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The cross-section formula of Flannery [Phys. Rev. A 22, 2408 (1980)] in the semiquantal approxi-
mation for the processes referred to in the title is rewritten so as to make it more useful in practice.
The formula is shown to be further simplified by taking an average over the azimuthal quantum
number of a highly excited hydrogenic atom to be ionized. Numerical applications with use of the
Glauber amplitude for the electron-atom inelastic scattering are made to the ionization collisions be-
tween two excited hydrogen atoms with simultaneous excitation and deexcitation of one of the
atoms. The results are compared with those obtained by using the Born amplitude, and are analyzed
in terms of the Glauber generalized oscillator strengths.

I. INTRODUCTION

Ionization collisions (4 +B*—>A4+B*+e) between
highly excited atoms (B) and excited atoms or molecules
(A4) have been investigated quite successfully by the im-
pulse approximation.! In most cases, the e-A scattering
amplitude is approximated by the Born amplitude which
is a function only of the momentum transfer.'* In this
case the cross section formula becomes very feasible for
practical applications. Especially when an average is tak-
en over the azimuthal quantum number of atom B, the
formula can be reduced to just a single integral over the
momentum transfer.> In order to take into account the
higher-order corrections, however, the Born amplitude
should be replaced by a more sophisticated amplitude
which generally depends not only on the momentum
transfer (p) but also on the relative velocity (v) in the e- A4
scattering. The Glauber amplitude is one of the examples.
The semiquantal formula proposed by Flannery* can be
used in this case. From the practical point of view, how-
ever, this formula is not very convenient, because the in-
tegration of the differential cross section o, 4(p,v) for the
e- A scattering occupies the innermost. position in a four-
fold integral, and the calculation of the total cross section
becomes very time consuming.

In this paper we propose an expression which differs
from the semiquantal formula only in the integration or-
der, but is more practically useful. The difference in the
integration order is conceptually trivial, but in practice it
is not. First, computation time is greatly reduced. Second,
if we take an average with respect to the azimuthal quan-
tum number of atom B, the formula can be easily simpli-
fied to a twofold integral over p and v. Applications of
this formula to the ionization collisions between two ex--
cited hydrogen atoms,

H(n4,14)+H(np,lp)—H(nj,li)+H" +e, ny<ng
(L.

30

are carried out with use of the Glauber approximation to
the electron-atom scattering amplitude.’ Here the quanti-
ties n and [/ denote the principal and azimuthal quantum
numbers, respectively.

In Sec. II we derive the cross-section formula from the
semiquantal 7 matrix which differs from the impulse T
matrix in that the ejected electron is considered to be free
(plane wave). This approximate description of the ejected
electron is good particularly in the ionization of highly ex-
cited atoms B by the collision with neutral particles A4.
This is primarily because the charge neutrality of a parti-
cle A reduces the relative importance of the collisions
with small momentum transfer.® In Sec. III the ioniza-
tion process (1.1) is investigated in the collision-energy (E)
region from 1072 to 10° keV in the center-of-mass system.
Cross sections for (n,=2, njy=3, ng=3, 10, and 15)
with simultaneous excitation of atom A4 and for (n, =3,
ny=2, ng=3, 10, and 15) with simultaneous deexcitation
are calculated for all possible values of azimuthal quan-
tum numbers.

There have been found some new mterestmg features in
the collision energy dependence of the cross sections (o¢)
in comparison with that of the cross sections (op) ob-
tained with use of the Born amplitude for the electron-
hydrogen atom inelastic scattering. First, in certain com-
binations of I/, and I with large np there appears a
shoulder or a second maximum in the curve o versus E.
Second, a prominent discrepancy in the collision energy
dependence of og and op appears at low energies in the
case of simultaneous deexcitation with high np. That is,
while op generally increases monotonically as the col-
lision energy decreases, o shows a nonmonotonic energy
dependence. These new phenomena are interpreted in
terms of the Glauber generalized oscillator strengths for
the ny4,l—n,l} transitions introduced by Chan et al.”
and the electron momentum distribution of the highly ex-
cited atom B.
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II. DERIVATION OF CROSS-SECTION FORMULA

A. The semiquantal cross section for
A(a)+B(n)—>A(B)+B™*+e

In this section, the semiquantal cross-section formula of
Flannery* is rederived. As was shown by Flannery,® the
semiquantal 7 matrix is expressed as a product of an
electron-atom A transition matrix ¢, and a Fourier
transform of the initial wave function ¢ of an atom B

Tﬁ=tﬁa(ﬁ’;i)¢n(a) ’ @

where #k and #k ' are the initial and final relative mo- -

menta in the e- 4 scattering, respectively, and #q (#q’) is
the initial (final) electron momentum of atom B. Among
k, k', 4, and q ' there holds the following relations:

K=ps(—K;/u+9/m,) , (2.2a)

K'=p4(—K;/u+q'/m,), (2.2b)

R=k'—k=k,—K,, 2.3)
and

q'=q—bk, b=(mg—m,)/mp, - (2.4)
with

Vu=1/my+1/mp, pe=1/ms+1/m, . (2.5

Here m,, m,, and mp are masses of the electron and the
atoms 4 and B, respectively, and ﬁﬁ,— and %k ¢ are the ini-
tial and final relative momenta in the atom-A—atom-B
system. ;

The differential cross section is given as follows with
use of the Ty; of Eq. (2.1):

~ 4
otk =2 L [ iguak k2| Ty | %6(ei—ep) ,

% #k;
(2.6)
where
€ =71k )2 /2 — €+ (Fig 2 /2m @)
and
€y =ik ;) /2 —eg+(Fig' )2 /2m (2.8)
with
1/ m=1/m,+1/(mg—m,), (2.9)

where the & function represents the energy conservation of
‘the total system before and after collision, and €, and €g
denote the ionization potentials of the initial and final
states of atom A, respectively. It should be noted that the
energy of the bound electron of atom B is taken to be
(#ig)*/2m, not —e, in Eqs. (2.7) and (2.8). This is because
in the impulse approximation the electron is treated as if

it were free. The binding of this electron is properly taken

into account by the wave function ¢,,. With the aid of the
identity with respect to 8 functions,

Sle;—ep)= [ dedles—eIdle—es) , .10

where - »

€4 =k} —k})/2u—A, A=¢,—¢€g, (2.11)
and

ep=#q'*—q%/2m , (2.12)

the integration over ks in Eq. (2.6) can be carried out to
give
4

A k
x[° defddq| Ty
X 8(e—#*2q K +bKk?) /2m,) ,
(2.13)
where )
ki=k}—2u(e+A) /7 . (2.14)

Here Eq. (2.4) was used. In order to proceed further we
assume that tg,(k’,K) depends on the momentum
transfer p(=7ik) and the relative velocity v between the
electron and the atom 4. From Eq. (2.2) the latter is

 given by v(= | %k /py, | )= | —#k; /u+%q/m, | . Intro-

ducing two polar coordinate systems as k; (k;,0,0),
q (¢,X,m), P (p,6,0) and as k; (k;,0,7/2), q (g,¢,d),
P (p,0,0), we obtain the following relations:

cosX =cosy cosf +siny sinfsing , (2.15)
k2 2
p2=t? | o 2L oy + 4 |, (2.16)
1 12 e e
and
#ik;
2 coso= L4 A 2.17)
u - p

The last equation (2.17) is obtained from Egs. (2.3) and
(2.14). Employing the latter coordinate system, we get

- dg=d(—cosy)dé. Then from Egs. (2.15) and (2.16), we

have
d¢=d(cosX)/V'D , (2.18) .
whe;re .
D =(siny sinf cos¢)?
=1—cos20 —cos?y+ 2cos@ cost cosX —cos?X .
(2.19)
This can be rewritten as
dé=2[(v% —v?)(v?*—v2)]"2d(v?) (2.20)
with
2 2 . €0SX min 2
:2’: =# % —zfrin% X lcosxmax ]+—i? , (2.21)
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and

[cosX min

]=cos0 cosy+[(1—cos?8)(1—cos*)]'/2 .
COSX max

(2.22)

In Eq. (2.20) the factor “2”. appears, because cosX varies
between cosXmax and cosXp;, twice when ¢ varies from 0
to 27 at fixed 6 and ¢.

If the highly excited state of atom B can be assumed to

|

~ 21
ORED= T | F R G e
where
me
qolp,€)=(m,/#q) |e/p —p/2M |, M= b (2.25)
and
cosy=(m,/#ig)e/p —p/2M) . (2.26)

The upper and lower limits of the integration over € are
determined from the relation

#i|ki—ks | <p <#ki+kp), (2.27)
where
kp=[k}—2u(e+A) /712 (2.28)
The equations (2.27) and (2.28) yield
2 ik
—et(p)=—L— 4 —Lp_A 2.29
€max=€"(p) 2p+ u P ( )

e A 2~ K
Ofi= faﬁ(kf)dkf=21rfaf,-(kf) k,'kf dk
2
_ e 1 M, pPma
fik; | i, # JPo

where
0 fore, <—A
Dbo=

Pmin Otherwise

and og,(p,v) is the differential cross section for inelastic
scattering of an electron by an atom A4 and is defined as
4

27
" .’-ine I tBa(P’v) ’ 2.

#i

Equation (2.32) is essentially ec%ual to the semiquantal for-
mula, Eq. (4.50) of Flannery.*®

ogp,v)= (2.33)

€max © v2 _
dp ffmin de aope | fu(q)|*dg fv;dvZtr‘ga(p,v)[(v%r —vH)(w2—v2)1" 12,

be hydrogenic, namely if
¢nlm(a)=fnl(q)ylm(67¢) ’

we can easily take an average of the cross section with
respect to the magnetic quantum number m. Using the
addition theorem with respect to the spherical harmonics

Y (6,¢), we have

1 ]

—_— 2 b 2 2
11,2 | Ty | *= yym | fal@) | * | tgalpv) | 2. (2.23)

The differential cross section can thus be given as

4 ‘ ) .
k m €max © ) v
pt— "de [, 08 | ful@)]dg [ a2 tgalp0) |10} —0)0?—02)]72,  224)

and
2 #k:
~“(p)=—L——_—Lp_A for0 ;
o € (P) 2# P 14 orU<p< |Pmm|
min with €, < —A
€, for |pmin| <P < |Pmax | 230
with
{ max ]=hkliﬁ[k,2—2ﬂ(€n+A)/ﬁ2]1/2 . (2.31)
Pmin

Integrating the differential cross section (2.24) over k, £
we obtain the final expression for the total cross section as

(2.32)

B. Rearrangement of integration order

From the computational point of view, this formula
may not be very convenient, because the integration of the
differential cross section og, (p,v) occupies the innermost
position in the fourfold integral. If we can change the or-
der of the integrals and put the integrals over p and v in
the outermost positions, then the cross section formula
will be practically more useful. To this end we introduce
the variables u(=#q/m) and v;(=*%k;/u). Substituting
Egs. (2.17) and (2.26) into Eq. (2.21), we obtain
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yE(x)=x + A+2[B(x —x)]'?, (2.34)
where
2
yE=v}, x=|u|, xo=[uolp,e)]?,
me

A=v?—2v(p,e)u(p,e),
B=v—[v(p,e)],
vip,€)=p/2u+(e+A)/p,
u(p,e)=€e/p—p/2M ,

uo(p,e)=iqo(p,e)=in—e— |u(pe)| . (2.35)
m m

Since B is always positive within the integral domains of

p and € y(x) is shown to take a minimum value

Ym=Xxo+A—B [=(p/2u4+A/p)*] at x,=x,+B.

Now in order to change the order of the integrals we have

to solve Eq. (2.34) with respect to x. The inverse functlon

of Eq. (2.34) is given by
x*(y)=y+2B—A£2[B(y —y,)]1'2.

Since y,, is independent of €, we can easily change the or-
der of the integrals with respect to v and €. Finally, we

(2.36)

and obtain
]
m Prax 0 €max u
op= g | ] dp [ dviogdpv) [, ""de [, du | fuw) |Pulu} —uP)uP—u2)]12, 2.37)
V; [l« Ae m ‘min - .
f
where The integral over u in Eq. (2.37) is proportional to
*2

Om =P /24140 +A/p (2.38) I= fx1 dx f(x)/[(x,—x)(x —x1)]2 . (2.43)

and Putting x =a+fBy with a=(x,+x,)/2 and B=(x,
" —x1)/2, we can rewrite I as
ul 172 »
— | (v2+C£2[B(v?—v2)] (2.39) 1 -
“e= [ ] { w1 I=[_ dy fla+By)/(1—y")'*= [ fla+Bcosy)dy .

with ' (2.44)

C=2B—A=0}—2v(p,€)v,, . (240)  Then the integral over u in Eq. (2.37) is expressed as
This is the desired expression for the total cross section. ul x | fur(u)|?
Since the integrals over p and v are usually the most I,= VD fxl dx (=[x, —x)(x —x )] 72 (2.45)
cumbersome, this formula gives the best feasibility. 2 1
Another advantage of this formula is that this can be easi- with
ly reduced to a twofold integral if we take an average over
the azimuthal quantum number I. This is proved in the D=(u} +u)u? +uj) (2.46)
next section. and
C. Cross section averaged over azimuthal quantum number 7 x=(u%—ul)/(ui +ul). (2.47)

If we assume a highly excited atom to be hydrogenic,
the velocity distribution of atom B is given by®
2241 (I n —1—1)

2__
e T

X1+ 1—xY+HClEI_ (0], (241)
where u,=(2¢,/m)"%, x=(u—u?2)/(u*+u?l), and
C;(x) denotes the Gegenbauer polynomlal Using the for-
mula derived by Fock® and May,'©
n—1 8u’n 5.2
n

L z 20 +1) | fulu) | 2=

ul4ul)*’
we can easily obtain
1 Gl 2 '
= 3 Q4| fuw) |*=—51—x)*. (2.42)
1=0 n

1

If we take an average with respect to /, we obtain

n—1
L=-5'S QI+ DI,
n” 1=0
=——f dx (1—x)[(x, —x)(x —x1)]'?
U,
= —f dy(1—a—fBcosy)® . (2.48)
U,
This integral is easily evaluated to give
I,=(1—a)[2(1—a)*+3B*)/u,D'/?
=PQ /u,D"?, (2.49)
where
P=D(1—a)=uX(u’ +u® +2u}) (2.50)
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and

Q=D 2(1—a)*+3B*]=2P*+3[ul(u’ —u)]*.

(2.51)

In order to carry out the integration of I, over € we
have to know the dependence of P, Q, and D on €. Equa-
tion (2.39) shows that P depends linearly on € via v(p,e€)
and that Q and D are quadratic functions of €. Then the
integration over € is expressed as

-

osila,n )=
an =P

where

3 . t 3
,t)= Jj s Jj]l= dt——————,
F,(v,1) jgodj L1, JU1 f (at’+bt +¢)'2

tmax =V; [emax=6+(P)] ’

—U; [6min=€_(p)]
v (P’Gn ) (€min==¢n )

Imin=

a=4v2 b=—4yv,, c=v —4v,(v —v,,,),

u5f max dpf Av20 8P, V) Fr (0, tmax) — Fu (0,2 1i)]

€ 3
S,,Efel del, =pf'1 dtl,
3~ 31,
iy > f' dt
j=0""1

where @, =(m /m,)u,, t; 1 =v(p,€,,), and the coefficients
a ~c and d;’s are determined from Egs. (2.46), (2.50), and
(2.51). Th1s integral can be easily evaluated analytically.!!
The final expression for the averaged total cross section is
as follows:

)
d;t

=24 = T
(at?+bt +¢)7?’

(2.52)

(2.53)

(2.54)

7’[7/ +6U,(U '_vm)]’ dl”'—6vm[7 +2U,(U _‘vm)] ’

d2=—6'y(v —3v2), d3=4v,(3v? —502),

with

y=vz+v,~2+173.

III. RESULTS AND DISCUSSION

Applications of the cross-section formulas (2.37) and
(2.53) to the ionization collisions (1.1) with simultaneous
excitation (n4 =2—n4 =3) and with simultaneous deexci-
tation (n4 =3—n/ =2) have been carried out with the use
of the Glauber approximation to the electron-atom
scattering amplitude.

For the convenience of later discussion, it is instructive
to compare the Glauber and Born generalized oscillator
strengths (GOS) for all possible transitions from n,4=2 to
n)y=3. These are shown in Fig. 1. As was found by
Chan et al.,” the number of extrema and their positions

of the Glauber GOS vary with the energy of the incident

particle, and the values at the minima are not equal to
zero in contrast to the Born approximation.
A. Ionization collisions with simultaneous excitation

First, we have calculated the cross sectionsv for the ioni-
zation processes
H(2,l)+H(3,l5)—H(3,l)+H" +e , (3.1)

in order to look into the /z dependence of the cross sec-

r

tions. However, the I dependence has not been well dis-
cerned. So we have averaged the cross sections with
respect to Iz. Figure 2 shows the results as a function of
the center-of-mass collision energy (E). It should be not-
ed that the Born results o are enlarged by a factor 102,
In the high-energy region above 500 keV both cross sec-
tions (o0g and op) become identical and decrease in pro-
portion to 1/E. This 1/E dependence of the cross section
at high energies was discussed in the earlier paper.’® As
the collision energy decreases, o becomes smaller than
o, and the maximal values are about one-third of those
of og. It is interesting to note that the shoulder appearing
in the o curve in the case of the 2s —3p transition disap-
pears in the corresponding o curve and vice versa in the
case of the 2p—3s transition. In order to interpret this
phenomenon, we examine the positions of extrema of the
Glauber and Born GOS, and the effective integral
domains of p and v in Eq. (2.37).

Atomic units will be used hereafter, unless otherwise in-
dicated explicitly. Since the electron-velocity distribution
function f(u) takes a maximum at u~1/ng and rapidly
decreases in the order of u =% at u>1/np, oy becomes
small when u_ >1/ng. We find from Eq. (2.39) that
#_[=(m/m,)u_] takes a minimum value |v—uv;| at
€m=—p2/2u+(v,v;/v)p —A. Therefore the integral
over v becomes significant only when v; is larger than v,,,
since in this case # _ can be zero. In order for this condi-
tion to be realized, €, at v=uv; [€,(v=0v;)=p*/2M]
should also lie in the integration range of €(€yin,€Emax)-
These conditions yield the following relations:
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FIG. 1. Born and Glauber generalized oscillator strengths as a function of the square of momentum transfer k2, for
e+H(n,=2,l4)—e+H(nj=3,I;). The symbol 1 is equal to v ~! (a.u.), where v is the incident electron velocity.

+< _ pp for ESE,
P 2p2>max(p~,pp)=
: p~ forE,>E>E,

where

pi =“Ae[vii(vi2—2A/ﬂAe )1/2]7 P :(ZMEnB )1/2 , (3.3)

2
E ,=12.5 le,,B—FA /2Me,,B keV , (3.4)
M e
and
E;=12.5(2A/p 4.) keV . (3.5)

We see from Eq. (3.2) that the cross section decreases rap-
idly when the collision energy becomes smaller than E;
(=1.74 keV), because the minimum value of % _ becomes
greater than 1/ng. Since in the case of the processes (3.1)
E, is estimated to be 1.76 keV which is roughly equal to
E,, the lower limit of the p-integration range can be ap-
proximated as pp (=3), which is independent of v;. As
is shown in Fig. 1, on the other hand, at k(=p)~Vv5/6

(3.2)

the Born GOS has a deep dip for the 25— 3p transition,
while the Glauber GOS for n=1.5 (E =5.56 keV) has a
peak there and vice versa for the 2p — 3s transition. Thus
we can interpret the appearance and disappearance of
shoulders in the cross section curves in Fig. 2 in terms of
the structures of the generalized oscillator strengths at
P=pp.

Figure 3 shows the cross sections oz and op for the
ionization processes:

H(2,l)+H(15)—-H(3,l;)+Ht +e . (3.6)

In this figure we notice that there appear second maxima
at E~2~10 keV in the og curves for the 2s—3s,
25— 3p, and 2p—3p transitions. In this case the effective
integral domain of p is given as follows:

pt>p>pp for E>14.4 keV , (3.7)

or

pt>p>p~ for 14.4keV>E >1.74 keV . (3.8

1677
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FIG. 2. Ionization cross sections for H(n,=2,l,)+H(ng
=3)—>H(n;=3,l;)+H" +e. E is the collision energy in the
center-of-mass system. The curves marked as “Born” and
“Glauber” are obtained with use of the Born and Glauber ap-
proximations to e + H scattering amplitude, respectively.

At E~5 keV p?* are estimated as ~1.14 and ~0.12,
respectively. We find in Fig. 1 that the Glauber GOS for
the 25— 3s, 25 —3p, and 2p—3p transitions have dips at
k(=p)=~0.17 in the case of n=1.5. Thus the second
maxima in the og curve can be explained successfully
again in terms of the hollow structures of the generalized
oscillator strengths at p~p~. Cross sections summed
over final azimuthal quantum numbers and averaged over
initial ones are shown in Fig. 4 for the cases of ng=3, 10,
and 15.

B. Ionization collisions with simultaneous deexcitation

The Ip dependence of the cross sections is again hardly
discerned. Figures 5 and 6 show the calculated cross sec-
‘tions o and op for the processes

H(3,l4)+H(ng)—>H((2,l)+H"* 4e (3.9

with ng=3 and 15. These indicate the ng and 1,—1}
dependence of the cross sections. In the high-energy re-
gion above 500 keV, o becomes identical with o5 which,
as was discussed before,*® decreases in proportion to
1/E. However, there appears a prominent discrepancy

6
10 ; T |||””| T lr'”"l T le”"l T |l|||”| | l‘lll?
oM R ~H3 a1 e ]
0E E
g RN E
B SN
; x 10> RN . ?
3| \\ 1
0 AN
~ 1oL
B F
b 10" = e
10° NN
- Glauber / \;“<~\E
10' & |
; N
162 = - \E
<3| ool vl el L1 ||||m—
10°L L L
0% 10" 10° 10 102 10°

E(keV)

FIG. 3. The same as in Fig. 2 for H(n,=2,l,)+H(ng=15)
—H(ny;=3,1})+H" +e.

between o and op at lower energies E <10 keV. In par-
ticular, as is seen in Fig. 6, 0¢’s show nonmonotonic ener-
gy dependences with wavy structures at energies 1~ 10
keV. On the other hand o, except for the 3p— 2s transi-
tion, increases monotonically in proportion to 1/VE as
the collision energy decreases.

The energy dependence of the cross section in the ener-
gy region below 500 keV can be explained in the same way
as in the preceding subsection. In the case of the simul-
taneous deexcitation the effective integral domain of p is
given as

p*>p>max(p=,pp)= "7 for £> e (3.10)
p~ for E<E, ’
where
PE=p (0} —2A/p40) 0] , 3.11)

and E, is given by Eq. (3.4). Here the excitation energy A
is negative. Concerning the energy dependence of the
cross section in the low-energy region (v;<<1 or
E <<12.5 keV), we can give the following qualitative



30 , IONIZATION COLLISIONS BETWEEN TWO EXCITED ATOMS: ... 1679

E T T lHIlll T rl]l”ll T T lITTﬂr T ’1||l||| T T I|I|E

- — Glauber  H(2)+ H(ng) 3

(2L B —HB)tH +e ]

E /é;::;\\\ ?

L H \\\\ ]

10' =

= . 2 -

o VE

ﬁ §

10-‘ E / 3

E ,’l 3

-z: I/II ]

10 = " —E

10'3— ERRRNIT B AN R AR N R R AT B AR R AT | |11|117
0% 10" 10° 10’ 10? 10°

E (keV)

FIG. 4. Comparison between the Born and Glauber approxi-
mations for H(ng=2)+H(nz)—>H(ny=3)+H*+e with
ng=3, 10, and 15. E is the collision energy in the center-of-
mass system.
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FIG. 6. The same as in Fig. 5 for H(n,=3,l,)+H(np=15)
—H(ny=2,1)+H"* +e.

description. In this limiting case Eqgs. (3.10) and (3.11) are
rewritten as

ptep>p~, (3.12)
where
P ~Potisev; (3.13)

with po=(—2u 4 A)!/2. Therefore the width of the in-
tegration range [p *,p ~] is in proportion to v;. Since v,
in Eq. (2.38) is always zero at p =p,, we can roughly esti-
mate the integral over v by putting v,, =0 in Eq. (2.37).
Then the energy dependence of the cross section can again
be shown to be 1/V'E in the low-energy limit. There ac-
tually appears the 1/VE dependence at E <0.1 keV in
Fig. 5 and at E <0.01 keV in Fig. 6.

In the intermediate-energy region, the effective integral
domain of p is given as

pt>p>pp for E>0.02 keV (3.14)

in the case of ng=3. It should be noted that at a given v;
p* given by Eq. (3.11) is large compared with p+ of Eq.
(3.3). In other words the effective integral domain of p is
wide and weakly dependent on v; in this case. This fact
explains the behavior of o in Fig. 5. Namely, the differ-
ences in the structures of GOS do not show up conspicu-

. ously in the energy dependence of the cross sections. Un-

like in Fig. 5, in Fig. 6 0 show wavy structures in the en-
ergy region from 0.5 to 5 keV. In the case of ng=15, the
effective integral domain of p is given as

pr>p>p~ for E>12.7keV . (3.15)
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FIG. 7. Comparison between the Born and Glauber approxi-
mations for H(n,=3)+H(ng)—>H(ny=2)+H*+e with np
=3, 10, and 15. E is the collision energy in the center-of-mass
system.

Since p~ increases as the collision energy decreases and
the effective integral domain of p becomes narrower, the
wavy behavior can be ascribed to the structures of the
Glauber GOS. It is also interesting to note that oy for
the 3p —2s transition has a minimum at E ~0.04 keV be-
cause of a deep dip of the Born GOS at p ~V/5/6.

In order to see the np dependence of the cross sections
an average over /4, and a summation over I are carried
out. Figure 7 shows the results for ng=3, 10, and 15. A
wavy structure seen in Fig. 6 disappears. In the case of
large np, o takes a maximum at E~10 keV, while op
increases monotonically as the collision energy decreases.

Here, we describe qualitatively the energy dependence
of the cross section in the low-energy limit by taking into
account the spread of electron-velocity distribution. In
the energy region where v; <<1/np, the relative velocity
(v) between the electron and the atom A4 is roughly equal
to the velocity (1/np) of the bound electron of the atom B
and is independent of v;. Therefore, qualitatively the
same discussion holds as before where the Born approxi-
mation was employed for the e- 4 scattering amplitude,®
and the energy dependence of the cross section is generally
given as 1/VE, though the absolute value of the cross
section (or the proportionality constant) depends on the
approximation employed for the two-body scattering am-
plitude. The 1/VE dependence holds from the higher
collision energy in the case of small ny than in the case of
large np. At large np the cross section decreases as the
collision energy decreases from 10 to 0.05 keV. Since v is
nearly equal to v; in this energy region, this energy depen-
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dence can be ascribed to the fact that the differential cross
section in the Glauber approximation decreases steeply in
power of v (< 1) in the regionof p* >p>p~.

IV. SUMMARY AND CONCLUSION

Within the framework of the impulse approximation,
we have derived the expressions (2.37) and (2.53) of practi-
cal use for calculating the cross sections for the ionization
of highly excited atoms by collision with excited atoms or
molecules. These formulas with use of the Glauber ap-
proximation for the electron-atom scattering were applied
to the ionization collisions between two excited hydrogen
atoms with simultaneous excitation and deexcitation of
one of the atoms. The results were compared with those
obtained by using the Born approximation. The agree-
ment between them is very good at high collision energies
E> ~100 keV. At lower energies there appears a
discrepancy. In the case of simultaneous excitation the
peak values of the Glauber cross sections are roughly
one-third of the corresponding Born cross sections. In the
case of simultaneous deexcitation with large np the
disagreement between the two results is unexpectedly
large. This disagreement can be attributed to the differ-
ence in the structures of the Glauber and the Born gen-
eralized oscillator strengths. The Glauber cross sections
show an interesting nonmonotonic energy dependence.

Unfortunately, however, it is not easy to give a quanti-
tative validity criterion for the utilization of the Glauber
approximation. The Glauber approximation is known to
work well at v > 1(=v§’) in the case of 1s—n/ transition
in the electron-hydrogen atom scattering.!? If we recall
the Massey’s criterion, the critical velocity v, is con-
sidered to be proportional to the interaction range times
the transition energy A (A~+ for the 1s—nl transition).
Thus in the case of the transition (n—n') between excited
states we have

ex T, 2 2
v > 05 =208 %A, =2n%A,,

with A, =(1/n*—1/n'?)/2, if we simply assume that
the interaction range is proportional to n2. If we notice
v~~; in the case of high np, we obtain E > u(v§*)?/2 as a
crude criterion. This gives E >3.9 keV for the transition
n4=2—ny=3, for instance. When np (>n,) is small,
this criterion would be expected to be more relaxed be-
cause of the spread of the electron-velocity distribution.
Thus it would probably be all right to say that the
Glauber results obtained in this paper are more accurate
than the Born results at collision energies higher than
several keV’s. However, we cannot give any assessment
conclusively at this moment about the accuracy of the
Glauber results at lower energies. Further studies are re-
quired to answer this question.

The formulas (2.37) and (2.53) are also applicable to the
ionization of highly excited atoms by collision with rota-
tionally excited molecules.! So far calculations have been
made only with use of the Born approximation for the
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electron-molecule rotationally inelastic scattering. Since
the analytic expression for the Glauber amplitude for the
electron-polar molecule scattering is available,' it would
‘be worthwhile to calculate the Glauber cross sections to
investigate the validity of the Born approximation.

v
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