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We develop a theory to take into account the effects in coherent propagation of a small overlap-
ping of the pump and probe pulses in a three-level system. The Maxwell equations reduce to cou-
pled equations for variables which are related to the time-integrated field envelopes. We make com-
parisons of the propagation results to the Burnham-Chiao theory for a two-level amplifier and can -
predict when this theory breaks down. An application to superfluorescence is presented where a
lengthening of the delay time is found. We treat Doppler broadening and find simplified equations
in two cases: (a) a very broad line and (b) a very narrow line where the initial and final states are de-
generate. For the broad-line case, with an appropriate choice of initial parameters, we can make the
probe pulse approach any desired area for certain configurations of the levels.

I. INTRODUCTION

There are many situations in quantum optics where one
deals with three-level systems, for example, Raman ampli-
fiers, simultons, and superfluorescence. Some of these,
particularly amplifiers and superfluorescence, have been
treated in the past with the use of two-level models!—!!
which ignore the pumping process that inverts the popula-
tion in the system. Since this pumping is inherently part
of the dynamics of the system, it can have profound ef-
fects on the system’s evolution. Two-level models cannot
take these effects into account.

One method of inverting the system is to use a laser
pulse resonant with the pumping transition frequency. A
treatment of coherent resonant propagation for nonover-
lapping pulses in a Raman amplifier has been given by
Sobolewska et al.'?> This paper is an expansion and exten-
sion of that work. (Exact solutions for some propagation
problems in three-level systems have also recently been
found.!3~16) Here we treat all configurations for a three-
level system. Population is pumped from the first to the
second level by an input pulse. Then the second-to-third
level transition is investigated by injecting a probe pulse.
‘In the ideal case the pump and probe pulses are complete-
ly separated in time. Thus the probe pulse will only in-
teract with the population transferred by the pump. In
actuality, however, the pump pulse changes in time due to
propagation and the two pulses will not remain complete-
ly nonoverlapping. In this paper we develop a theory to
take into account the effects of a small overlap between
the propagating pulses.

In Sec. II the notation and the atomic equations of
motion on resonance are defined. In Sec. III approxima-
tions are used in order to solve for the time development
of the atomic system. The expressions obtained for the
dipoles are incorporated into the Maxwell equations in
Sec. IV where the “partial area” equations are derived.
Numerical solutions of the partial area equations are com-
pared and contrasted to the exact solutions and to a two-
level theory in Sec. V. An application of the theory to a
calculation of the delay time in superfluorescence is given
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in Sec. VL. Section VII treats Doppler broadening. We
summarize our results in Sec. VIIIL.

II. RESONANT ATOMIC EQUATIONS OF MOTION

We will concern ourselves only with plane-wave propa-
gation of electromagnetic radiation in an atomic or molec-
ular medium with three energy levels. The levels are
numbered so that levels 1 and 2 are dipole coupled as are
levels 2 and 3; however, transitions between levels 1 and 3
are forbidden. Levels 1, 2, and 3 are defined to have ener-
gies #iw,, #iw,, and fiws, respectively.

The levels can be arranged in three distinct ways ac-
cording to the relationships among the energies of the lev-
els: A, V, and cascade. We take the cascade to have two

~ variations according to whether w; >, or @; <@,. These

are called cascade 4 and cascade B, respectively. The
configurations for the different cases are shown in Fig. 1.
We will only treat systems whose homogeneous decay
times are much longer than the input radiation pulse
lengths. Thus we can neglect decay mechanisms such as
collisional broadening or radiative decay and deal ex-

> 13> - 2> 1>
13>
12> Tole> 13>
13> l1> > 12>
cascade A cascadeB A \

FIG. 1. The different level configurations treated in this pa-
per. Level |2) is always dipole coupled tolevels | 1) and |3).
Transitions between levels |1) and |3) are forbidden. We
make the distinction of two arrangements for the cascade con-
figuration depending upon whether the energy of level |1) is
greater (cascade A) or less than (cascade B) the energy of level
|2). We do this since we will always take the initial population
to be in level |1). Thus cascade A4 is an amplifier while cas- -
cade B is an absorber.
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clusively with coherent propagation. Under these condi-
tions the interaction picture will be used, since this will al-
low for us a simple interpretation of the results. Inhomo-
geneous broadening will be treated in Sec. VII.

We will denote the atomic states with energies #iw1, #iw,,
and #iw3 by |1), |2), and |3), respectively. During the
time scales of interest we will assume these states form an
orthonormal complete set, with the state | 1) initially oc-
cupied.

We will use the dipole and semiclassical approxima-
tions!” and treat the electric field E as a classical variable.
The Hamiltonian of each atom is given by

A oA oA 3 ~ 5=
HA=H0+H[=2 ﬁCOJO'”—dE
. j=1
3 — — =
= 2 ﬁcojﬁjj—[(d12612+ d23623)+H.C.]'E N (21)
j=1 .

where the 3y = |j)(k | are the atomic projection opera-

tors and 3=2 ik d k0 jk is the dipole moment. In the in-
teraction picture, the evolution operator obeys the
Schrodinger equation

a A AN A
#90, — : 2.2
ifi ot UI V] U] (2.2)
where
P, =038,0, Oy=exp —i;ﬁot]. 23

For an electric field propagating in the y direction, if E
has components oscillating only near frequencies  and o’
we may write

E={& & exp[ —is; (0t —kz)]
+&,&exp[ —isy(@'t—k'5)]} + c.c. (2.4)
. where k=w/c, k'=w'/c, and &;=&(t,5) is the jth

pulse’s amplitude which is taken to vary slowly in an opti-
cal cycle. s; is defined to be the sign of the energy differ-

ence filw; 11 —w;)=%w; ;. We will choose the fields & -

and &, to be tuned on resonance with the 1<>2 and 23
transitions, respectively, by taking w=|w,;| and
®'= | w3y |. Then, combining Egs. (2.1), (2.3), and (2.4)
and using the rotating-wave approximation'® (RWA) we
obtain '

I/}1=lzﬁ[(ﬂla’zl+Qza32)—H-C-] , (2.5a)

where the Rabi frequencies, chosen to be real, are defined

with an “extra” factor of —i for convenience:
2d,° €% 2d3 6,%

1=_21.__1__1_’ 2=_32__2__2_ . (2.5b)

ifi ifi

The solution for the interaction evolution operator is
then given by the time-ordered expression

f/\}(t)———P exp , (2.6)

1 to ’ '
= Lo Vit

where P is the Dyson time-ordering operator.!® Now we
may write

U, (1) =P exp[ —il,0,(t)—il36,(1)] , (2.7a)
where

o,0= [ Q’;t') dr', j=1,2 (2.7b)

ly=i(61—612) 2.70)

[i=i(63,—87) . (2.7d)
If we also define

h=i(613—63) (2.7¢)
then

(7, hl=il,, jkm=1,2,3;2,3,1;3,1,2 2.8)

that is, fl, 7}, and /1\3 are angular momentum operators.

These angular momentum operators are the generators
of infinitesimal rotations and thus ﬁ,(t) is a (time-
ordered) rotation operator in a three-dimensional space
spanned by { | 1), |2), |3)}.

It is easy to verify that the operator e ~% will rotate a
vector |1) through an angle ¢ about the |j) axis. The
extra factor of —i is used in (2.5b) because it leads to rota-
tions with real angles. We will use this information in
Sec. III to develop approximate solutions for the effect of
the evolution operator on a given initial state for the case
of small overlap of the pulses (; and Q,.

III. APPROXIMATIONS FOR
TIME DEVELOPMENT

Since there are no losses from the system, the length of
the state vector |v) will remain constant throughout the
propagation and retain its initial value of V(¢ [¢)=1.
Thus, from Sec. II, the effect of the operator 1§ 1(¢) on the
initial state | 1) will be to rotate the vector |1) to some
point on the unit sphere. It is also possible to reach the
same point by performing two successive rotations on
| ) about two orthogonal axes through two different an-
gles. [This is merely a consequence of the fact that the
angular momentum operators form a Lie algebra. We can
then f:l\nd cc,)\efficients b;(¢) such that we may write
exp(a111+a212+a37\3)=exp(b1f1)exp(b2f2)exp(b3f3) for
any coefficients a;(¢).2°] For example, if |) is initially
the state | 1), then any point on the unit sphere can be
reached by first rotating about the |3) axis and then
about the | 1) axis. Specifically, there exist angles ¢, and
¢, such that

3 A\
|90y =3, 4]/} =Tr(n)| 1)
j=1
e, ik ) (3.1)

(see Fig. 2). If |4(r)) is expanded on the basis set
{|1), [2), |3)]}, this can be written as the matrix equa-
tion
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13> 13>

(a) h 12> ‘(a 12>

r |

|y (t=0)>=|I> |W (t=t,)>=0.(1) | 1>

13> 13> 13>

(b) \2 2> \‘% 12> \@ 12>
> .- > .’ (> .-
IE etk e[t h)>]
Jy=0)>=[1> | |y (t=1)>=0 (1) |1>

FIG. 2. Time development of the state vector |). (a) |4) evolves under the action of the time evolution operator U; going ini-
tially from |¢)=|1) at time t=0to |¥)=U,(¢,)|1) at time t=¢,. Tip of the state vector traces out a path on the surface of the
unit sphere. (b) We can have |¢) reach the same point of the unit sphere at time ¢, by first rotating about the | 3) axis through an

angle ¢, and then about the | 1) axis through an angle ¢,. ¢, and ¢2 are just the polar and azimuthal angles, respectively, of the state
vector with reference to | 1) as the polar axis.

Q
Py(2) 1 0 0 cos¢; —sing; 0| 1 -g;(cos¢1)=—71cos¢2sin¢1 , (3.5a)
Py(2) |= |0 cosp, —sing, | |sing; cosp; O] [0 3 Q, Q,
Ps(t) 0 sing, cosd, 0 o 1|10 5;(005¢2Sin¢1)=_2‘003¢1——i‘5in¢23in¢1 » (3.5b)
Q
(3.2) %(sinqszsimsl )=5"cospsing; . (3.5¢)
We tl’lerefore ot:tain the following set of equations relating  we may integrate Eqgs. (3.52) and (3.5¢) to obtain the im-
the ¢’s to the ¢’s: plicit solutions
(t)=cosd(¢) , (3.3a) Q(2")
v i &(t)= f' ! cosg,(t')dt’ , (3.62)
Pa(t) =cosdy(t)sing(z) , (3.3b) o 2 '
. . ‘ Q,(¢' ‘
3(t) =sing,(¢)sing,(t) . (3.30)  sing,(t)=cscy(¢) fot 2; )éos¢2(t’)sin¢1(t')dt’ . (3.6b)

Thus ¢, and ¢, are just the polar and azimuthal angles,
respectively, of the state Vector |¥), taking | 1) as the
polar axis.

Now, |(2)) also obeys the Schrodinger equation gen-
erated by the Hamiltonian Eq. (2.5), and using Eq. (3.1)
we derive for the ¥’s

These equations are exact. We see from Fig. 2(b) that
when ¢, is a small angle, 13 will also be small and thus
the induced polarization in the second transition, propor-
tional to 1,33, will have a small magnitude. Since ¢, be-
comes nonzero only after (), arrives we see that we can
describe the beginning of the amplification (or absorption)
process in the second transition by taking || <<1.

9 0 Under this approximation we can set cosg,~1 and

ot hil)=— 2 (o), (3.42) sing,~@, and then Egs. (3.6) become

d 'Ql QZ 1(t )

3 P O=—"h(O——~4s(0), | (3.4b) é1(t)= f —,—dr’, (3.7a)
Q 1 Qy(t') | o

—aa?¢3(t)=—22—1/}2(t) . (3.40) @a(t)=csce,(t) fo 22 sing, (¢')dt (3.70)

Hence from Egs. (3.3) and (3.4) and for consistency we require
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t Q,(t")
csey(t) [ 22 sing(¢)dt’ | «<1,
or
t Qy(2') | .
IR S singy(1)dt’ | << |singy(1) | <1. (3.8)
However, it is obvious that
rn( el Q) |
IR sm¢ (¢) |d _fo‘ —|ar - (3.9)

- Thus a sufficient condition for the relations (3.7) to hold
is
Q,(¢')

PR

) (3.10)

dt' <1,

f

i.e., the integrated magnitude of the second pulse envelope
is required to remain small.?!

We can relax our requirement of small ¢,, thus allow-
ing for an arbitrary polarization in the second transition,
as follows. When the pulses are completely nonoverlap-
ping, i.e., when there exists a time ¢, such that
(2 >15)=0 and Q,(z <ty)=0, then Egs. (3.6) reduce to
the quantum-mechanical pulse areas. Let us assume that
the pulses overlap until a time ¢, after which Q,()=0,%

and that during the overlap, f | Qy(2')/2 | dt’ << 1.
When these conditions hold we will” say that the pulses
have small overlap. For times ¢ <1, the angles ¢,(¢) and
¢,(2) are given by Egs. (3.7) while for times ¢ >, we have

(")
bi=di(t)+ |, ~‘—d'

2()

(3.11a)

(3.11b)

¢ (1)=¢(t0)+ f

Hence Eq. (3.11a) is identical in form to Eq. (3.7a) while
Eq. (3.11b) can be written as

¢2(t>t0)—¢2(t0)+csc¢1(t0)f s1n¢1(t0)dt
t
=s(t0)+csca(t) flo 2 Ging (1t
t Qy(t') | ,
=cscy(t) f 22 sing,(¢')dt (3.12)

since ¢(t >ty)=¢,(¢y). Thus for the case of small over-
lap of the pulses, the solutions (3.7) are valid even for
large ¢,. Since we now have an approximate expression
for the time development of the system when it starts in
the state | 1), we may compute the polarization of the
medium in terms of the derived angles ¢, and ¢, in order
to calculate the effects on the propagating fields.

IV. PARTIAL AREA EQUATIONS

The reduced Maxwell equations for the fields Q; and
Q, are easily derived under the slowly varying envelope
approximation (SVEA).2* We find

‘§‘91=—31K1(612> s 4.1a)
0z .
i) A
— Q= —522(523) , (4.1b)
oz .

where
N dy€ 2o N dp &2 e

= |da€|*| o] N dy&| "o @10

Ky=
Eoﬁc ’ Goﬁc

and ./ is the number density of atoms (or molecules) in
the medium. We have transformed to the moving frame
by the relations

z=g, T=t—y4/c. k (4.2)

" Since we are taking the system to start in the state | 1),
|4) is given by Egs. (3.3):

| (7)) =cosg(7) | 1) +cospy(T)sing(7) | 2)

+sing,(7)sing(7) | 3) . 4.3)
Thus
(612)=(¥|1)(2|¢) =cosd cos,sing;
= +sin(2¢,)cosd; , (4.4a)
(823) =(12)(3| §) =sin’p cospysing,
= +sin’p;sin(2¢,) . (4.4b)

Using the small-overlap approximation Egs. (3.7), which
we can write as

a,m:z—%mm , (4.50)

Qy(71)=2 csc¢1(7')%[¢2(7')sin¢,(r)] , (4.5b)

and combining these with Egs. (4.1) and (4.4) gives us

3’ Ky
azdr ¢1=—s, TSln(2¢1)cos¢2 , (4.62)
—aa; cs0¢1%<¢2 sing,) |= —s2£4?-sin2¢,sin(2¢2) . (4.6b)

If we define “areas” 4, and 4, such that
A1=2¢,, Ay=2¢,, 4.7)
then Egs. (4.6) become the partial area equations

& Aj=— g A (4.8a)
azar 1= 51 > sin4 ;cos , .82
Ay | 9
—_— — ._.A 1 —_
oz Ml ) oT Ll )
= —5 b sin? ZL sinA4 (4.8b)
2 2 - ’

We call 4, and A4, areas in analogy to the two-level case
where 4= f 0 Q,(7',z)d7. Thus any explicit reference to
the atomic variables is eliminated in this approximation



1914

and we are left with two coupled nonlinear partial dif-
ferential equations which refer only to the electric field
envelopes of the laser pulses.

Each of these equations is similar in structure to the
two-level result (the sine-Gordon equation®¥). In fact, set-
ting 4,=0 in Eq. (4.8a) yields the usual equation. The
cosine term is a modification of the polarization for the
first pulse due to the fact that there is population
transferred between levels 2 and 3. The sine-squared term
in Eq. (4.8b) has a similar interpretation for the second
pulse.

These equations are highly nonlinear and we cannot
solve them in general analytically. We therefore must
resort to computer calculations in most cases and results
of the numerical integration of the equations are given in
Sec. V. Nevertheless, it is clear that the equations are
simpler to deal with and have fewer variables than the full
Maxwell-Bloch equations. In addition to this, certain
cases can be treated analytically, as shown in Sec. VI, and
this general technique also allows the derivation of ap-
proximate area theorems in the inhomogeneously
broadened case.

(a)
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V. NUMERICAL INTEGRATION OF THE
PARTIAL AREA EQUATIONS

It is evident from Egs. (4.8) that a complicated relation-
ship exists between the areas 4; and 4,. Many three-
level problems have been treated by two-level models in
the past, and this interaction between the pulses has usual-
ly been ignored. It is possible that solutions to Eqs. (4.8)
will show a significant modification of the corresponding
two-level results. With this in mind, we will present our
calculations in the following way. First the integration of
the partial area equations will be compared to the numeri-
cal solution obtained by integrating the exact coupled
Maxwell-Bloch equations [Eqs. (3.4) and (4.1)]. Next,
where appropriate, comparisons will be given between the
partial area equations and the corresponding two-level
model. The two-level model used for comparisons will be
that given by Burnham and Chiao? in which the second
level is populated by a 8-function pulse excitation.

Figure 3 shows the comparison between the solutions of
the partial area equations and of the Maxwell-Bloch equa-
tions for the cascade- 4, cascade-B, A, and V configura-

i (b) ]

Ir A////\\\\hi i
o O
3 ;
N ]
=z L ]
<E 0 /\/\ __

|k \/ i

o P ANy |

_' 1 1 N

0 5 10 15 20
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FIG. 3. Comparisons of the time evolution of the propagating pulses Q ; predicted by the partial area equations [Egs. (4.8)] to those
given by the Maxwell-Bloch equations [Egs. (3.4) and (4.1)] for the different level configurations for Z =zk,r,=0,2,4. Input pulse en-
velopes are Gaussians with equal standard deviations 7,: Q;(7)=0;exp{ —+[(r—7;)/7,]*} where {; is the peak amplitude of the jth
pulse. Relative time delay of successive inputs is 107,. Time is measured in units of 7,. First pulse always has an initial area of 0.97.
Solid line is the Maxwell-Bloch result while the dashed line is the partial area result. Propagation distances for all plots are labeled as
in (a). For each plot we list the configuration, initial area of the second pulse [ 4,(0)] and the gain ratio (k,/k;): (a) cascade A,
A2(0)=0.1m, K, /K =10; (b) cascade B, 4,(0)=0.97, k2/k;=1; (c) A, 45(0)=0.17, kr/k;= 10; (d) V, 4,(00=0.97, Kk, /k;=1.



tions. The solid lines are the solutions of the exact equa-
tions while the dashed lines are the solutions of the ap-
proximate equations. We have chosen the initial area of
the first pulse to give a large population transfer to the
second level [ 4,(0)=0.97] so that the interaction between
the pulses will be strong. The agreement between the two
calculations is excellent. In fact, the dashed- and solid-
line results for the ¥ and cascade- 4 cases are virtually in-
distinguishable, which justifies in this and similar cases
the use of the partial area equations.

The comparison to the Burnham-Chiao theory is given
in Fig. 4, in the cascade-4 and A cases. The Burnham-
Chiao result is given by the dashed-dotted line. For the
cascade- 4 case, all three theories give virtually identical
results; however, for the A case the Burnham-Chiao result
quickly deviates from the exact solution as the pulses
propagate in z. The reason is easy to understand. Since
the Burnham-Chiao theory acts as if the gain for the
second transition were constant, it cannot take account of
the dynamics of the first pulse which changes the gain.
That the agreement is so good for the cascade- A4 case is
also easy to explain. If we refer to Fig. 3(a) we see that
the first pulse has hardly changed its shape during the
propagation. The gain for the second pulse is thus, for all
practical purposes, constant. Therefore all three theories
give the same result. With longer propagation distances,
however, the first pulse will eventually change significant-
ly due to the amplification process. Then the Burnham-
Chiao result will start to become noticeably different from
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FIG. 4. Comparisons of the Maxwell-Bloch equations, the
partial area equations, and the Burnham-Chiao two-level theory
for the time development of the second pulse 2,. Parameters
are the same as those given in Fig. 3. Dashed-dotted line is the
Burnham-Chiao result. We have (a) cascade 4 and (b) A.
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the other two theories. For the choice of parameters
given in Fig. 3(a) this occurs at about Z =8. _

It is fairly easy to predict when the Burnham-Chiao
theory will give reasonable results and when it will not.
Obviously, if the first pulse is sufficiently narrow and re-
tains its initial area during the region of interest of propa-
gation, the gain for the second level will be fairly con-
stant. Then the two-level theory will give good results. If
the area changes significantly, however, then so will the
gain, and the evolution of the second pulse can be quite
different from the Burnham-Chiao prediction.

The evolution of the first pulse is determined by the
sine-Gordon equation

2 K
5;65;‘41 =—5 —21-sinA1
before the pulses start to overlap. Since the method of
solution of this equation is known,? this information can
be used to determine the change of area over the distance
of propagation and therefore to predict when the
Burnham-Chiao theory will break down.?

Even when the first pulse area does not change, the
Burnham-Chiao theory will give incorrect results when
the first pulse width is comparable to the time delay be-
tween the pulses. This will generally occur due to spatial
evolution in transitions with gain since the first input
tends to broaden, while the delay of the amplified output
will reduce during propagation.

VI. APPLICATIONS TO SUPERFLUORESCENCE

The general superfluorescence problem is one of spon-
taneous emission from a group of atoms with a popula-
tion inversion. This is a transient process occurring over
time scales much shorter than one-atom spontaneous
emission, for atoms sufficiently close together. Since su-
perfluorescence is intrinsically quantum mechanical, we
can no longer accurately describe the system by the semi-
classical equations used in the preceding sections. We
must now take into account the vacuum fluctuations
which initiate the process. We can treat these fluctuations
by using either operator equations of motion or operator
representation theory. The latter choice allows us to
derive equations which are formally similar to those of
the semiclassical treatment and thus we can use the ap-
proximations made in Secs. III and IV to investigate the
superfluorescence problem. This simplification is made
by taking a coherent representation for both the field and
atomic variables.

We will treat an open system without mirrors and take
the active medium to be a large number of three-level
atoms in a pencil-shaped volume, excited by a pump trav-
eling in the + z direction. Under these circumstances, it
has recently been shown that the quantum initiation and
propagation of the superfluorescent radiation in the pump
direction is described by the following propagation equa-
tion:?’

d

‘é;ﬂj(r)=

(5.1

47
2

v,
—s; ST E W ] (), 6D)
J

Vi)
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where the coupling to any counterpropagating field is
neglected and T is the center of a spatial volume V; hav-
ing N; atomic inhabitants. The wavelength is A; for the
Jjth transition, and [ is the length of the superfluorescent
medium which defines the relevant superfluorescence
time:

1
Tj

6.2)

= ‘;‘K Jl .
We note here that KjsTj can be related to the Einstein A4
coefficient T~ ! for the jth dipole transition as

—=3Anl /8T ,
7j
(6.3)
Kj=3An/4nT; .

Here, (; is the parameter which describes the coherent
state of the jth field while the quantum state of the N;
atoms is represented by the SU(3) coherent state vector
|1#’) whose coefficients are given by the zp] s. It should
be noted that, unlike the semiclassical case, the field ?
must now be parallel to the 2-3 dipole since this is its
source, and also the ¢] s must now in general be taken to
be complex to allow for random initial polarizations
caused by the vacuum fluctuations.

The new feature which is not present in our previous
equations is that the initial values of the coherent-state
vectors are distributed in a 8-correlated way. The distri-
bution is described by>"2

SJKS,,,,,, m,n >1

(Y, (0¢E*0) = (6.4)

1+0(1/N), m,n=1,

Therefore, up to 0(1/N), the atomic coherent-state pa-
rameters 1/Jf obey equations identical to Schrodinger’s
equations (3.4) and thus, to the same order of approxima-
tion, the partial area equations should hold for evolution
from the initial state as long as the overlap is not large be-
tween the input and superfluorescent output fields.

For simplicity, we restrict our calculations to plane-
wave propagation only. Thus .the volumes V; will be tak-
en to extend over the full area of the superfluorescent pen-
cil and only the average Rabi frequency will be computed
after integrating over the pencil area A4:

@)= [ [ 0dxdy . (6.5)
This approximation neglects diffraction out of the volume
as well as transverse pump inhomogeneities. It is, howev-
er, approximately correct when the Fresnel number of the
superfluorescent field [A /(IA)] is nearly unity and the
pump is nearly uniform. -

Next, in order to obtain analytic results, we suppose
that the coupling coefficient «; is much larger in the su-
perfluorescent than in the pump transition. Accordingly,
the pump depletion will be negligible in a first approxima-
tion. The influence of the incoherent pulse on super-
fluorescence is discussed in Ref. 29, where the problem of
quantum initiation of superfluorescence in a three-level

HERMAN, DRUMMOND, EBERLY, AND SOBOLEWSKA 30

medium is treated under the assumption of total separa-
tion of the pump pulse and the superfluorescence pulse.
Provided N, is large, the polar and azimuthal angles,
¢1,¢, now have an extremely small initial value. Also, in
the Jth volume VJ,
(00} (0))=—", i,j>1. (6.6)
However, the result of Egs. (3.7) is obtainable from in-
tegrating Egs. (3.5) just as before, except with a correction
due to the initial value. Hence, for | ;| << 1, we obtain

')
sing(7')d 7',

- Qyf
e =0+ [ = 6.7

where ¢,(7) is given by Eq. (3.7a).
Here, given a large pump area ¢, the initial value 1,(0)

" has a negligible effect and can be ignored. On the other

hand, 13(0) greatly modifies the effective rotation due to
Q,(7), which initially has a very small partial area. How-
ever, $5(0) is complex valued. This implies that Q, must
be taken as complex also. Provided only a linear approxi-

- mation is employed for Q,, this does not change the re-

sulting equations which are now ‘

QZ(T,Z) A7) ,
) =93(0)+ f sin > dr’, (6.8a)
' A
9 —Qy(1,2)=2 Al > 8(z—z, )Pi(r)sin )
8 1 r; 2
(6.8b)

Here, Al is the length of the volume element V; and we
have taken the second transition to be amplifying

(s,=—1). Next, taking the formal limit of A/—0 and
changing to new variables Z and T,
_ 1oL [ AT ,
Z=z/l, T=— Jysin? |—— a7, 6.9)
we obtain the final equations
a2
——A Z)~ .
3ZoT WT,Z)~A(T,Z)+Ay(2Z) , (6.10a)
(4o(2)45(Z) = 2-8Z~2"), (6.10b)
where
T AT
AT, Z)= [ 7 0(T")osc dT'. (6.10c)

We note, however, that the description of Egs. (6.8)
with the volume cells is physically preferable as it shows
precisely how the physical space is divided. Equations
(6.10) can be used directly since they, in fact, give exactly
the same final equation. The crucial difference is in the
redefinition of the time in terms of ;. If the usual
crossing-time criterion for superfluorescent delay time
were replaced by a criterion for A,(T,Z)= A, as defined
in Eq. (6.10c), then it is clear that the effect of optical
pumping is to lengthen the delay time via the rescaling in-
tegral in Eq. (6.9). In particular, if the equivalent two-



level delay time were 7p and the pump turned on and off
at 7=0 and 7=17p, respectively, the three-level delay time
would be implicitly defined by 7,3 where

) ™3 ., | A7)
Tln(AcV 2aN P=7p= fo sin? 12 dv (6.11a)
or
Aq(1,) | Ay(F) '
Tp3=csc? 12p HTD-— fopsmz 12 dr' | +1,,
Tp3>T, . (6.11b)

Clearly, for an odd multiple of 7 input, short compared
to 7p, there is no effect since then sin’[4,(7,)/2]~1. On
the other hand, for a short pump pulse whose area is
equal to an even multiple of , the delay is greatly
lengthened. In the case of a temporally uniform pump of
Rabi frequency 2, we have (with 4, =0,7,)

sin(Q,7p3)
Th=7 Tps—%], Tp3<Tp (6.12a)
P
or
A, T SiIl(Al)
Tp3=csc? > TD-——2L 20, +75
TD3>TP . (6.12b)

Thus, the overall effect in this case is a lengthening of the
delay on the average together with a temporal modulation
at the Rabi frequency of the pump. Note that the results
above are restricted to the delay involved in the linear or
initiation region -of superfluorescence, not the final non-
linear peak. This implies that they strictly hold for
A << 1. However, as a first step, we can use 4.=1 to
obtain 75 in Egs. (6.11) and (6.12), giving the approximate
delay at the peak of the superfluorescent output which
was not given in previous analyses. Finally, the transfor-
mation outlined here generally is useful in giving equa-
tions of the usual two-level type as a description of a
three-level system. This is a different transformation to
that already employed for Raman-type experiments®®3!
and can obviously permit the direct calculation of the out-
put intensity, correlations, and pulse statistics, as well as
the delay time, to extend previous results on the three-
level problem.3? We note, since we have made the as-
sumption of a plane-wave pump, that to analyze practical
experiments, we would need to perform numerical calcu-
lations.

VII. AREA THEOREMS

When we include Doppler broadening in the system, we
must allow for the fact that all the atoms will no longer
be tuned on resonance due to their different velocity com-
ponents. We must then generalize the interaction Hamil-
tonian to include detunings. We therefore get
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I?,(t,A,A')=—’2ﬁ[(n,e-"A'az,+92e—"A"a32)—H.c.] :

(7.1)
where

A=sy|o|—wy, A'=s;|0"|—w3. (7.2)

" The analysis of Secs. II and III does not carry through
for this case since now I//\', cannot be wri/t\tenA solely in
terms of the angular momentum operators /;, /,, and /5.
We will attempt, therefore, to simplify the analysis of the
system by deriving area theorems analogous to that of
McCall and Hahn® by integrating the Maxwell equations
in time.
The Maxwell equations become

d 19 —i
Ei"ﬂl+’c_‘a‘;ﬂlz—S1K1(0'128 ’At>A N (7.33.)
d 14 A
gﬂz—{-:'a—t"()Z:—Ssz(Uz:;e 'At>A' > (7.3b)

‘where ( ), a denotes the averaging over the detunings

(instead of the velocities), and we write (51,) =0y, etc.,
for the quantum expectation. We still concern ourselves

,only with times during which we can ignore effects of

homogeneous broadening and natural relaxation processes.
We will perform our calculations for ;. The analysis
proceeds similarly for Q,.

Integrating Eq. (7.3a) in time gives

‘|8
Js lg;ﬂ

13 , ! Ay dt!
+?_a__t_l_Ql ]dt = —8K| fO <0'1281At )Adt .

(7.4)
If we choose t>& where £ is a time such that

Q4(t > £)=0,(t >£)=0, we may split up Eq. (7.4) into
two parts:

¢ a 13 , £ iar
f() @QI—*’—; at, Ql ]dt = —S51K, fo <0-12€‘At )Adt ’
(7.5a)
t| g 193 , t AN
fé‘ [$QI+?¥Q| ldt = —S8 1K1 f; (Olze'At )Adt .
(7.5b)

The left-hand side (lhs) of Eq. (7.5b) is zero since
Q' >8)=0. Also, o(t'>EA)=0,(£,A) since
|9(t'>€))=| (&) from the Schrédinger equation.
Thus we get

t AL
fg (015(&,A)e™ ) udt'=0 . (7.6)
The integration gives
) iA(1—§) ;
(mz(g,memﬁ‘—e—AJ)A:o . (7.7)

Since this is true for any ¢ > &, we can let t— o and then
using the well-known limit3*

_LiA(t—8)
tim U= _p

(7.8)
t— o0 A

% —iwS(A)
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we find
,A iAE .
“"P<UX—Z(§ZL>A=<mz<§,A>e"‘fw6(A>>A
=1Tg21(0)0'12(§,A=0) N (79)
J
¢ iAr i ( . eiA5> . §<
fo (012e"8" ) pdt’' = i{oul§,A)—~ R fo a7
— 721(0)1s(&, A=0) N
=7g21(0)012(§, A=0)+i o\ |3 712
We may compute (3/0¢')o15(¢',A) from
a '
Walz(t,A)
1 , A~ &
=i_ﬁ<[012’ Vi
=+[Qe (01 —0p)— Qe 03] . (7.11)
Thus the integral on the rhs of Eq. (7.10) becomes
Y F:) , eiAt' ,
i [ { | grontena) |5 dr
i ¢
=5 [, (Quo11—0x)/A)adr
Pl elatAr ,
/ ——‘2" fO <020'13—_—‘_A Adt . (7.12)

It is shown in Appendix A that if initially Q,; and Q, are
real, they remain real throughout the propagation. Thus

i ¢
é fo (Qy(011—02)/A) pdt’

must give no contribution since it is entirely imaginary (it
is, in fact, zero). Therefore

3 A
fo (alze'A’ Y adt’

=7g21(0)o,(§, A=0)
- e l(A+A
—é fo <92f713—"“’—A

We cannot evaluate the integral on the rhs in Eq. (7.13)
but we may approximate it for two special cases.

> dr' . (1.13)
A

Case 1. The separation between the pulses is much
longer than T3, the inhomogeneous lifetime for the 1<>2
transition. In this case the contribution of the integral
will be negligible. This can be seen from the fact that in
this regime the source for Q;, namely (o,e’*),, will
have decayed to near zero by the time , arrives so that
the second pulse causes a negligible modification of the
time development of the o, dipole.

Case II. The pulse widths and separation are much
shorter than T3, and the first and third levels are degen-
erate (or nearly so). In this case the integral will also be

~,. 012
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where g,,(A) is the weighting function for the detuning
for the 1<»2 transition. £

The lhs of Eq. (7.5a) integrates to f (3/34)Qdt’ since
we take (2 <0)=0. Upon integrating the right-hand
side (rhs) by parts we find

(7.10)

negligible. The reason for this is that the detuning distri-
bution will be very sharply peaked around A=0 so that
we may approximate

i(A+A")t
t,A
<013( ) A >A
ei(A+A’)t
~ t,O)(———) -
0’13( )< A >A

t @31

— |=0 (7.14
T;l 21/7—TC!)21 ( )

=013(t,0)iT’51erf l

since w3;;=0 when the levels are degenerate. Here we
have used the definition T%; =wg,;(0) and the relation
A'/A=ﬂ)32/ﬂ)21.'

Thus for both cases we may write

fog (0™ ) pdt'=T%,015(&, A=0) . (7.15)
In full we thus have
fOE :—zﬂldr’z — 51k T51012(E, A=0)
= —s5,0;015(E, A=0) (7.16)

for cases I and IL. a;=mt"| dy €1 || @ | 821(0)/ €gfic is
the Beer’s absorption coefficient for the 1«2 transition.
Here we have transformed to the moving frame and let
E—>E.

Similar calculations for Q, yield

E a ’ — ’
fO gﬂzd’r 2—S2K2T§20’23(.=,A 20)

= —5,003(E, A’=0) (7.17)
for both cases. Here T3, =7g3,(0) is the inhomogeneous
lifetime for the 2<»3 transition and a, is the Beer’s ab-
sorption coefficient for the second pulse.

In the case where the pulses obey the small-overlap ap-
proximation, we may use the results of Sec. IV. In terms
of the angles ¢, and ¢, we then have the following.

Case I. Equation (4.4a) reduces to

012(E, A=0)= +sin[2¢(E)] (7.18a)
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since the second pulse will not modify this polarization,

while Eq. (4.4b) remains unchanged:
023(E, A'=0)=3sin’¢(E)sin[2¢,(2)] . (7.18b)

Case II. Here Eqs. (4.4) will remain unchanged. There-
fore

0, A=0)=Lsin[26,(Z)]cosd,(E) ,

023(E, A'=0)=~sin’p,(Z)sin[2¢,(E)] .

(7.19a)
(7.19b)

If we now rewrite the pulses ; and Q, in terms of the
areas defined by Eq. (4.7) through the relations given in
Eqgs. (4.5), we may obtain the following equations for the
areas.

Case I. We have

9

a .
EEAlz——s1~i—s1nA1 , (7.20a)
3 a . , |41 |,
‘ &—Azz—-sz——z—smz > sind, . (7.20b)
Case II. We have
(5] a . 2
3;/112—&—2“‘51“141005 5 | (7.21a)
. |4
% Ajsin >
.| A a . 1.
a~sin | —= —.<>'2—2—-s1n2 — sind,
2 Al .
—S§1Q1C08 > sin > (7.21b)

These calculations are carried out in Appendix B.

Equations (7.20) have a simple interpretation. Since the
second pulse does not modify the polarization of the first
pulse, Eq. (7.20a) is just the familiar two-level area
theorem of McCall and Hahn. Equation (7.20b) is also a
two-level area theorem but with a z-dependent absorption
coefficient: —s,(a;/2)sinX(4,/2). This is merely a re-
flection of the fact that not all the population is available
for interaction with the second pulse. The sin*(4;/2)
term is a measure of how much population has been
transferred to the second level by the first pulse before the
second pulse arrives.

We may integrate Eqs. (7.20) by elementary means to
obtain the solutions

A,(2) A,(0) o
tan = ) exp —s1—2—z , (7.22a)
Az(z)
2
4,(0) ]
=tan
A4.(0) A.(0 B s155(ay/2a,)
X |cos? | ——— | +sin? 410 e s‘a‘z‘
2 2
(7.22b)

We will concentrate our discussion on the second equation
since the first is well known.>.

Two special cases present themselves at once. The first
is when A,(0) is an integral multiple of 27.% Equation
(7.22b) then states that the area of the second pulse
remains unchanged during the propagation. This is just a
consequence of the well known result that a 2n7 area
pulse will return the population to its initial state so that
the second pulse will have nothing to interact with.

When the first pulse has an initial area
A1(0)==%(2n +1)m, Eq. (7.22b) reduces to

Az(Z) Az(O)
2

a
tan exp | —s, —-2—z (7.23)

which is just the solution to a two-level problem. That
this is so is evident from the fact that a (2n+1)7 area
pulse will completely transfer the population from the
first to the second level.

To discuss the asymptotic limit z— o we must classify
the system according to which transitions are absorbing
(s; = +1) and which are amplifying (s;= —1). The limits
are easily computed and we give them in Table L.

The interpretation of these limits is most easily made if
we perform an analysis in the A4,-4, phase plane. Since
the system is autonomous, we may eliminate the z vari-
able by dividing Eq. (7.20b) by Eq. (7.20a) to obtain

dAz [04]
dd, 1154,

4,

> sin(A4,) .

tan (7.24)

We see that the form of the solution will depend only on
the product of signs s;s,. However, we will find that the
physical development of the system will depend strongly
on which transitions are amplifying and which absorbing.

TABLE 1. Asymptotic limits of tan[ 4,(z)/2] for the first set of area equations [Egs. (7.20)]. These

are obtained by taking the limit z— o« in Eq. (7.22b).

Sz=+1

Sz—-———l

A,(0)
2

A4(0)
2

s1=++1 ‘ tan cos

S|=—1 0

a,/2a,

a,/2a;

A,(0) A,(0)
n

2
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TABLE II. Asymptotic limits of A,(z) for the first set of area equations [Eqgs. (7.20)]. These limits are obtained from Eq. (7.22b)
with the help of the phase plot Fig. 5 to set the proper period. Tan™! denotes the principal value of the arctangent.

s,=+1 sp=—1
s1=+1 2n—1mr<A4,(00<2rn + 1) 2n —1)r<A4,(0)<(2n +1)7
A,(0
2Tan“‘tan A0 2Tan™! {tan A0
:12/2a1 A (0) 4112/2411
X ﬂ +2nw X . +2nmw
s;=-—1 (2n —1mr<A4,(0)<(2n + 1) 2nm< A,(0)<(2n +2)r

2nw

2n +1)m

Solutions of Eq. (7.24) are plotted in Fig. 5 for different
configurations. We show (a) s;=—1, s,=—1 (cascade
A), and (b) s;=—1, s;=+1 (V). The graphs for the
cascade-B and A cases are identical to those for cascade 4
and V, respectively, except that the direction arrows are
reversed. The plots are done with a gain ratio of
az/ a1=2. '

It is well known in the two-level theory (applicable to
the first pulse) that when the transition is absorbing,
(2n + 1) area pulses are unstable and pulses with initial
areas near odd multiples of 7 will tend toward areas of

41 T T

3

(0] T 2m 3T 4T
A,

FIG. 5. Phase plot of 4, vs A4, for the first set of area equa-
tions [Egs. (7.20)]. Gain ratio is a;/a;=2. Arrows show the
direction of the development of the different systems. We have
(a) cascade A4, (b) V. The patterns are repeated periodically
~ throughout the entire 4,- A4, plane with period 27 in both direc-
tions. Plots for the cascade-B and A cases are identical to (a)
and (b), respectively, with the direction arrows reversed.

even multiples of 77. For an amplifying transition just the
opposite is true. 2n area pulses are unstable and pulses
with initial areas near 2n7 will tend toward (2n +1)7 or
(2n — 1) areas. This information allows us to draw the
direction arrows on the plots to show the development of
the area of the second pulse for the different configura-
tions. We can see from the phase plots that, for the
cascade-B and A cases, we can have the second pulse ap-
proach any desired area if we choose the initial conditions
appropriately.

Table II is an extension of Table I and summarizes the
asymptotic limits of 4,(z). We give a comparison of the
area theorem Egs. (7.20) to the numerically integrated
Maxwell-Bloch equations for the A case in Fig. 6.

Equations (7.21) are not as amenable to analysis as Eqs.
(7.20). We are unable to solve them analytically; however,
we may still perform an analysis in the phase plane.
Equations (7.21) form an autonomous system so that di-
viding Eq. (7.21b) by Eq. (7.21a) we may derive

- dA, a, Ay | |4,
E=S2S1a—ltan _é— sin -—-2—
t tan | 22 A2 (7.25)
+co 2 an ) — 2 25)

Solutions of Eq. (7.25) are given in Fig. 7 for the A con-

L e e
I
S
m
o L __
&2 —A,
OIlllllllllll'lllllll
(0} 0.5 1.0 1.5 2.0

z

FIG. 6.. Comparison of the area theorem Egs. (7.22) to the in-
tegrated Maxwell-Bloch equations for the A case. The param-
eters are the same as those given in Fig. 3(c). In addition we
have T3,=27,. The areas are plotted for distances
Z =zk, T3 =0 through Z =2.



A,sin(A,/72)

FIG. 7. Phase plot of A,sin(A4,/2) vs A, for the second set
of area equations [Eqs. (7.21)] for the A configuration. Gain ra-
tio is a/a;=1. Direction of development of the system is
shown by the arrows. Plot is the same for the ¥ configuration
except that the arrows are reversed.

figuration. For the V case, the direction arrows are re-
versed. The gain ratio is a,/a;=1. The cascade cases are
not shown since for those configurations we cannot have
the | 1) and |3) levels degenerate. The value

Azsin(41/2)= [ Qy(+')sin[ 4, (') /2)d7

is plotted since this corresponds most closely with the area
of the second pulse for this case. We give a comparison to
the numerically integrated Maxwell-Bloch equations in
Fig. 8 for the V case.

We have found from computer runs that in the regions
of the phase diagram where the integral curves resemble
folia, the predictions of this area theorem can be poor.
This is due largely to the fact that in these regions, 4,(0)
will generally be large [4,(0)> ] and the small-overlap
assumption will break down. This is especially true for
the V case where the first pulse increases its area during
propagation by developing a large positive tail.

Areas
B

FIG. 8. Comparison of the predictions of the area equations
Egs. (7.21) to the integrated Maxwell-Bloch equations for the V'
case. Parameters are the same as those given in Fig. 3(d) except
that the relative time delay between pulses is 57,. In addition
we have T3,=10r,. Areas are plotted for distances
Z =zk, T3, =0 through Z=8.
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VIII. SUMMARY

We have investigated, both analytically and numerical-
ly, coherent propagation in a three-level system when the
pump and probe pulses have a small overlap. We have
taken advantage of the fact that the on-resonance Hamil-
tonian can be written in terms of angular momentum

_ operators by defining two rotation angles to describe the

time evolution of the atomic system. The small-overlap
assumption was used to rewrite Maxwell’s equations in
terms of these angles.

Numerical computations show that the partial area
equations obtained describe the system very well as long
as the small-overlap assumption is satisfied. The calcula-
tion for superfluorescence predicts a lengthening of the
superfluorescent delay time for the cases where the pump
pulse does not completely invert the system.

Although the Hamiltonian for the off-resonance case
cannot be written solely in terms of angular momentum
operators, we have taken advantage of the Doppler
averaging to find approximate equations for the time in-
tegrated pulse areas for two special cases: (a) a very broad
line, and (b) a very narrow line where the first and third
levels are degenerate. The broad-line case is equivalent to
two successive applications of the McCall-Hahn area
theorem—the first pulse sets up the initial conditions for
the second pulse by transferring population into the
second level. We know of no analogy in the literature for
the narrow-line case.
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APPENDIX A

In this appendix we show that, for the Doppler-
broadened system, if the Rabi frequencies ; and Q, are
initially real they will remain real throughout the propa-
gation. From Egs. (7.3) this means that we must show
that the driving dipoles of the fields remain real. In order
to do this we first look at the equations of motion for the
state vector | (¢,A,A")):

m—;’—t |95, A,A0) = Py, 0,80 |96, A,A)) ,  (AD)
where I/}I(t,A,A') is given by Eq. (7.1). If we assume that
the Rabi frequencies are real, then this gives directly

) .
3 | ¥(z,A,AY)
=%[ﬂl(9_m'321—eim312) \
+Q,(e "8G5, —e'%6,3)] | (1,A,A"N)) . (A2)

The equation of motion for the expectation value of an
atomic operator is then given by

2 (6= we,0,0) 16,6 P11 96,080 . (A

Performing this calculation gives
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o (Ujk>_';lr'{ﬂl[e_im(<&jl>8k2_(ak2>8j1)_eiAt(<aj2>8kl_<ak1>8j2)]

+Qy[e 2 U(E5) 83— (Gk3)82) —e™8H (8 3) Bra— (Bk2)83)1) -

(A4)

Now if we set A— —A (and simultaneously A’'— — A’ since A’ is proportional to A) then this equation remains invariant

if we requlre oi(t,AA )—a,k(t

—A, —A’) for real Rabi frequencies. Now the driving term for the first field is given by

{oy(t,A)e?2*),. Using the above symmetry relation, we obtain for the imaginary part of the dipole
Im{oy(t,A)e’a) y=Im f_ dA g, (A)ayy(t,A)e’A=Im fo dA gy (Aot A)e b + oL, — A)e ~i87]

=Im [” dAgy(Aon(t, Al +c.c.]1=0

since the rhs is entirely real. We have used the fact that
the detuning function g(A) is symmetric about A=0. A
similar calculation shows

Im(op(t,A")e'A?) , =0 . (A6)

Thus if the Rabi frequencies start out real, the driving
terms never develop imaginary parts and so the field en-
velopes remain real throughout the propagation.

APPENDIX B

Here we perform the calculations which explicitly give
the area equations in Egs. (7.20) and (7.21) for small over-
lap of the pulses. Combining Egs. (3.7a) and (7.16) yields
immediately

9

139 .
35 +?gt— ¢rsing,

a t .042( t')
ag - at ] f sing,(¢')dt’
d 1

(AS5)

D =5, 26 y(E, A=0) (B1)
3z 21— Sy onls, A=0).

For the second pulse, we look at Eq. (3.7b). For case I,
sing;(7) will have reached a steady value by the time the
second pulse comes along and thus we may pull this fac-
tor out of the integral to obtain

-Qz(’f )

= . (B2)
$:(E)= f ——dr
Combining this with Eq. (7.17) yields
a,
¢2_—S2 0'23(-_., A= O) (B3)

For the second case we proceed by differentiating
¢,sing; and using Eq. (3.7b):

! a Qz(t, -Qz(t) dJ 1 0 . ’ ’
= fo 35 + . ar ] ) sing,(¢')dt’ + f 35 + o sing,(¢')dt
A Q,(t')
=fot _S2£22—<0'23e_1At )A/sin¢1(t')dtl+ fot 2 cos ¢1 t") [ +i_ ¢1(t )dt' . (B4)

We again will look at times ¢ >£. Throughout this calculation, we will assume that we may perform the following ap-
proximate factorizations of integrals due to the small-overlap assumption:

¢
[ £(@2)h(singy,cosg)d = (singy(£),c0s8,(6) [ figy)a

We may then write

f;-

s2 3 (023e —iATY sing (¢’ )dt~—s2—sm¢1(§) f (023e —iAtTy L dt’

f_\_«—S2—;sin¢1(§)7rg32(0)023(§, A'=0)

a . 3 .
~—s$;7,-sin $1(&)sin[24,(£)]

(BS)

from Egs. (7.17) and (7.19b). From Egs. (7.16) and (7.19a) we obtain
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& Q,(t")
= cos¢1<t)‘ 1a (¢’
2
Q ’
z-—-—sl%‘ 0§ Z(t)COS¢1(I')0'12(t’,A=O)dt'

Q,(t'
g—-slﬂfg 2 )sin¢l(t')cos2¢1(t')cos¢2(t')dt

sl 2 [———¢2(t )sing(¢')

~—s5 —2—1-sin¢1(§)cos2¢1(§) fjcosq&z(t’) 9

Thus Eq. (B4) reduces to

g;[cﬁz(E)sinqSl(E)]

~sing,(E) —sz%sinzr/)l(i)sin[zm(i)]

—5; gzlcoszcﬁl(E)sinng(E) , (B7)

where we have transformed to the moving frame.
Using Egs. (7.18) and (7.19) we may then summarize
our results as follows.

Case I. We have

%¢12—S1%1‘Sin(2¢1) s (B8a)

cos(t')cosp,(t')dt’

a

o ¢2(t')dt’z——s171sin¢1(§)cosz¢1(§)8in¢2(§) . (B6)
T

s%mz—sz%zsinzmsin&rbz) : (B8b)

Case II. We have

d ap .
S;qslz—sl —4—sm( 2¢,)cosd, , (B9a)
d .
E(qﬁzsmcﬁ,)

. a ., . a, 2 .
~sind; | —s, — sin $18in(2¢,) —5; — cos ¢sing,
(B9b)

By rewriting these equations in terms of the areas defined
by Eq. (4.7) we obtain Egs. (7.20) and (7.21).
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