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The computer-assisted C-matrix, Lowdin-alpha-function, single-center expansion method in
spherical harmonics has been applied to the three-center nuclear-attraction integral (potential due to
the product of separated Slater-type orbitals). Exact formulas are produced for 13 terms of an infin-
ite series that permits evaluation to ten decimal digits of an example using 1s orbitals.

I. INTRODUCTION

Efforts continue to be made to facilitate the use of
Slater-type orbitals (STQ’s), or, more generally speaking,
exponential-type orbitals in problems of ab initio quantum
chemistry and molecular physics."> Here, we apply our
method of computer-assisted single-center expansion in
spherical harmonics to the difficult case of the three-
center nuclear-attraction integral, which is the same as the
problem of finding the potential due to a charge distribu-
tion that is given by the product of separated STO’s. Ear-
lier, partial results had been achieved for this integral by
the use of elliptical coordinates® and transform methods.*
We will make numerical comparisons with results recently
obtained by Trivedi and Steinborn® in which a transform
method using the Steinborn B function is employed.

The initial work in single-center expansion methods
was carried out by Coolidge.® A suggestive formulation
of this method with the use of coefficient matrices and
the a-function notation was introduced by Lowdin.” An
essential simplification and the use of a “C matrix” was
given to the closed form of the a function by Jones and

Weatherford® after its presentation by Sharma.’ Thus far,
)

computer-generated formulas have been produced for
two-center overlap,'®!! Coulomb,'? hybrid,’* and ex-
change integrals;'* some three-center Coulomb-type for-
mulas also have been generated. !’

II. DERIVATION OF THE POTENTIAL

We place a STO, X, at the origin of our coordinate sys-
tem (7,6,4) to represent one of the factors of the expres-
sion for the electron density of electron 1:

N,—1 _ M

Xo(D)=4,ry* e %Y, %(6,,1) . (1)
A, =(2¢, )N"+1/2[(2Na N1~'/2 is the normalization factor;
N,, L,, and M, are the quantum numbers of the orbital;
and £, is the screening constant. We place the other fac-
tor X, for the density of electron 1 in its local coordinate
system (R,O,¢4) that has been translated a distance «
along the z axis:

N, —1 _ M,

Xo()=4,R\* " e 517, 2(0,,4,) . )
In terms of the original coordinate system, the expansion
in spherical harmonics is as follows:®

4y [QLADELy+M | = [ ami4M) ) o Nim, Y
Xp(1)= — —1)"bq, b7t , Y; %6y, R
b givb_, 4Ly —M,)! 2 @ nu—m) (—=1)"tq (Spa,6pr1)Y] " (61,01)
where
N,L,M, @)U =My ML N o, —L,—1—1 R
a; (§ba,§br1)-———2(l+Mb)! P jgo C (L,NH(Epa,Epr N Epa)  ° (Epr1Y
and

e_g"a[( ——l)jeg”rl—e—g"rl] , r<a

Ht(§ aagr )= - i Spa —bpa
726 Ee0T e C”"[(—l)’eg" —e % 1, ri>a.
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(3)
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For completeness, we write an expression that can be used to determine the C-matrix elements:

N+L+IN+1 . (LM 2] L+M—2p L+M —2p—q [(I-M)/2) I-M—2p' | - M —2p'—q t t—k x
S cMMipairi= 3 2 2 2 2 S 33 gio
i=0 j=0 P=0 q=0 v=0 p'=0 q'=0 v=0 k=0k=0 4
rX(=1)"+I+PHP(2L —2p)N21 —2p')! (N —L +2p +2q +2¢')[(N —L —2p +2g +29'—k —k')1]~! @
(L —p)plp"lqlqg'wWw'(L +M —2p —q —v)! (I —p'’L —M —2p'—q'—v")k! ’
where

x=N+L+2]-2p'—2v'—2v—k —k',
y=2(p'+v+v)+k’,

and |
t=N—L +2p+2q+2q'.

The symbols [ ] mean reduce to integer. [By multiplying by (—1)'*¥ it is possible to have all positive elements.]
We seek the potential at an arbitrary point (7,,60,,¢,) due to the charge distribution X,(1)X,(1). Thus
XaXp

V(T)= [dv, S (5)

The Laplace expansion of 1/r, is

© A
L=41r > > (2A+1)_1r’; /rtﬂyint(el,d’l)}’in(ez:(bz) ) ©6)
T2 A=0 m=—A

where r _ is to be replaced by r, or r,, depending on which is smaller, and 7 is to be replaced by r; or r,, depending
on which is larger. By making the appropriate substitutions in Eq. (5), the radial and angular variables separate and we
get

172
(I+Mb)'
-y m - 7
V(rz)—koggYﬂ@z,(ﬁz);(z}\ D QI+ —M, )
A
N —1 _ N, L. M r
X [ridriry e TSN gy e "(Gparbor)—iT (hm | LM, | LMy) .
>
where
po Ay [ 2Ly + DLy +M))! 12
0= Ny=17 (Ly—My)! ’

and the angular brackets represent the angular integration over the product of three spherical harmonics, i.e., the Gaunt
coefficients.!® Let us examine the case of 1s orbitals with screening constants of 1. Carrying out the algebra and using

1/2
Y6,4)= |21 /Pl(cose), ®)
we get
V(ry,0,)= Iio Vi(r2)P)(cos6y) ©
with
Vitr)=2 :i:) li:, Cl(i’j)a_1~1+ifd’1 ’%e—’l,;_iil_Hij(“,"l)"l—l_Hj . (10)
=0j= >

The integral can be reduced to a summation by employing formulas (slightly modified) from a standard integral table:!”

_ _ n n! xn——k
[t —em 3 G e+ 20 o
e 'Sl m—k—1 (—w)* (—w)r
f r dx =—e ka=1 n—1)! ok + n—1) Ei(—wx), n>0. (12)

For formula generation we use a very simple form of computer algebra.'® For instance, the expression 4223 would be
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represented by the array element (2,3)=4. Hence, to multiply terms we multiply the coefficients and add the powers of
the variables separately. This can be expeditiously done under iteration. We end up with obvious functions multiplied by
computer-generated polynomial coefficients. The potentials for » <z and r >z must be determined separately. Here,

we examine the 7 <« case. For every [ value we anticipate a formula with ten kinds of functions, each multiplied by a

—3a

polynomial in « and r. The ten functions are as follows: e ™%, e "“Ei(—2r), e "%y, e “In2, e "“Ine, e “Inr, e ™%,

e “e~%, e “Fi(—2a), and e“Ei(—2a), where y=0.577 - - -
with nonzero coefficients for all / values, namely, e ™ and e ~%e

(Euler’s constant). Actually, only two functions appear
=27 Only in the cases of / =1 and 2 must we consider

more than two functions. To be explicit, we write the formulas for / =0 and 1, dropping the subscript 2 on r:

Vo) =a Y —=1/r+1.5—r+r*/3)e 42~ (1/r +0.5)e " *~ 7+ 2%(—0.5/r +2—r)e ™=

+2%0.5/r)e =¥ 4 2(1.0)e ™=, (13)
Vi(r=a"%3.75/r>*—9+13r +1.5r%)e ~*+ o~ X6r)e ““Ei(—2r)+a~%(6r)e ~“Ina+a~%(6r)e ~“Inr

+a"H—3.75/r*—17.5/r+1.5)e ~*~¥ 4 2~ %(6r)e“Ei( —2a)

+a~13.75/r*—=94r41.5,2)e ~*+ 2~ '(6r)e ““Ei( —2r)+a~'(6r)e ~“Ina

+a~ N —6r)e*Inr +a~(—3.75/r*—~7.5/r +1.5)e =~ + 2~ 1(6r)e“Ei( —2)

+a%1/r*—=3—4r%/3)e =%+ 2°%2r)e ~“Ei( —2r)+2%2r)e ~“Ina

+a%—=2re“Inr +2%—1/r2—2/r +1)e "*~¥ 4 2% —2r)e“Ei( —2a) . (14)

The lowest powers of « and r in the polynomials appear
to be — I —1, with the highest power of « being 1 and the
highest power of r being /+2. For the values #=2,
r =0.5 we obtain

V,=0.3883304404 ,
¥,=0.007004 7409 ,
V,=0.0001487459 ,
V=0.000004 2830 ,
¥ =0.000000 1504 ,
¥ 10=0.0000000060 ,
V1, =0.0000000003 .

V,=0.053464 1345 ,
¥3=0.0009775904 ,
V5=0.0000244637 ,
¥,=0.0000007873 ,
¥,=0.0000000296 ,
¥, =0.0000000012,

Hence,

12
V(0.5,00)= 3 ¥;=0.4499553739, (15)
1=0

and

12
V(0.5,1809= 3 Vj(—1)
1=0

=0.3410213596 . (16)

These two values given to ten decimal digits agree with
the eight figures of Trivedi and Steinborn.” (We note that
the table given by Hirschfelder and Weygandt!? is only ac-
curate to six figures.)

If we are satisfied with eight-decimal digit accuracy, we

—
may run our program in a purely numerical mode and
only use 1.4 sec central processing unit (CPU) time (on the
Florida State University CDC-Cyber 170-760). For
higher accuracy we must generate exact formulas for ¥V,
which for I =12 requires 44 sec CPU time, but of course
these formulas need only be generated once and then put
on magnetic tape. To avoid intolerable cancellation errors
at high [ values, the formulas must be expanded by
machine in a Taylor series.!!

III. CONCLUSION

Although in some respects our method is formally
equivalent to the single-center method of Harris and
Michels?® and that of Barnett and Coulson?®! (at least for s
orbitals), it is our insistence on algebra that is decisive.
The fact that the C-matrix elements are integers permits
exact formulas to be developed. The extensive use of alge-
bra gives us a penetrating insight into numerical calcula-
tions that allows us to proceed with confidence. Our
method gives us the ability to establish benchmark values;
the use of high-speed mass storage devices makes it possi-
ble to efficiently store and retrieve formula coefficients
for further developments.

ACKNOWLEDGMENTS

The author wishes to acknowledge the many useful dis-
cussions with Dr. C. A. Weatherford and that much of
the developmental work was done at Uppsala University
in the Institute of Quantum Chemistry. Current support
has been provided by U. S. National Aeronautics and
Space Administration (NASA) Grant No. NSG-5307.

IE. J. Weniger and E. O. Steinborn, Phys. Rev. A 28, 2026
(1983).

2International Conference on ETO Multicenter Molecular In-
tegrals, edited by C. A. Weatherford and H. W. Jones (Reidel,

Dordrecht, 1982).

38. Bosanac and M. Randic, J. Chem. Phys. 56, 337 (1972); E.
O. Steinborn and K. Ruedenberg, Int. J. Quantum Chem. 6,
413 (1972).



4

HERBERT W. JONES 30

4A. J. Silverstone, J. Chem. Phys. 48, 4106 (1968).

SH. P. Trivedi and E. O. Steinborn, Phys. Rev. A 27, 670 (1983).

6A. S. Coolidge, Phys. Rev. 42, 189 (1932).
7P. O. Lowdin, Adv. Phys. 5, 1 (1956).

8H. W. Jones and C. A. Weatherford, Int. J. Quantum Chem.

Symp. 12, 483 (1978).
9R. R. Sharma, Phys. Rev. A 13, 517 (1976).

10H.,
1Y,
124,
13Y4.
144
I5H.

W. Jones, Int. J. Quantum Chem
W. Jones, Int. J. Quantum Chem
W. Jones, Int. J. Quantum Chem
W. Jones, Int. J. Quantum Chem

. W. Jones (unpublished).

W. Jones, Int. J. Quantum Chem

. 19, 576 (1981).

.21, 1079 (1982).

. 20, 1217 (1981).

. Symp. 15, 287 (1981).

. 23,953 (1983).

16E. J. Weniger and E. O. Steinborn, Comput. Phys. Commun.
25, 149 (1982).

171, S. Gradshteyn and I. M. Ryzhik, Tables of Integrals, Series,
and Products (Academic, New York, 1965), Secs. 2.321 and
2.324.

18H. W. Jones, Int. J. Quantum Chem. 18, 709 (1980).

193, O. Hirschfelder and C. N. Weygandt, J. Chem. Phys. 6, 806
(1938).

20F. E. Harris and H. H. Michels, J. Chem. Phys. 43, S165
(1965).

21M. P. Barnett and C. A. Coulson, Philos. Trans. R. Soc. Lon-
don 243, 221 (1951).



