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We report a new, more precise determination of the ground-state hyperfine-structure interval hv
in positronium, which is based on extensive new data at low N2-gas densities combined with previ-
ous data from our group at Yale University. Our experimental value b v=203. 389 10(74) GHz (3.6
ppm) agrees with the current theoretical value Av=203. 400 GHz, for which the estimated uncer-

tainty is about 50 ppm.

I. INTRODUCTION

Positronium (e+e ), often abbreviated by Ps, has been
studied intensively in the past 30 years because it is a sim-
ple, basic leptonic atom. ' The electromagnetic interac-
tion is dominant, and weak and hadronic interactions are
negligibly small. The hyperfine structure interval b,v in
the ground state between orthopositronium ( S&) and
parapositronium ('So) is of fundamental importance for
comparison of QED theory and experiment. This paper
reports a new more precise measurement of b,v.

A history of the determinations " of b.v is given in
Table I. All of these determinations have been done by
essentially the same experimental approach which has in-
volved observation of the Zeeman transition in Ps and use
of the Breit-Rabi equation to determine b,v. The magnet-
ic field value used has been about 8—9 kG, and the mi-

TABLE I. Published values of the hyperfine-structure inter-
val hv for the ground state of positronium.

crowave frequency required to induce the transition be-
tween the S~, M=+1 and S~, M =0 states in the mag-
netic field was from 2.3 to 3.3 GHz. Observation of the
transition is based on the change in the relative amount of
2y and 3y annihilation. The improvement in precision of
determination of hv has come from the use of improved
instrumentation for the magnetic field, microwave source,
y-ray detectors, and computer control as well as increased
radioactive source strength; no important innovation in
the basic experiment has been made. The series of experi-
ments at Columbia and Yale ' ' ' will be designated Ps
I—Ps IV, respectively. In the present paper, Ps V, we re-
port additional improved measurements, particularly at
low gas densities, and a determination of hv based on all
the data of Ps IV and Ps V. An important correction to
the theory of the line shape which includes relevant ef-
fects of the annihilation interaction is used. ' "

The present theoretical value for hv is obtained from
an approximate solution of the bound-state two-body rela-
tivistic equation and can be written'

b v=203.4003+a(0.0108)—b(0.0021) GHz, (1)
Year

1952'
1954
1955
1957'
1967
1972'
1975'
1977g
1977"
1983'
1984'

hv (GHz)

203.2(3)
203.38(4)
203.35(5)
203.33(4)
203.403(12)
203.396(5)
203.387 0(16)
203.384(4)
203.384 9(12)
203.387 5(16)
203.389 10(74)

'Deutsch and Brown, Ref. 3.
Weinstein et al. , Ref. 4.

'Hughes et al. , Ref. 5.
Theriot et al. , Ref. 6.

'Carlson et al. , Ref. 7.
Mills and Bearman, Ref. 8.

gCarlson et al. , Ref. 9.
"Egan et al. , Ref. 10.
'Mills, Ref. 11.
'This paper.

Error (ppm)

1500
200
250
200

58
24

8

20
6
8

3.6

where a and b have yet to be fully calculated. Expanded
in powers of a we have

tv=a cR —,——( —, +ln2)+ —„a lna7 & 16 2 —1

Q 3

+a ', a b(ln—a )—
7r

(2)

where c =2.997924 580(12)X 10' cm/s, ' a
=137.035 963(15),' and R =1.097 373 152 1(11)&(10
cm '.' We note the lowest-order term which has not yet
been fully calculated is of relative order a or about 50
ppm. This accuracy is much poorer than the theoretical
accuracy for b,v of muonium (p+e ). For Ps the calcula-
tions are more difficult because the masses of the e and
the e+ are the same and the particle-antiparticle annihila-
tion process is present. When theoretical calculations of
the coefficients a and b are completed, the theoretical er-
ror should be reduced to about 1 ppm.

Section II of this paper gives a brief overview of the ex-
periment and a detailed discussion of our resonance line
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shape. Section III describes the experimental apparatus.
Section IV gives the data analysis including a discussion
of errors. Section V gives our results together with a
comparison with theory.

II. THEORY OF EXPERIMENT

The energy level diagram for the n =1 state of Ps is
shown in Fig. 1. Our experiment involves the observation
of the transition indicated whose frequency is given by the
Breit-Rabi equation

v ((1+ 2)1/2 1] (3)
2

6.0

4, 0—

2.0—

hv (GHz)

's

M=+I

in which x =(g' —g'+

)poHO/b'av,

g'+
1 1

——g+ 1 (1
——,', a ) is the g factor for a positron (electron) in Ps, '
g+/2= —[1+1159652222(50)X 10 ], and —g+/g
=1+(22+64)X10 ', '

po is the Bohr magneton, Ho is
the static magnetic field, and h is Planck's constant.
Corrections to this resonance frequency associated with Ps
annihilation of relative order (Az/4m Av) must be includ-
ed. (Az ——7.987)&10 s ' is the annihilation rate of 'So
Ps 13)

Positronium is formed in a static magnetic field Ho
when positrons from the Na source are stopped and cap-
ture an electron in the N2 gas in the microwave cavity.
The M =0 level of 'So Ps is mixed with the M =0 level of
S, Ps in the field Ho and hence the latter state annihi-

lates into two y rays with a lifetime of about 10 ns. The
M =+1 levels of Si Ps annihilate into three y rays with
a lifetime of about 140 ns. A microwave magnetic field
H 1 of frequency f induces transitions between the
M=+1 levels and the M=0 level of Si Ps yielding an
increase in two y-ray annihilation which constitutes our
experimental signal.

Our experimental line shape can be derived using the
density matrix formalism for the Schrodinger equation.
We use the angular momentum basis: 1I(1 ——

~
1,0),

$2——
~
0,0), g3=

~
1,1), and f4 ~

1,—1) where the
quantum numbers in the kets stand for the total angular
momentum J and its z projection M. The annihilation
processes are represented as imaginary terms in the Ham-
iltonian. ' Off-resonance terms in the interaction with the
microwave field are omitted. The wave function is writ-
ten g(t) = QJ. a (t)fz. Using the rotating coordinate basis

t td ~ t
with aJ (t) =e ' aj(t) where toi ——co2 ——co and A@3—cg4

to, and —co:2mf where f is th—e microwave frequency,

0.0 4.0 8.0
Magnetic Field ( kG)

FIG. 1. Zeeman energy levels for ground-state Ps.

the effective time-independent Hamiltonian becomes2'

Xo—Q/2

0
Xp —Q/2

Xo+Q/2

0

0

X11+Q/2

(4)

d X(t) =2m. b,vCX(t) . (5)

X is a 16-element column vector representing the density
matrix

where X~=E~/(h hv) —iA~/(4m hv), XO=EO/(h bv)
iAOI(—4m Av), Ez is the energy of para-Ps and Eo is the

energy of ortjto Ps at zero-magnetic field, A~ is the annihi-
lation rate of para Ps, and A,o is the -annihilation rate of
ortho Ps, y=(v 2-/2)HI(g' —g'+)pt3/(h bv), and Q=f/
hv.

We use the density matrix Schrodinger equation in the
forII1

X(t)=col(pii, p22, p33y p44, Q —,(p12+p2, ), —IQ —,(p, 2
—p2, ), Q —,

' (s*p13+sp31),

—EQ 71($ p13—Sp31), Q T~(s p14+Sp41), —l+ 2 (s*pi4 —sp41),

p23+ p32)~ '+T( p23 p32)~ + 2 ( p24+ p42) ~

P24 P42)~ +T(P34+P43)~ '+ 2 (P34 P43)) ~ (6)

where p~tt=
—(g

~
f(t)) (p(t)

~ fit), s =e' '. C is the 16)&16 antisymmetric time-independent matrix representing the ef-
fective Hainiltonian,
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where I o
——A,o/(4m Av), I'z Az/(4——m hv), and I +

=A+/(4m'hv) where A+ ——(Ao+ Az)/2. We use the most
recent theoretical values of the annihilation rates
( Si~3y), Ao

——7 0386X10 s ' and ('So~2y),
Ap ——7.987&(10 s

The signal is proportional to the probability of 2y an-

nihilation,

P2r ——Ap f Yp X(t)dt

=Ap Y~ C 'X(0)/(2m b,v) . (8)

III. EXPERIMENTAL APPARATUS
AND PROCEDURE

Two y annihilation is selected with the singlet-state pro-

jection operator Yz ——(0, 1,0, . . . , 0); the initial state is

taken to be unpolarized so that X(0)=col( —,', —,, —,', —,',0,
0, . . . , 0). As indicated in the above discussion, in the
Hamiltonian C, only the atomic constant hv and H1 are
treated as unknowns. When Ho and f are measured our
data can be fitted to P2r to determine hv as well as the
microwave field Hi. The numerical calculations based on
Eq. (8) and discussed in Sec. IV were verified for the case

y =0 by inverting the matrix C by hand.

8. Gas handling system

The gas handling system is described in Ps III and Ps
IV. In this experiment we evacuated our microwave cavi-

ty to a pressure of less than 5 X 10 Torr before each run.
The cavity was then filled with 4—30 lbs/in. (psi) of ul-

trapure N2 gas ( & 5 ppm contaminants). We concentrated
our data taking at low N2 pressures to reduce the neces-

sary extrapolation to zero density.

C. Magnetic field

The magnet and its NMR system operate at about 7.8
kG and are described in Ps III and Ps IV. The magnet
power supply was modified to accept a voltage produced
by a digital-to-analog converter (DAC) to control and
tune the magnetic field. The magnet was carefully
shimmed to reduce the field inhomogeneity. The field
was mapped before and after the experiment and no sig-
nificant changes were found over the two-year period.

The NMR system used to stabilize and measure the
magnetic field was substantially unchanged from Ps IV.
An NMR probe filled with Nujol oil is connected to a
fluxmeter to lock our magnetic field to a preset frequency,

fz (-33 MHz). The error voltage produced by the f'lux-

meter drives a current through a small coil placed over

The apparatus used in this measurement is essentially
the same as that used in Ps IV. The principal changes in-
volved improved homogeneity and control of the static
magnetic field and use of a stronger positron source.

to fccdbock loop to voltmeter

VARIAN VARIAN FREQUENCV FREQUENCY
FSA FSA

FLUXMETER FLUXMETER SYNTHESIZER COUNTER

A. Source

The positron source was 10—15 mCi of Na, which is
2—3 times stronger than that used in Ps IV. The source
capsule is made of oxygen-free high-conductivity Cu. A
0.0025-in. -thick Cu disk is soldered over the source to seal
it. The source was delivered by New England Nuclear in
1978.

NNR
PROSE

CAVITY

MODULATION CLIPPER
ANO R.F. INJECTOR

FICx. 2. Schematic diagram of the apparatus used to measure
the magnetic field.
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FIG. 3. Coordinate system and sample contour maps at Hp =7.65 kG.

the Hall probe normally used to stabilize the magnet.
The additional feedback allows the field to be locked with
less than 0.3 ppm drift.

To map the magnetic field the cavity was removed and
we used an additional probe and fluxmeter. Since both
the locking probe and the measuring probe are driven at
the same frequency, the error voltage produced by the
second fluxmeter is proportional to the difference in the
magnetic field at the two probe sites. The magnet was
carefully mapped over the relevant volume where Ps 2y
annihilations are observed. Figure 3 shows typical field
maps. The average of the magnetic field over this volume
differed by less than 0.1 ppm from the value at the center
of the microwave cavity.

With the cavity in place (Fig. 2) we measured the offset
between the magnetic field at the locking site and at the
center of the cavity. For the data analysis the average of
the offset measureinents at each field setting is used to
correct the magnetic field values. Figure 4 shows offset
measurements as a function of Ho. To calibrate our
fluxmeters we used an NMR probe (Varian Associates)
filled with D20 to lock the magnetic field to a different
NMR frequency. In a locked field the error voltage pro-
duced as a function of the frequency, fz, applied to the
probes was found to be linear over the small (-25 ppm)
ranges calibrated.

Corrections for diamagnetic and chemical shifts must
be made to fz. We measured the different NMR frequen-
cies of our probes and of a cylindrical probe filled with
H20 and found that f~ must be raised by 3.6+0.2 ppm.
A further diamagnetic correction to fz of —1.5+0.1 ppm
must be made to correct f~ to a standard spherical H20
probe. We combine these two corrections with the best
linear fit to our offset measurements

fp f~(1—a——b f~ b), — (9)

where fz is the NMR frequency of our probe at the center
of the microwave cavity, hfdf fz f„and f—,——is the
NMR frequency at the center of the resonance line,
a =9.25(31) ppm/MHz and b =8.84(30) ppm. The
direction of the magnetic field was the same throughout
this experiment. No effect of the direction of the magnet-
ic field on the determination of b,v has been observed in

+
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FIG. 4. Plot of all magnetic field offset measurements made.
The offset is the difference between Hp at the locking site and at
the cavity center. The straight line is the best fit described in
Eq. (9).
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previous experiments ' which have used the coincident
2y annihilation as the signal, and none is expected.

D. Microwaves

Our TM»0 mode cavity is described in Ps III and the
power generation and stabilization system in Ps IV. The
microwave system produces a field Hi with a frequency
of 2.32 GHz and an amplitude of about 10 G (-300 W)

in the x direction (with Ho in the z direction).

Equipment Corporation PDP-10 computer and fit as dis-
cussed below to determine b,v(D). Second, the average
value of hv(D) at the different gas densities D are fit to
the linear equation

b,v(D) =hv( 1 +aD )

to obtain the extrapolated value Av at zero density.
The 2y counting rate is given by

G. Experimental procedure

Once the systems are turned on and have stabilized,
data taking is controlled by the computer. The program
steps and locks the field, levels the microwave power, and
records the data at each magnetic field setting. Coin-
cidences were counted for about 4 min at each field point.
The magnetic field was swept back and forth from 7.6 to
8 kG. About 3 million counts are collected in a two-hour
sweep over the resonance. Figure 5 shows a typical reso-
nance line. About 300 resonance lines were observed in
ten separate runs at nine different pressures.

IV. DATA ANALYSIS

The data analysis consists of two major steps. First, the
data for each individual line are transferred to a Digital

600- 7.7
H, (kGj

I

7.8

ll

8.0

580-

4J
V)

I-~ 560-

0
O

540-

E. Detectors

The detectors and their associated electronics are
described in Ps III and Ps IV; the photomultiplier tube
gain stabilization system was not used. The four pairs of
collinear detectors observe 0.5-MeV y rays. Coincidences
are counted by scalers in the CAMAC system.

F. Computer control

The experiment is automated through the CAMAC sys-
tem described in Ps IV. The primary change has been to
replace the precision stepping motor which controlled the
magnetic field setting with a 12 bit DAC. The interrupt
routines were rewritten for both the microwave power lev-
eling and the magnet control which improved the repro-
ducibility and reliability of the magnetic field settings.

S=NO(1+m EH)[(1 r)+—rPzr]

in which No is a constant proportional to the strength of
the e+ source and to the detection efficiency, m is the
background slope, r is the positronium formation frac-
tion, H, is the center of our resonance line,
6H =Ho —H and I2z is the probability that a ground-
state unpolarized positronium atom will decay into two
photons [Eq. (8)]. The background slope is primarily due
to magnetic focusing of the positrons. Pzr involves the
two unknown parameters b,v and Hi (see Sec. II). This
formulation gives us five free parameters in our fits: hv,
H&, No, m, and r. The quantity H, is not an independent
parameter. A typical fit is shown in Fig. 5 and deter-
mines the line center to about ~ % of the linewidth.

The computer time needed to process all of the lines us-
ing the complete density matrix formalism of Eqs. (8) and
(11) is prohibitively long. We have processed some of the
data with this full analysis. The majority of the data were
analyzed by approximating Pzr by a Lorentzian function
in Eq. (11); this approximation is designated Sr. We
determine b,v from the line center

1 g Pafehv=-
2Pr

(12)

(13)

using the Breit-Rabi equation where f, is the NMR fre-
quency at the center of the resonance line for a spherical
water sample and p,z/p, zi ——1.520992982(15)X10
Comparisons of the complete and approximate analyses in
the cases where both were made indicates that only a
small correction to bv of 0.7+0.2 ppm needs to be made
in the approximate analysis SL.

We have also processed a selected portion of the data
with the line shape used in Ps III and Ps IV, Sc. This
line shape ignored off-diagonal matrix elements of the an-
nihilation process in the Breit-Rabi eigenbasis and is
therefore only accurate to —10 ppm. 'z Use of either of
the approximate line shapes Sl. or Sc adds terms to the
usual derivative of g proportional to

520-

32.5 33.0 33.5
fp (MHz)

34.0

FIG. 5. Typical observed resonance line fit with the theoreti-
cal line shape of Eq. (11). These data were taken with 5.5
lbs/in. (psi) of N~.

where the first sum is over the five parameters and the
second sum is over the experimental points. S is the ex-
pected signal using the complete analysis while S' is either
Sl or Sc. The quantity S—S' is shown in Fig. 6. Since
BS/Ba is highly antisymmetric around the line center, the
sum in Eq. (13) is quite small when SI is used because
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0.050—
TABLE II. Measured values of hv at different Nq-gas densI-

ties.

D [atm (at O'C)] Av (MHz) cr (MHz)
0.025—

4J
Ch

CA

O.O—
O

Ch
0,025-

C/)

0.050—

32.5
I

CENTER
33.0

fp (MHz)
34.0

FIG. 6. Difference between the best fits of the approxima-
tions S' and the complete analysis S [Eq. (11)]. The solid line is
S—Sc, while the dashed line is S—Sl .

bv=203. 38910(56)6Hz (2.8 ppm),

a= —3.3(4)X10 atm ' (0 C),
(14)

S—S is symmetric. In contrast S—Sc is highly an-L
tisymmetric and the sum in Eq. (13) is large and hence
leads to a significant systematic error in determining the
line center. The value of Av derived using Sc must be in-
creased by 18+1 ppm, in rough agreement with Ref. 11.

averaging the values of bv obtained from the individua
resonance lines. Figure 7 and Table II show the data
from the present experiment and from Ps IV. In calculat-
ing the average for hv(D) we have discarded any line fits
that had less than one percent chance of occurring accord-
ing to g statistics. If we fit all of these data to Eq. (10),
we obtain

0.245
0.257
0.275
0.306
0.337
0.368
0.398
0.613
1.839

hv(D) 1983
203 386.4
203 385.1
203 390.1
203 387.9
203 387.9
203 384.1

203 386.9
203 384.6
203 377.5

1.6
1.6
1.3
1.3
1.2
1.4
1.1
1.3
3.2

0.251
0.314
0.377
0.439
0.565
0.628
0.941
1.260
1.880
2.510
2.820

Av(D) 1977
203 386.3
203 387.6
203 385.1

203 386.9
203 386.9
203 381.8
203 382.1
203 385.3
203 372.9
203 370.1
203 371.6

2.0
1.4
1.6
2.5
2.6
2.0
2.0
4.0
3.5
4.9
2.9

where our X for the fit is 18.7 with 18 degrees of free-
dom; the error quoted is the statistical error only. The
data were also fit with both a term linear in D and one
quadratic in D; the X fit was no better than that with the
linear term alone and hence only the linear fit is used.

l III. TheThe sources of error in hv are listed in Tab e . e
errors for Ps IV are also shown. The principal error is
d t ting statistics. The next largest error is due toue o coun

'

the static magnetic field Ho and is associated wit t e

0.40—

hJ

Q
C9
O
CV

I

0.39—

O.38—

0.37
0

I I

1

NITROGEN DENSITY (amagat)

FIG. 7. Measured values of Av vs N~ density (1 am g1 ama at is the density o atm 2 af 1 N t 0 C). The open circles are from Ps IV and
4).the closed circles are from the present work. The straigrai ht line is the best fit described in Eq. (
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TABLE III. Uncertainties in Av measurement (ppm).

1977 1983 All

Counting statistics
Magnetic field inhomogeneities
Magnetic field offset and reproducibility
Nuclear magnetic resonance (NMR) calibration
Microwave power and frequency uncertainty
Density uncertainty
Line-shape corrections

5.0
2.4
1.4
0.4
0.5
0.3
1.1

4.4
1.0
0.8
0.4
0.5
0.3
0.6

2.8
1.6
1.0
0.4
0.5
0.3
0.7

Quadrature sum 5.9 4.7 3.6

field inhomogeneity, the offset between the locking site
and the active region, and the NMR calibration. Mi-
crowave power instability and uncertainty in the gas den-
sity and temperature account for smaller errors. Errors
due to line-shape corrections include the Bloch-Siegert ef-
fect (0.5 ppm) (Ref. 22) and the approximations in the
line-shape analysis described above (0.5 ppm weighted
average for the data of Ps IV and of the present paper).
Errors due to positron polarization ( (0.04 ppm), second-
order magnetic interactions, and gas collisions are believed
to be negligible.

The error due to magnetic field inhomogeneity occurs
only due to the uncertainty of the spatial distribution of
Ps. Using slits in front of the detectors we measured the

2y annihilation rate as a function of position, which we
take to be the Ps spatial distribution n:

n ~ (1—&
I
x

I
)(1—&

I Z I
)(1—0 I

z
I

) (15)

where 5=0.12 cm ' and p=0.4 cm '. The distribution
function is normalized so that n = 1 at the origin. A good
estimate of the error associated with the magnetic field in-

homogeneity is the standard deviation of the field maps
weighted by Eq. (15). This was found to be 0.5 ppm in

Hu which corresponds to 1 ppm in bv. The field offset
measurements shown in Fig. 4 were also fit to a straight
line to determine that the maximum error in Ho associat-
ed with the field offset is 0.4 ppm. Calibration of our
NMR probe involved an error of 0.2 ppm.

The systematic errors associated with the microwave
frequency measurement, microwave power instability, gas
density, and temperature uncertainties are discussed in Ps
IV. The effects of collisions are discussed in detail in Ps I
and Ps II and should cause negligible error. For this pa-
per a calculation was done which indicated that the mea-
sured variation of A,o with gas pressure shifted the value of
4v by less than 0.04 ppm.

Since we combined all of the data to improve our fit we
must also estimate the total systematic errors. A good es-
timate is obtained by averaging the systematic errors to-
gether weighted by the statistical errors. The total sys-
tematic error for the combined measurements of this pa-
per and Ps IV is 2.1 ppm. For just the present measure-
ment the total systematic error is 1.6 ppm as compared to
3.1 ppm for Ps IV.

V. RESULTS AND COMPARISON WITH THEORY

Our final result for hv is

bv, „p,
——203.38910(74) GHz (3.6 ppm) (16)

in which the 3.6 ppm is a one-standard-deviation error i.n-
cluding the systematic and statistical errors. This value
agrees with the latest value from Brandeis '" which
is hv=203. 3875(16) GHz (8 ppm). The combined best
value is b.v,„~,=203.388 65(67) GHz (3.3 ppm).

The current theoretical value is hv, h„,——203.4003 GHz.
A complete calculation of the relative O(a ) term has not
been done so that an estimated error for b v,h„, is 50 ppm.
Within the relatively large theoretical error agreement of
theory and our experiment is satisfactory,

bvh„, —hv, „~,=11.2 (+10.8+0.7) MHz, (17)

203.300 203.350

IOI

0
IOI

203.400

1954

l955

&957

l 967

i97P

l975

l977

l983

1984

FIG. 8. Published values of b,v. The first measurement of
Av (Ref. 3) is not plotted because of its relatively large quoted
error. The dotted line together with its error bar gives the
current theoretical value of b v.

where the first uncertainty is the estimated theoretical er-
ror and the second is the experimental error. Clearly ad-
ditional theoretical calculations are required for compar-
ison with experiment for this simplest lepton-antilepton
atom.

Figure 8 shows the history of measured values of b,v.
We note that the various values are in reasonable agree-
ment. The only significant discrepancy is the 1977 Yale
value for which the neglect of annihilation terms in the
Hamiltonian produced a three-standard-deviation error.

The error in our present experimental value for b,v cor-
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responds to choosing the center of the resonance line to
one part in 2000. Although such an accuracy in choice of
line center is not uncommon, it seems clear that some new
line-narrowing technique is required for further substan-
tial improvement in precision. Finally, we remark that a
precision measurement of b.v at zero magnetic field would
be valuable, but appears very difficult because of the ap-
parent requirements that the resonance line be obtained by
sweeping the microwave frequency of about 203 GHz
over the resonance line with fractional width of several
parts in 10, while maintaining constant microwave
power.
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