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Cumulative two-pulse photon echoes
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This paper reports an unusual photon-echo phenomenon where a train of echoes, generated by a
repeating two-pulse sequence, exhibits growth rather than damping. The effect, which is observed
in the impurity-ion crystal Pr +:YA103, results from an electronic ground-state population grating
that is created by the two-pulse sequence and is stored coherently as a modulation in the frequency
domain. The depth of modulation increases with increasing n, where n is the number of the two- .

pulse sequence —a result which is predicted in a three-level density-matrix theory. The effect is
closely related to previous stimulated or three-pulse photon echoes but differs in that growth is ob-

served directly for the first time in the simpler two-pulse sequence.

I. INTRODUCTION

Following the initial work of Carr and Purcell, ' a num-
ber of multipulse spin- and photon-echo experi-
ments have been reported. In liquids, the technique has
allowed measurement of the spatial diffusion of spins
which are dominated either by inhomogeneous static' or
radio-frequency (rf) magnetic fields. In solids, with more
elaborate rf multipulse sequences, ' spin dipolar line
broadening has been reduced dramatically. In gases, the
optical analog of the Carr-Purcell method has permitted
the detection of long-range velocity-changing collisions,
and more recently, a train of stimulated three-pulse pho-
ton echoes has been used to monitor optical dephasing
times in solids on a picosecond time scale.

In this paper, we report that photon echoes generated
by a repetitive two-pulse sequence (Fig. 1) can actually ex-
hibit growth, contrary to intuition and past experience
where the echo envelope invariably damps. This growth
phenomenon is displayed clearly in Fig. 2 for the case of
the impurity ion crystal Pr +:YA103 at 1.6 K where the
echo amplitude increases linearly with time. Since the in-
terval T between neighboring pulse sequences is much
greater than the optical dephasing time T2, the only pos-
sibility for a memory effect which leads to echo growth
resides in the optically excited population distribution.
The physical origin of this effect arises from a population
distribution or grating of the form

w —a cos(b,~)+b sin(b, v)

that is modulated in the frequency domain b, due to a
two-pulse delay time ~. Successive two-pulse sequences
increase the depth of modulation, the coefficients a and b,
where (1.1) contains the required Fourier components for
two-pulse echo formation leading to echo growth. A pop-

ulation memory effect also arises in the three-pulse stimu-
lated photon echo, either in a single ' or multipulse se-
quence, although past observations have not revealed the
growth pattern directly in contrast to Fig. 2.

We show here that a two-pulse echo growth pattern can
be explained in principle using a two-level quantum sys-
tem as a model. However, the numerical values of the de-
cay parameters and the conditions of our experiment ar-
gue in favor of a three-level model where the population is
stored in a bottleneck or third level. The bulk of the pa-
per is concerned with these two calculations.

Finally, we note that since the optical homogeneous
linewidth Pr3+YA103 is but a few kilohertz, reproducible
echo growth measurements are made possible only
through the use of a (gated) ultrastable cw dye laser hav-
ing a linewidth of 300 Hz or less.

II. TWO-LEVEL MODEL

We assume that two-level atoms are repetitively excited
by the square-wave optical two-pulse sequence of Fig. 1

where ~ is the delay time of the second pulse and T is the
repetition time of the two-pulse sequence. We further as-
sume that (1) the laser frequency remains fixed within the

CD

FIG. 1. A repetitive two-pulse echo sequence where n is the
number of times the sequence repeats.

Time

FIG. 2. Cumulative two-pulse photon echoes observed in 0.1

at. %%uoPr'+:YA103at I.6K. Thecchoamplitud egrow sas the
two-pulse sequence n increases.
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sample's homogeneous width, (2) the optical pulse area
(9=(piz/A) I e(z, t)dt is small, satisfying 8«m/2, and

(3) the repetition period is much longer than the optical
dephasing time, T» T2. Condition (1) guarantees that
the same packets within the inhomogeneous line shape are
interrogated throughout the pulse train and thus will
faithfully generate the desired echo envelope. In Sec. IV,
the complication resulting from an unstable laser is dis-
cussed. Condition (2) is required if echo growth is to
occur. Condition (3) assures that phase memory is re-
tained in the frequency domain rather than in the time
domain.

The 2X2 density-matrix equations of motion, " the
Bloch equations,

p(2 ——(i 5—1/T2)p12+ (iX/2) w,

X,(t)=11,,(t)XJ(0) (2.6)

at the later time t. From (2.3) and wo ——1, the II matrix
during a pulse is

—,
' [1+cos(Xt)] —,

' [1—cos(Xt}) ,'i sin(X—t) 0

—,
' [1—cos(Xt)] —,

' [1+cos(Xt)] —,'i s—in(Xt) 0

i sin(Xt)

0
i sin(X—t)

0
cos(Xt)

0
0

(2.7)

A time evolution matrix II(t) then transforms an initial
value XJ(0), the jth component of the state vector, into
the ith component

p2i =p i2

w = —(w wo)/T—i iX(—pzi —pi2),

(2.1) The II matrix between pulses follows from (2.4} and is
given by

[piz(0),pzi(0), w (0)]

at time t=0, the pulse solutions of (2.1) are

piz(t) = —,'pi2(0)[1+ cos(Xt))

+ —,
'
pzi(0) [1—cos(Xt)]+ —,

'
iw (0)sin(Xt),

(2.2)

1 —cos(Xt)]

are to be solved during pulse excitation and between
pulses with the added complication that the pulse se-

quence is repetitive. Here, the tilde signifies the optical
rotating frame, the population difference of levels 2 and 1

is defined by w =pzz —p», the Rabi frequency is
X=pizEOIA, and the tuning parameter b, =co2, —0,, where

p&2 is the optical transition matrix element, Ep the optical
field amplitude, F02( the energy level splitting, and Q the
optical frequency.

The pulses are assumed to be sufficiently short that
damping can be neglected p,nd 5=0. On the other hand,
if b, is retained, the simplicity of the treatment given
below vanishes. For the initial condition

D(t) =

(i h, —1/T&)t
e

0

0
0

0
—(,i6+ 1/T2) t

e

0
0

0

0 0
—t/Ti —t/Ti

(1—e )

10

(2.8)

Successive application of (2.7) and (2.8) for the two-pulse
sequence of Fig. 1 generates the echo operator

E(t)=D(t)F(t, )D(~)F(t, ), (2.9)

X(t)=E(t)[E(T)]" 'X(0),

where the initial condition

(2.10)

where t is the time interval measured from the end of the
second pulse, ti and t2 are the first and second pulse
widths, and w is the second pulse delay time.

For the n-pulse sequence of Fig. 1, repeated application
of (2.9) results in

+ —,p2i(0)[1+cos(Xt)]——,
' iw(0)sin(Xt), (2.3)

w (t) =ipiz(0)sin(Xt )—tp2i(0)sill(Xt) +w (0)cos(Xt) .

Between pulses, X=0 and (2.1) yields

0
X(0)=wo (2.11)

(ib, —1,/T2) t
pzi(t) =piz(0)e

( ) (0)
—(ia+1/Ti)t

w(t)=w(0)e '+we(1 —e ') .

(2.4)

We now cast the problem in matrix form, writing the
state vector as

Here, the time dependence of the element X(t) appears
only in E (t) corresponding to the nth or last two-pulse se-

quence.
The echo matrix E(T) simplifies considerably with the

assumption T»Tz, allowing us to ignore the damping—T/T2
terms e . For a single sequence, detailed evaluation
of (2.9) gives

pi2(t)

pqi(t)
X(t)=

( )

Np

(2.5)

O 0 O O

0 0 0 0
E3i E32 E33 E34

0 0 0 1

while for n sequences

(2.12)
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[E(T)]"=

00
0

0
0

0
0

0 0

0
n —1

E33 E31 E33 E32 E33 E34 g E33
I=O

given by the polarization or off-diagonal element

[p)2(t)]g =Elj(t)[E(T)]J/ 'Xi(0)

n —2

=E13(t) E33 +E34 g E33 WO,
l=o

(2.14)

(2.15)

(2.13)

The echo signal for an n-pulse sequence is essentially

where (2.14) follows from (2.10), the initial condition
Xi(0) is given by (2.11), and matrix multiplication of
(2.11)and (2.13) produces (2.15). Here,

/

E13(t)= ,'ie —'
I —,

' [1+cos(Xt2)]sin(Xt, )e

1
—(i d +1/T2)v —~/T,——,[1—cos(Xt2)]sin(Xtl )e +cos(Xtl )sin(Xt2)e

—T/Ti —r/Ti —(i 5+1/T2)~ (i 5—1/T2)v
E33 ( T) =e '[cos(Xt2 )cos(Xt1 )e ——,sin(Xt2 )sin(Xt 1 )e ——,sin(Xt2 )sin(Xtl )e ]

E34(T)=cos(Xt2 )e '( 1 —e ')+ ( 1 —e ')

(2.16)

(2.17)

(2.18)

[pl2(t)] =E13(t) ~ (2.19)

That is to say that the population grating or memory is
erased for times longer than the population decay time Tl
and the echo signal (2.19) has its origin only in the last
pulse sequence E13(t). For the experiment of Fig. 2,
T/Tl -2 and here numerical evaluation of (2.15) shows
that p12(t)„ is essentially given by (2.19). This model,
therefore, is in disagreement with the observations, mak-
ing it clear that a population bottleneck is needed so that
the population grating is not filled in. In Sec. III, a
three-level model satisfies this requirement.

To complete this section, we next consider the other ex-
treme when T/Tl « 1 and assume that small area pulses
are applied where

Equation (2.15) is to be averaged over the inhomogeneous
line shape, but this procedure does not alter the results to
be discussed and will be ignored.

Inspection of (2.17) and (2.18) reveals that in the limit
T/Tl ~ oo, gt" () E33(T)= 1, E34(T)=1, and conse-
quently

I

where only the echo rephasing terms are retained. In con-
trast to (2.19), the echo amplitude increases linearly as
2n —1=1,3,5, . . . as the pulse sequence number n in-
creases.

III. THREE-LEVEL MODEL

P12 (1~ 1/T2)P12+ TliX(P22 Pl 1 ) ~

P21=P 12 ~

Pli z X(P21 P12)+ ylP22+ Y3p33 i

p22 T~lX(p21 p12) yOp22 t

where

(3.1)

The density-matrix equations of motion for the two-
level problem (2.1) are extended by adding level 3 as in
Fig. 3 which allows the population transfer 2~3 at the
rate y2, 3~1 (y3) as well as 2~1 (yl). The reverse pro-
cesses are considered improbable and are ignored. We
then have

81 Xtl «~/2, 82=Xt—2—«m. /2 .

We then have

(id 1/T&)t —(ii). 1/T2)t-
E13 t —

2 ie ' 8e

(2.20)
70 71+72

and population is conserved among the three states satis-
fying

P11+P22+P33 (3.2)

[E (T)]tt 1 [1 8 8 e 2(eil&+e ia1)]n —1—

—[1——,'(n —1)8182e '(e' '+e ' ')],
(2.22)

For a significant population bottleneck, we assume that

E34( T)-0, (2.23)

where (2.22) is readily expanded in (n —1) because of the
smallness of 8182. The echo signal derived from (2.15)
now takes the form

[p12(t)]„=,' (2n —1)i8—8e' " 'e ' (2.24)
FIG, 3. Population decay rates y; (i = 1,2,3}are indicated for

the three-level model where level 3 is the bottleneck.
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rz »r l~r3 ~ (3.3)

During pulse excitation, we again neglect 6 and damp-
ing so that the two-level solutions (2.3) apply but with the
additional condition

(i h, —1/T2 )t
plz(t) =pl2(0)e

P2l(t) =Pl2(t)*,

p»(t) =p»(0)e ' + p22(0)k(e ' —e '
)

(3.6)

pre(t)+pli(t) =p22(0)+pll(0) .

We obtain for pulse excitation

plz(t) = —,
'
pl3(0) [1+cos(Xt) ]+—,

'
p2l(0) [1—cos(Xt) ]

——,
'

ipl l(0)sin(Xt) + —,
' ip32(0)sin(Xt),

PZl(t) =Pl2(t)

pl l(t) = ——,ipi3(0)sin(Xt) + —,
'

ip2, (0)sin(Xt)

(3.4)

(3.5)

+(1—e '},
—ppt

p33(t) =p32(0}e

where

(r3 r1)~(r3 rp}

VO 71+3 2 ~

and small terms have been dropped through the inequality
(3.3).

Proceeding as in the two-level model, we define a state
vector

+ —,
'
pl i(0)[1+cos(Xt) ]+—,

'
p22(0) [1—cos(Xt)],

p22(t) = —,ipl2(0)sin(Xt) ——,
'

ipse l(0)sin(Xt)

+ —,pl l(0)[1 cos(X—t) ]+ —,
'
p23(0) [1+cos(Xt) ] .

The solutions between pulses are found from (3.1) with
X=O,

Pl2(t)

P2l(t)

X(t)= p, i(t)

pq2(t)

1

The time-evolution matrix during a pulse

(3.7)

I'(t) = —,'i sin(Xt)—

—,'i sinXt

0

,' i sin(Xt)—

,
' i sin(Xt)—

—,
' [1+cos(Xt)] —,

' [1 cos(X—t)]

—,
' [1—cos(Xt)] —,

' [1+cos(Xt)]

,'i sin(X—t) ,' i sin(—Xt) 0

,'i sin(X—t) 0,'i sin(Xt)—

—,
' [1+cos(Xt)] —,

' [1 cos(Xt)] —0
—,
' [1—cos(Xt)] —,

' [1+cos(Xt)] 0

(3.8)

0 0
—(&5+1/Tz)t

00

follows from (3.5}. Between pulses, the matrix

(ih —1/T2)t 0

0

D(t)= 0

0 0
0

e r'A(e ' —e ') (1—e ')
rot

e

0

(3.9)

follows from (3.6).
The echo signal for the nth pulse sequence now assumes the form

0
0

[pip(t)]„=Elj(t)[E(T)]Jk '
1

0
(3.10)

where the column vector specifies the initial condition. The echo matrix E(T), (2.10), is evaluated using the approxima-
tions

T»T3&
~

A,
~

&&1 rpT&&1 r3T&& 1 (3.11)

where the first inequality was introduced in the two-level model, the second follows from (3.3), the third assumes the de-



1870 A. SCHENZLE, R. G. DeVOE, AND R. G. BREWER 30

cay time of level 2 is rapid compared to the time T between two successive pulse sequences, and the fourth guarantees
that the population grating is not erased during the experiment. For a single-pulse sequence, evaluation of the echo ma-
trix (2.9) gives

r

0 0 0 0 0
0 0 0 0 0

E(T)= E31 E32 E33 E34 E35

0 0 0 0 0
0 0 0 0 0

For an n-pulse sequence

(3.12)

00
0

0
0

0
0

0
0 0

n —1

E"(T)= E33 31 33 32 33 E33 34 E35 g 33
1=0

(3.13)

0
0

0
0

0
0

0.
0

0
0

Since

0
0

0

0
1

0
n —2

[E33(t)l" '+E35(T) Q E33
0 1=0

(3.14)

(3.10) becomes

n —2

[p12(t)l E13(t) [E33(T)]" '+E35(T) g E33(T)
I=O

Here, E15(t)=0,
1 (i6—1/Tz)(t +z) (ih —1/T2)t —(id, +1/T2)rE13(t)= —
4 isin(Xti )[1+cos(Xtz)]e ' + , i sin(X—ti)[1—cos(Xtz)]e

(i 4,—1/T2)t (idE —1/T2)t —ypv, i sin(Xtz)[1+—cos(Xti )]e ' + , i sin(Xt—z)[1—cos(Xti )]e e

3T (i5—1/T2)v
E33(T)=e '

I
——,sin(Xti )sin(Xtz)e ——,sin(Xti )sin(Xtz)e

+ —,
' [1+cos(Xti)][1+cos(Xtz)]e ' + —,[1 cos(Xti—)][1 cos(Xtz—)]e ' I,

E35(T)= —,'e ' [1+cos(Xtz)](1—e ' )+(1—e '
) .

It is now possible to rewrite (3.15) as

T n 2

[piz(t)]„=E13(t) (1—a)" e ' +(1—e ' ) g (1—a) e
I =0

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

where in the small-area approximation (2.20),
1

—(ih —1/T2)ra= 40182e

In the limit y3T~O and ny3T~O, (3.19) reduces to

(3.20)

piz(t)„=E13(t)(1—a)"
~ ~ ~2 ih, (t —v) (+~ 2 ( y3=

8 ~& e1&2e e

(3.21a)

(3.2 lb)

This expression resembles that of the two-levei model
(2.24) with the factor n replacing (2n —1), and thus at [pi2(t)l =E13(t) (3.22)

I

large n the echo amplitude (3.21) is one-half that of (2.24).
The reason is that in the three-level case the population
transfers rapidly from level 2 to the bottleneck level 3,
reducing the grating population difference of levels 1 and
2 to one-half that of the two-level model.

On the other hand, for delay times T long compared to
the bottleneck storage time, y3T »1, memory of the pop-
ulation grating is lost. In the limit y3T—+ oo and
ny3T~ oo, (3.19) becomes
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and the echo is due to the last pulse sequence n alone.
For the case of arbitrary y3T, we consider (3.19) again

using the small-area approximation and write

160 I I
I

I I I I I I

140—

120—

—(n —1)y3T
ne

T lf 2

+(1—e '
) g (1+1)e

I=O
(3.23)

~ 100-
O.

80-
0
o 60

has the limiting values

lim F(n)=n,
y3T—+0

lim F(n)=1,
y3T~ 00

(3.26)

(3.27)

where (3.26) exhibits growth with increasing n in agree-
ment with (3.21b) and (3.27) shows no growth as predicted
by (3.22).

IV. OBSERVATIONS AND CONCLUSIONS

Photon echoes were monitored in the impurity ion crys-
tal 0.1 at. %%uoPr+:YA103. Th ecrysta 1 wa s in th e formof
a platelet with dimensions 5)& 5& 1.1 mrn parallel to the
crystal axes a:b:c and was immersed in liquid helium at
1.6 K. The beam of an ultrastable cw ring dye laser, pos-
sessing a linewidth of 300 Hz rins short term, passed
through an acousto-optic modulator driven by a train of
radio-frequency pulses and then propagated with a
focused diameter of 75 p,m along the c axis of the crystal
before striking a p i ndiode -p-hotodetector.

The laser beam was tuned to 610.5 nm to resonantly ex-
cite the Pri+ transition H&(I i)~'Dz(I i) and had a
power in the sample of 2.5 mW. When the modulator
was driven by a 95-MHz radio-frequency pulse, the beam
was deviated and passed through an opening in an aper-
ture and then through the sample. Between pulses, the
undeviated beam was blocked by the aperture. The pulse
generator was programed to produce a repetitive three-
pulse sequence of adjustable width, frequency, delay, and
amplitude. The first two pulses of equal ainplitude and of
95 MHz frequency generate the echo signal while the
third (probe) pulse of reduced amplitude of 97 MHz fre-
quency overlaps the echo pulse in time to produce a readi-
ly detected 2-MHz heterodyne beat echo signal. To
lengthen the Pr + dephasing time and to increase the echo

Since the sum in (3.23) can be expressed as the derivative
of a geometric series,

gj gI 8

i=o ~ i=o &a 1 —e'

(3.24)
where a =y 3T, it follows that

—1l y3T
(g ~)

—(t +r)/T~ 1 —e
P12L t )n =

8 l 8182e e —y3T
1 —e

(3.25)
The function

—1ly3T
1 —eF(n)= —y3T
1 —e

40

20

0
0

i i I i I i I i I

1 2 3 4 5 6 7
n

FIG. 4. Echo amplitude vs two-pulse sequence number n

showing near-linear behavior. The data are taken from Fig. 2.

amplitude, a static field of 500 G was applied parallel to
the crystal b axis.

The evolution of echo signals shown in Fig. 2 clearly re-
veals the growth behavior for a series of two-pulse se-
quences up to n=6, all applied pulses being activated by
an electronic clock. Here, the pulse widths are
t1 ——t2 ——2.5 psec, the pulse delay time r=6 psec, and the
pulse sequence repetition time T=2 msec. In Fig. 4, we
see that the echo amplitude varies linearly with n as
predicted by (3.21b).

Due to the damping terms e ' and e ' in (3.25),
growth will begin to taper off when ny3T-1, and in
principle this behavior would permit a measurement of
y3 the decay rate of the bottleneck. For Pr +:YA103, the
bottleneck ~opulation decay must certainly be leakage
among the H4 hyperfine states with decay times exceed-
ing one second. Attempts to see this saturation effect by
lengthening T failed because the modulator scatters
—10 of the incident light through the aperture during
the "dark periods, " and the attendant optical pumping
provides an additional path for erasing the population
grating.

As a final comment, we emphasize that echo growth
could not be observed in Pr +:YA103 without using an ul-
trastable dye laser. If the laser frequency shifts from one
pulse sequence to the next, the echo amplitude will not
necessarily grow but may vary'randomly as the laser sam-
ples new packets within the inhomogeneous line shape.
Growth can occur only when the same packets are excited
repeatedly. The problem is especially critical in impurity
ion solids such as Pr +:YA103 since the population grat-
ing spans a narrow frequency range of tens of kilohertz.
Indeed, when the laser was not frequency and phase
locked, the echo amplitude fluctuated wildly. It is clear
that previous photon echo decay time measurements of
these narrow line systems are subject to these amplitude
fluctuations, which perhaps can be reduced to some extent
by averaging. '
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