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Nuclear effects on ion heating within the small-angle charged-particle elastic-scattering regime
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The effects of nuclear forces (in contrast to pure Coulomb interaction) on the ion heating rate
which results from small-angle scattering processes between charged particles in plasmas are investi-

gated within the framework of Fokker-Planck theory. These effects are included through the addi-
tion of analytic Coulomb-nuclear interference and nuclear elastic cross sections in the scattering in-

tegrals of the dynamical friction coefficient and dispersion tensor. It is found that corrections to
traditional Fokker-Planck predictions of the ion-ion energy exchange rate can be calculated and that
these corrections are sensitive to the choice of the maximum scattering angle defining the cutoff be-

tween small- and large-angle scattering.

I. INTRODUCTION

The Fokker-Planck equation' has traditionally been
used to calculate the energy exchange between charged
particles which takes place in small-angle elastic scatter-
ing in plasmas, taking into account only the long-range
Coulomb (Rutherford) interaction. Here the effects of nu-
clear forces on the small-angle ion-ion energy exchange, as
manifested through analytic Coulomb-nuclear and nuclear
elastic-scattering cross sections, will be investigated by
means of a generalized Fokker-Planck equation.

The motivation for this work is apparent from consid-
ering the behavior of the ratio o/oz for some typical in-
teracting charged particle pairs as a function of the
center-of-mass (c.m. ) scattering angle. Here o is the total

differential elastic-scattering cross section and is defined
to be the sum crz+uN&, i.e., the sum of the Rutherford
component and a combination crNq of the Coulomb-
nuclear interference and nuclear elastic components. Fig-
ures l —4 show R-matrix calculations for cr/oz that give
good representations of cross-section measurements for
deuterons elastically scattered from H, H, and He, and
for tritons elastically scattered from He. For energies of
a few MeV, the calculations show significant deviations
from Rutherford scattering at angles below the smallest
angle that has been measured, which is approximately 30'.
In the case of D-T scattering, for example (Fig. 2), it is
seen that the scattering cross section becomes an order of
magnitude greater than crz in the small-angle scattering
regime (8 & 30') for incident energies near 5 MeV. Hence,
since it is not uncommon to have ions created quasicon-
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FIG. 1. The ratio of differential total to Rutherford elastic-
scattering cross sections for H on H as a function of the
center-of-mass scattering angle.

FIG. 2. The ratio of differential total to Rutherford elastic-
scattering cross sections for H on H as a function of the
center-of-mass scattering angle.
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tinuously into this energy range in a reacting plasma, it is
of interest to estimate the effects of these nuclear process-
es on the ion-ion heating rates that result within the
small-angle scattering regime.

In the analysis to follow, it will be shown that the ion-
ion energy exchange rate predicted by the generalized
Fokker-Planck theory is sensitive to the cutoff angle 8,„
which defines the onset of large-angle scattering. Previ-
ously, in Fokker-Planck theory that accounted for

8, ~ (deg)

FIG. 3. The ratio of differential total to Rutherford elastic-
scattering cross sections for H on He as a function of the
center-of-mass scattering angle.

Coulomb interaction only, it was found that the results of
ion slowing calculations were relatively insensitive to the
choice of this cutoff. ' This results from the fact that the
scattering integrals in the dynamical friction coefficient
and dispersion tensor can be evaluated in terms of a single
parameter known as the Coulomb logarithm which, in
turn, depends only weakly on the logarithm of
sin(8, „/2). In the generalized theory, the evaluation of
the scattering integrals will also yield the same logarith-
mic terms for the Rutherford part of the cross sections
but, in addition, it will yield terms attributable to o.

Nq

which are more sensitive to 0,„.
The inequality 8,„&30' mentioned above in specifying

a range of small-angle scattering neither represents a
canonical range of angles which differentiates between
sinall- and large-angle scattering nor defines a range over
which the Fokker-Planck equation is known to be strictly
valid. Rather, it is a range over which the authors believe
that a reasonable variation in nuclear effects can be
demonstrated. The. matter of specifying a H,„more pre-
cisely and, thereby, of defining the angular range of valid-
ity of the Fokker-Planck equation, remains to be
researched. It is interesting to note, however, that since
experimental values of the elastic-scattering cross sections
for many charged particle pairs do not exist for values
8&30', and that since it is not strictly valid to assume
that cr is pure Rutherford in this range, this formulation
provides for a smooth transition between small- and
large-angle ion slowing calculations. Large-angle ion-
slowing calculations requiring Monte Carlo techniques,
for exainple, could begin at precisely the cutoff angle
which is ultimately chosen for this theory.

Although the most important consequences of elastic
nuclear collisions are manifested in the direct ion heating
that occurs with the production of secondary generations
of energetic ions through large-angle scattering, the intent
of this work is to develop and investigate a complete cal-
culational formalism in small-angle ion slowing theory
through the inclusion of the entire elastic-scattering cross
section in Fokker-Planck theory. Large-angle scattering
in plasmas has been researched extensively elsewhere"
and. will not be addressed further in this paper.
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FIG. 4. The ratio of differential total to Rutherford elastic-
scattering cross sections for H on He as a function of the
center-of-mass scattering angle.

II. A GENERALIZED FOKKER-PLANCK EQUATION

The effects of Coulomb-nuclear interference and nu-
clear elastic small-angle scattering on ion-ion energy ex-
change can be investigated through the Fokker-Planck
equition by generalizing the scattering integrals in the
dynamical friction coefficient and the dispersion tensor to
include oNi. These quantities are well known (Ref. l) for
the Rutherford cross section ox ——I Z, Zbe /
fp,b V sin (8/2) ] I which is the cross section for
Coulomb scattering of point particles a and b expressed in
terms of the proton numbers Z, and Zb, the reduced
mass p,b, and the relative velocity V. The form of the
elastic-scattering cross section given, for instance, by Lane
and Thomas' suggests the exact polynomial expansion
for oNi (Ref. 2),
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oNi(Vp) = — Re expIigln[ —,
' (1—p)]I271

1 —p

distributions fb enter into the equation through the
dynamical friction coefficient (b v/b, t) and through the
dispersion tensor (6v hv/b, t ) given, respectively, by

I-* 21+1
X g 2

atP~(p)
-1=0

= g f dv b f dQ hv Vo,b(V, Q)fbht b
(3)

I 2' (xvxv)f (2)

and describes the time evolution of a "test" distribution f,
of charged particles of species a which results from their
small-angle collisional interaction with "background"
charged particles (plasma) of species b The ba. ckground

I

(1)
1=0

that is truncated at the highest-order partial wave l,„
that contributes to nuclear scattering. The dependence on
the relative velocity enters through the expansion coeffi-
cients and through the Coulomb parameter g which is de-

fined as Z,Zbe /4mEph V. , while the dependence on

p=cos8 is explicit in Eq. (1). The Fokker-Planck equa-
tion is given by (Ref. 1)

Bf,(v, t)

dt

and

and

(5)

= g f dv b f dQ hv hv Vo,b(V, Q)fb .
b

(4)

In Eqs. (3) and (4), the integrals over the c.m. scattering
angle Q are found to be easily performed analytically if
they are first separated into two parts containing the
Rutherford terms and the oN& terms, respectively. They
subsequently take the forms

Qv 2mp~b f d v b fb VV f dp(1 —p)oa
At b m, Pp

1

+ p 1 —p oNy
Pp

Aviv Pab
'2

PI 1

f dvb fbV V. V f dpo'ti(3p —1)(p—1)+ f dpoNi(3p —1)(p —1)J Pp Pp

+ 5; V f dib o'a(1 —p )+ f dp O'Ni(1 —p )J Pp Pp
(6)

The integrals containing the Rutherford cross section have had the standard limits pi ——cos8;„and pp
——cos8,„imposed

in order to prevent their divergence for very small scattering angles and also in order to constrain the range of integration
to small angles. In the oNi integrals, pi may be set to unity since no divergence occurs for 8=0. The relation

b, v =@,b hV/m, and the fact that o is azimuthally symmetric in the c.m. system have also been used to write Eqs. (5)
and (6).

Substitution of the expressions for o.a and o Ni into Eqs. (5) and (6) results in the generalized expressions for (hv/b, t )
and (b, v bv/b. t) given by

27TPgb+ . vb bVV g1 —poRe
Plg

expIig ln[ —,
' (1—pp)] I

1+lYJ

Imax

X g (21+1)at3'( —1,1+1,1+i';1,2+i', —,'(1 —pp))
1=0

( 1 it, 2)1/2 21max
1(21+1)bi Pt '(Pp)+ [(1 Pp)' Pt(ij,p)—

(1 —1)(1+2)

+ PpPt(Pp)l
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and

(
kv kv

)
I',bZb V V g,b(v )

b

2
gab+m' d v bfb V {3 V; VJ —5~i V )

lmax

X gRe g (2l+1)at(1 p—p) expIifiln[ —,'(1—pp)]j
r(2)r(1+~ )

l=p I (3+i')

X 3F2( l, l +—1,1+i';1,3+i', —,
' (1—pp))

'* 2l+1 I (2)
bt(1 —po) 3F2( —l, l +1,2;1,4, —,(1—po))

2 r(4)

+ [(3pp —1)V; VJ —{1+pp) V 5,J ]

lmax 1 —pp
ri Re g (2l + 1)a~ exp I iq ln[ —,(1—pp)] I

1=0 1 +l'g

X 3Fz( —l, l +1, 1 +iq;1, 2+i', —,(1—pp))

'" 2I 1 1—(1—Pp ) g bt Pt (Pp) +
l [{1—Po)'" t(Po)

+ poPt {po)]

1

Solutions for the integrals f (1 p) '"Pt (p )dp —and

f 1 Pp
(1 p)Pt(p)dp in t—erms of the general hypergeometric

Pp
functions 3F2 and the associated Legendre functions may
be found in Ref. 15. In these expressions, I,b is given by
Z e (lnAb )/4~eptrt, where lnAb is the Coulomb loga-
rithm and where the Rosenbluth potentials h, b and g,b

are given by

(U')=—f dvu'
at

m,
h,b(v)= f dv b fbV

Pab

and

Hence, we need only substitute the generalized expressions
for (hv/ht) and (hv b, v/b, t) into Eq. (11) and per-

(9) form the integral over dv in order to calculate (U 2) for
any initial distribution f, .

g~b(v)= f dv b fb V .

Although the Fokker-Planck equation may now be
solved for the time evolution of an initial test distribution

f, accounting for nuclear effects, it is more relevant to
solve for the time evolution of the average energy of the
distribution. This may be accomplished by taking the U

moment of Eq. (2) to obtain

III. RESULTS

For the sake of illustration, the investigation of the ef-
fects of nuclear forces in the small-angle scattering regime
will be carried out with the example case of fast deuterons
slowing down in a tritium plasma. Also, for this purpose,
the initial deuteron test-particle distribution will be taken
to be monoenergetic and of the form f, ( v ) =5( v vp). —
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A. The cold ion plasma

For many background plasmas of interest, the ions will
be moving at thermal speeds which are much less than the
corresponding electron thermal speed even when the plas-
ma is not in equilibrium. Hence, it is often useful to
model the background ions as essentially "cold" with
respect to the fast incoming ions and also with respect to

I

the "warm" electrons. 'In this case the background ion
distribution may be taken to be of the form f; =n;5(v; )

whereas the background electron distribution may be
modeled as a Maxwellian distribution of the form
f, =n, (m, l2m.kT, ) ~ exp[ (m—,v, l2kT, )]. The quanti-
ties (hvlht) and (b, v hvlb, t) may be evaluated analyt-
ically for distributions of this type and it is straightfor-
ward to show that Eq. (11) reduces to

Pae Pl~ Vp
'

Vom;

3
71i 47Tv 0Pai

g(1 —pp)Re
mg +mt

expti ri ln[ —,
' (1—po)] I

1+ig

max

X g (21+1)at 3F2( —l, 1+1,1+ig;1,2+i', 2 (1—pp))
1 =0

( 1 p )1/2 2lmax

l=o
X (2i+1)b~ ~i '(i o)+

&

[(1—Vo)'"~~(i o) +i oPt'(po)]
(& —1)(i+2) (12)

Here a, is the inverse electron thermal speed while g is
defined as the dimensionless quantity a, vp.

Equation (12) may be evaluated parametrically in v p.
If the background electron temperature is set to be 1 keV,
the results of this evaluation may be plotted as in Fig. 5.
Here the ratio of the time-dependent energy loss resulting
from ion-ion nuclear interactions to the time-dependent
energy loss resulting from Rutherford ion-ion interactions
is plotted as a function of the deuteron's energy in MeV.
For this case, the maximum c.m. scattering angle was set
to 10' so that po ——0.9848.

It is seen that this ratio, labeled as ( v );;N«z, actually
decreases to negative values in the lower MeV range of in-

coming energies. This effect is due to the oscillatory na-
ture of the Coulomb-nuclear interference part of oN&

He(p, p) He 16.2 MeV

which dominates in the low MeV and low-scattering-angle
regimes (Ref. 2). This is a real effect that has been mea-
sured experimentally' in some charged particle cross sec-
tions and it indeed implies that the traditional ion-ion
Fokker-Planck calculations in this energy range are high
by some small factor. At about 4.4 MeV, for example, the
standard Fokker-Planck ion-ion energy exchange ratio is
lowered by about 0.9%%uo.

In Fig. 6, a measurement (Ref. 16) of the elastic-
scattering cross section (in this case for p- He) down to
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FIG. 5. The ratio of time-dependent energy loss resulting
from nuclear and Coulomb-nuclear interference interactions to
that resulting from Rutherford interaction for po ——cos(10') in
the cold background ion approximation.
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FIG. 6. A measurement of the total differential elastic-
scattering cross section for 'H on He which clearly indicates an
interference minima at 8=15' and E = 16.2 MeV.
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small scattering angles is shown which clearly indicates
this interference minimum. The solid curve in this figure
was also frt by means of Eq. (1).

Returning to Fig. 5, it is seen that in the upper MeV
range the ratio (u );;N«rr climbs to values about 0.5%%u

higher than the Rutherford estimate at 8 MeV. Hence, at
this energy, the correction to standard Fokker-Planck
ion-ion energy exchange calculations would be positive. It
should be noted, though, that at these higher energies
where the corrections amount to an actual increase in the
ion-ion energy exchange rate, the rate of ion-electron ener-

gy exchange would also be large. At 8 MeV, for example,
vp & v, & v; and it is a well-known result that the ion-
electron Rutherford energy exchange rate remains large
until v, )vp )v;. '

In Fig. 7 the same ratio is plotted for a case in which
the maximum c.m. scattering angle is now chosen to be
30' (pp ——0.866). The dramatic difference in these results,
as compared to those in Fig. 5, indicate that the energy
exchange rate is very sensitive to the choice of cutoff an-
gle. For this case, it is seen that the pure Rutherford cal-
culation of (u ) underpredicts the amount of ion-ion
heating by a factor of 2 at energies around 7 MeV. At 8
MeV the correction to the heating rate becomes closer to
150%%uo.

B. The hot ion plasma

For cases in which the speeds of the background plas-
ma particles are comparable (i.e., nonequilibrium back-
grounds) or for which the initial test ions' speeds are com-
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FIG. 7. The ratio of time-dependent energy loss resulting
from nuclear and Coulomb-nuclear interference interactions to
that resulting from Rutherford interaction for po ——cos(30') in
the cold background ion approximation.

parable to the background ions' speeds, the plasma must
be modeled with realistic ion and electron distributions.

The evaluation of Eq. (11) remains tractable when these
distributions may both be chosen to be Maxwellian. In
the following, the general case in which the background
electrons and ions have separate Maxwellian temperatures
T, and T; will be addressed. For this case, it is also
straightforward to show that Eq. (11) reduces to

m 4ab —q', m e(gb )

b P+b ~ mb VP

2 3/2

+8&nb f dVV e '
m, ab

r

expI iriln[ —,
' (1—po)] I

X rl(1 —Pp)Re 1+ig

ab

I ab y2 I ab V2 V I ab
VV +e V v+

P7l~

(2l+1)ar 3Fr( —l, 1+1,1+i'll;1,2+i'll, —,'(1—Pp))
I=O

(1 pi)i~i 2rmax

1 =0
g (2l+1)br Pr '(ijo)+ [(1—Po)' Pr(Po) +PpPr'(Po)]

l —1 /+2
(13)

In this result, the sum over background species b should
be taken for both background electrons and ions in the
first term (the Rutherford term) but, of course, only over
background ion species in the remaining terms which con-
tain the ion-ion nuclear effects. The following definitions
have also been introduced: ab ——2abup V, yi ——ab(up —V),
and yz ———ab(up+ V) . It can be shown that in the limit

of zero background ion temperature Eq. (13) reduces to
Eq. (12).

In Eq. (13) the integral over the relative speed may be
performed numerically. Figures 8 and 9 contain the re-
sults in terms of the ratio (u );;N«a for a case in which
both of the background temperatures were set equal to 1

keV but for which pp was set to the cosines of 10' and 30',
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FIG. 10. The ratio of time-dependent energy loss resulting
from nuclear and Coulomb-nuclear interference interactions to
that resulting from Rutherford interaction for pp=cos(10 )

where T, =T; =10 keV.

respectively. The small corrections, both positive and
negative, are again seen for the case in which po ——0.9848
(Fig. 8) but corrections as high as 70% are seen at 8 MeV
for po ——0.866 in Fig. 9.

If the background temperatures are both increased to 10
keV, the corrections for the cases in which po ——cos(10')
and cos(30'), respectively, are shown in Figs. 10 and 11..

In the case where po ——0.866 (Fig. 11), it is seen that the
correction at 8 MeV amounts to about 50%.

IV. CONCLUSIONS

It has been shown that Fokker-Planck theory may be
generalized to include the effects of nuclear forces in the
small-angle scattering regime. This has been accom-
plished through the addition of the Coulomb-nuclear in-

terference and the nuclear elastic-scattering cross sections
to the Rutherford cross section in the scattering integrals
of the Fokker-Planck equation.

Corrections to the ion-ion energy exchange rate which
previously included only the effects of Rutherford scatter-
ing were found to be quite sensitive to the choice of a cut-
off angle 8,„ in the range of scattering angles
8;„&8 & O,„over which the theory may be applicable.
Within the angular range over which the effects of nu-
clear forces have been investigated (10'&8,„&30'), it
was found that corrections as large as 150% are predicted
for the energy exchange rate between D and T ions. It is
expected that similar results would be obtained for other
light charged particle pairs, based on the behavior of
o/o~ over the same angular range. These large correc-
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FIG. 9. The ratio of time-dependent energy loss resulting
from nuclear and Coulomb-nuclear interference interactions to

' that resulting from Rutherford interaction for pp=cos(30 )

where T, =T;=1 keV.

FIG. 11. The ratio of time-dependent energy loss resulting
from nuclear and Coulomb-nuclear interference interactions to
that resulting from Rutherford interaction for pp

——cos(30 )

where T, = T; = 10 keV.



NUCLEAR EFFECTS ON ION HEATING WITHIN THE SMALL-. . . 1947

tions to the ion-ion energy loss generally occur in the ve-
locity regime where ion-electron losses dominate; howev-
er, significant increases in the predicted ion heating may
be important for some plasma devices even in this regime.

Although this generalized theory now provides for a
smooth connection betw'een small- and large-angle ion
slowing calculations, a more precise determination of the
cutoff angle e,„remains to be done. This determination
would be of importance to researchers in fusion reactor
design, for example, in which Fokker-Planck theory is
typically used to model the time evolution of a plasma

that results from ion heating to thermonuclear conditions.
A further generalization of this theory may, in princi-

ple, be possible. An approach similar to the one employed
here might be used to formulate a Fokker-Planck equation
which would describe the collisional evolution of a distri-
bution of spin polarized particles in the small-angle
scattering regime. Although a new expansion for oNt, in
which the coefficients would not be averaged over spin,
would be necessary, the principles of generalizing
(b, vlht) and {hv hvlht) over a small range of angles
would remain the same.
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