount of computational effort. It should be
noticed that it does not correspond to an optimization
procedure on the transition probabilities; it is in principle
possible that a set of parameters in the TF that does not
correspond to a minimum for N yields a more accurate
value for a particular cross section than our “optimum”
choice for those parameters. However, since N —0 when
N — o or R— w0, and the molecular basis is assumed to
be adequately chosen (for instance, .it can satisfactorily
describe the collision process at lower velocities), one can
reasonably expect that minimizing (8) or (10) will improve
the convergence properties of the basis set. Furthermore,
if one wishes to lay stress upon optimization of TF, our
procedure may be viewed as providing a first approxima-
tion to the optimum choice, that may be further refined as
much as desired (at the expense of more computational ef-
fort), to finally yield the coupled method of Chang and
Rapp.!* For example, intermediate approaches would in-
volve in (10) weights w,, as close to | a,, |2 as desired. In
practice, to better the description of a given collision pro-
cess, one can improve (i) the molecular basis, (ii) the TF
functional space, and (iii) the optimization technique. Ob-
viously, the most appropriate procedure depends upon the
characteristics of the process studied and on the computa-
tional efforts involved.

We have shown in Sec. III that the evaluation of
N[U,] only involves the calculation of a few matrix ele-
ments, that can be performed analytically for simple
analytical forms of the TF and when atomic basis sets of
GTO’s are employed to build the wave functions. Work is
in progress at our laboratory to set up the programs that
systematically calculate these new matrix elements with
the required precision to calculate N[U] for the particu-
lar case of a common translation factor. The present for-
malism, however, is not restricted to this special case: We
have left the explicit form of the TF quite general so that
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our criterion also permits the use of any set of TFs {U, },
the comparison between different approaches,?® and a test
of some conditions that are usually enforced on TFs, such
as the introduction of cutoff factors. One aim of our
work is to provide a simple method that can be used in
benchmark studies to find out which general properties
are desirable for translation factors at finite internuclear
distances and thus clarify the present situation. We hope
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that it will also encourage authors to present a more
rigorous justification of new forms of TF than those sole-
ly based on physical intuition.
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