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We present in this paper a new formulation of the kinetics of the Lorentz gas, based on an
analysis of statistically independent collisional events. We give a method in which the general
collision operator is expanded in terms of functions of the density, and we carefully treat the
p~ approximation (p is the density parameter and s is the dimensionality of the gas). The
method is applied to the calculation of the self-diffusion coefficient.

INTRODUCTION

From the point of view of Boltzmann's early work
in kinetic theory, one considers a particle of a gas
at time t with velocity v(t) and evaluates the transi-
tion probabilities associated with the various pos-
sible binary collision processes. Molecular chaos
(MC) is then assumed, wherein each collision is a

random event having no correlation with the past
history of the particle. One can then derive the
increment dII(t) of the particle distribution function
f(v, t) between times t and t+dt in terms of these
transition probabilities and f(v, t) The kinetic.
equation thus obtained is local in time, and in the
case of the Lorentz gas, the successive deflections
of the velocity vector constitute a Markov chain.
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The concept of MC is introduced naturally when

one considers an infinite dilute gas: Each mole-
cule encountered by the test particle in a collision
is a "new molecule" (never before encountered).
In the case of a dense gas, the MC hypothesis must
be relaxed and the past history of the particle (be-
fore the collision) must be taken into account. This
can be done systematically by starting from the
kinetics of the N interacting particles and then de-
scribing, by successive approximations, the evolu-
tion of the Gibbs ensemble, subject to given initial
conditions. One either uses an appropriate expan-
sion of the Green's function of the Liouville equa-
tion [binary collision expansion (BCE), ' in the case
of the neutral gas] or one postulates the existence
of separate relaxation time scales for the various
correlation functions entering the Bogoliubov- Born-
Green- Yvon-Kirkwood (BBGYK) hierarchy. These
approximations, whose statistical significance is
not quite clear, depend fundamentally on the idea
that there exists, as in thermodynamic equilibrium,
an expansion of the statistical quantities in powers
of the density. The inadequacy of this statement
has been responsible for the difficulties encountered
in recent years in the calculation of the transport
coefficients (diver gencies). Theoreticians have
therefore been led to modify the above methods.
It has been shown that the divergencies of the BCE
theory can be removed by resuming appropriate
subseries of divergent collision integrals. ~ An

equivalent method is to construct convenient clus-
ter expansions of the dynamical operators whose
terms contain from the beginning the screening ef-
fect of the "virtual collisions" and are therefore
not divergent. ' Later on, these renormalization
procedures have been shown to be equivalent, for
obtaining a generalized kinetic equation of the gas,
to a suitable solution of the first equations of the
hierarchy.

In this paper we propose to generalize the Boltz-
mann point of view, starting with the consideration
of the statistically independent collision sequences
in the gas (the simplest being the ordinary binary
collision). These sequences contain all the various
recollision processes. Moreover, we have been
led to consider "virtual" sequences, which rep-
resent forbidden trajectories which are counted
in the Boltzmann statistics and which must be re-
moved. In order to obtain a systematic and com-
plete classification of the collisional processes,
we have introduced the notion of "topological colli-
sional schemes" (TS) which contain real or virtual
collision sequences and whose topology is defined
by precise rules. In terms of these TS it has been
possible to derive an expression for dII(t) which
accounts for all possible independent collisional
processes which can occur before t, and therefore
to obtain the general non-Markovian kinetic equa-

tion of the gas. An approximate description of the
kinetics is obtained by retaining in the general col-
lision operator only those terms associated with
the most probable collisional events (up to the de-
sired approximation): This is the method used to
proceed beyond the MC statement. Using the clas-
sification of the collisional processes with respect
to their probability we obtain an expansion of the
collision operator with respect to the density (the
contribution of short-range and long-range colli-
sions being carefully analyzed). The kinetic equa-
tions in the p approximation are of special inter-
est (p. being the customary density parameter and
s the dimension of the space). We determine under
what conditions the collision operators which enter
these equations may be approximated by Markovian
operators. As an application of the theory we pre-
sent a calculation of the self-diffusion coefficient
for the Lorentz gas of hard disks.

We limit ourselves, in this paper, to the case
of the Lorentz gas. For simplicity, this gas will
consist of point particles moving among an array
of fixed hard spheres (or disks) with radius R,
distributed in space with uniform density n. The
state of a test particle will be represented by A(t),
where

A(t) ={X(t), v(t)),
and Q(t) will denote the orientation of v(t). In the
same manner f(Q, t) will represent the marginal
distribution of the velocity angles where

f(A, t) = J f(A, t)dX

I. BOLTIMANN APPROXIMATION

A. Fundamental Concept

The essential feature of the Boltzmann approxi-
mation is the consideration of the motion of a test
particle in the gas as a stochastic process in which
the elementary events are binary collisions with
the individual scatterers, each collision being un-
correlated with the previous ones. As a conse-
quence, A(t) is independent of the coordinates X,
of the scatterer with which the particle will even-
tually interact at time t. On the one hand, the
probability W(Q IV ', X,)dA dt for a test particle in
the state Q' to undergo a collision with an arbitrary
scatterer c during t and t+dt and leading to 0, Q
+dQ is given by

W(A
i
A', X,)dQdt =n(X, )vdt a(A, A')dQ,

where n(X,} is the particle distribution function
(pdf) of the scattering centers (assumed to be uni-
form} and &(A ~A') is the differential cross section
for the collision. Introducing the normalized angu-
lar transition probability

~(Q'I Q}= o(Q'I Q')if dQ"(Q'I Q},
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we shall write

W(5'i A, X,) = v(X,) ~(A in),
where v stands for the Boltzmann collision fre-
quency. On the other hand, the probability that a
particle will leave the state Q is

df f w(n'~A", x,)dn'.
By virtue of the statistical independence of Q(t) and
X, the probability increment dms of f(A, t) between
t and t+dt takes the simple form

d&s=dtf dn X(n'~n, X,)f(n', t),
where y does not actually depend on X, {uniform
distribution of the scatterers) and is given by

x(n')n) = v[~(n' )n) —8(n- n')] .

The Chapman-Kolmogoroff equation which governs
the process takes the well-known Boltzmann-Lor-
entz form

FIG. 2. Boltzmann-Lorentz
equation.

Therefore we obtain

@(8 g) e vtt0(&) & 3 (2)

II. GENERALIZATION OF BOLTZMANN STATISTICS

A. Preliminary Remarks

probability that j collisions have occurred before
The statistical independence of the angular in-

crements permits us to write

q, (e) = [q(8)],
where g(8) is the characteristic function of the an-
gular deflection in the binary collision:

l —28 sinve
1- 48

where d/dt is the streaming operator: 8/St
+v 8/eX. The emission and absorption terms con-
tained in y may be represented by the diagrams
of Fig. 1. In the diagrams which will be considered
in this paper for describing the various collisional
processes we will always find emission and absorp-
tion diagrams associated. Hence, it will be con-
venient to write only the emission diagrams in
place of the two associated diagrams. %'ith these
definitions, the Boltzmann-Lorentz equation will
be written as shown on Fig. 2.

B. Hard-Sphere and Hard-Disk Lorentz Gas.

a. Hard sphere case (s-= 3). u(n'
j n) is uni-

form and therefore the vectors 1& which separate
two successive encountered scatterers are statis-
tically independent. An analytical solution can
then be derived for the homogeneous and inhomo-
geneous Boltzmann equations.

b. Hard-disk case (s = 2). &u(n' ~n) is not uni-
form, but the angular increments are independent.
A simple expression for the characteristic function

$(e, t) of the angular process can then be obtained.
Indeed, since the collisions are distributed in time
according a Poisson law, we have

y(e, f) =(e""'")=5, [!vf)'/i !]e-"'q,(e),
where $&(e) is the characteristic function of the
deflection after j collisions and [(vt)~/j !]e "' is the

FIG. l. Emission and ab-
sorption diagrams.

ln the Boltzmann approximation, n(t) and the
coordinate X, of the next-encountered scatterer are
independent. This assumption, which expresses
the MC in the case of the Lorentz gas, is equivalent
to the statement that, at any point within the gas,
the probability of a new collision is uniform in space
and independent of the past history of the test par-
ticle. One then ignores the possibility that the par-
ticle may interact several times with the same
scatterer and therefore that during a collision cycle,
A(t) and X, are not independent. Moreover, the
assumption of statistical independence of n(t) and
X, les.ds to unphysical trajectories. To properly
describe the evolution of f(n, t) we may proceed
as follows: VYe start from the Boltzmann probabil-
ity increment dz& at time t. In writing dr~ we are
stating that the particle has not previously inter-
acted with scatterer c. However, among all the
possible configurations of previously encountered
scatterers, there will exist some configurations
where particle trajectory has crossed c before
time t; these configurations are forbidden. As an
example, scheme (a) (see Fig. 3) may be obtained.
In such configurations the past trajectory crosses
c at least once. These crossings will be called
"virtual collisions" and the corresponding config-
urations "virtual schemes. " They are counted in
the Boltzrnann statistics and their probability must
therefore be subtracted from dg~. Due to the
constraint imposed on the trajectory (namely, to
have crossed c in the past), A(t) and X, are not
independent during the cycle. This fact will be
taken into account when we calculate the probability
increment of f(5, t) between f and t+ dt due to the
contribution of such virtual events. This increment
will be expressed in terms of the probability
f (5', f- r) at the beginning of the cycle.
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(a)
(I,) (~&)

te)
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a(t)

(c)

plicated than (a) and (b) (see Fig. 3). In scheme
(c) we have three successive real collisions with

scatterer c. In scheme (d) the paths into and out
of the scheme do not pertain to the same scatterer.
These examples, as well as those which will be con-
sidered in the following, are "connected"; i. e. , it
is impossible to divide them into two subschemes
by means of a surface encircling one of the sub-
schemes and cutting only one trajectory. A scheme
such that such a surface exists will be called "dis-
connected. " The schemes (e) and (f} are examples
of disconnected schemes (cf. Fig. 3). We see that
in (e) and (f) the global collisional process may be
divided into two processes: f,(or ez) and fz (or el),
which are statistically independent. At point M,
A(t) is independent of the coordinates of the scat-
terers present in fl (or e~). It is therefore possible
to relate f(A, t) (at the end of the cycle) to f(Q, t —r}
at point M.

(a) Forbidden scheme incorporated in the
Boltzmann statistic. (b) Real scheme associated with
scheme (a). (c) (d) Examples of collision schemes. (e)
(f) Examples of disconnected schemes. (g) Arbitrary
scheme. (g') Example of forbidden trajectory obtained
with (g). (g") Scheme to be taken with a positive sign.

These considerations concerning the forbidden
events included in the Boltzmann statistics may be
formulated in the following equivalent may: Each
nem scatterer c may find itself anywhere in space
with uniform probability except in a forbidden region
z constituted by the union of the past collision cyl-
inders. When the center of c is found in E, one then
considers a virtual cycle of collisions whose prob-
ability will be subtracted from dn&.

We shall now consider real recollisions with c.
Indeed, to each virtual cycle of the above type, there
corresponds a real cycle in which the initial virtual
collision is replaced by a real one. As an example,
to the virtual scheme (a) there corresponds the real
scheme (b) (cf. Fig. 3). In scheme (b), as in (a),
we obviously have to go back in time to the beginning
of the cycle to find a variable fl' independent of X, .

We have accounted for all the possible collision
events, any collision always being classified in one
of three categories: (i) ordinary Boltzmann colli-
sions (in which the scatterer has never been en-
countered before), (ii) collisions in the forbidden
region, and (iii) real recollisions. To obtain the
kinetic equation for the Lorentz gas we consider
systematically all the interaction processes with
several scatterers for which the successive col-
lisions are not independent. The schemes (c) and
(d) are examples of collision schemes more com-

B. Notion of "Topological Scheme"

Let us consider an arbitrary scheme, such as
(g} (see Fig. 3). To evaluate the probability of such
a configuration with a given initial collision on c,
we have to sum the probabilities of all possible con-
figurations of the c, (i = I, 2, 3, 4) which are compat-
ible with a closed trajectory and with the transition
0-0'. If the c, were sought in all space with a
uniform pdf, taking account of the unique constraint
mentioned above, we mould obtain forbidden tra-
jectories containing virtual collisions. An example
is the configuration (g') (Fig. 3).

The probability of configuration (g') must be sub-
tracted from the total probability of (g), the latter
being computed by integrating over all the impact
parameters compatible with the constraint which
defines (g). Scheme (g'), whose probability enters
into the collision integral with a minus sign, is de-
fined by the previous constraint and by the fact that
the trajectory must cross c3. Evaluating the prob-
ability of (g') by integration over the impact param-
eters we again find forbidden configurations contain-
ing two virtual collisions [for example, with

c~ and c„scheme (g"}I. The probability of (g")
must be subtracted from that of (g '), which means
that it enters into the collision integral with a posi-
tive sign (see Fig. 3). Also, on generalizing, it is
clear that we obtain the following rule: "The prob-
ability of a collision scheme enters into the collision
integral with a plus or minus sign according to
whether it contains an even or odd number of virtual
collisions. " (The initial collision is of course taken
into account in computing this number. )

Returning to the initial scheme (g) we see that it
generates a set of schemes whose probabilities must
be affected by different signs. Therefore we are
led to consider secondary schemes, in which the
constraints imposed on the trajectory relative to
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FIG. 6. Two TS of the same order of magnitude.

FIG. 4. Equivalent TS(I) are different from the TS(II),
which bear one additional constraint.

the various scatterers are completely specified.
We shall call them "topological schemes" (TS) and
we define them as "collisional schemes which are
completely defined by an ensemble of constraints
imposed on the trajectory. "

We wish to point out that the introduction of TS
is also necessary in order for the paths into and
out of a scheme to be defined unambiguously. In-
deed, (g) generates configurations in which one or
several c& cross the paths into and out of the scheme.
Such configurations must be considered separately,
as new TS.

A TS will be represented by a graph which con-
tains all the specified interactions (real or virtual)
of the test particle with any scatterer. We shall
adopt the following definitions: (i) A real collision
will be denoted by a bold impact point on the scat-
terer. (ii) A virtual collision will be denoted by a
bold line on the trajectory inside the scatterer.

As an example, the two upper TS of Fig. 4 are
the same, but are different from the two lower TS,
which bear an additional constraint. Scheme (g)
(Fig. 3) generates, with their sign, the TS repre-
sented in Fig. 5.

Let us consider a particular virtual collision tak-
ing place in a TS. We may associate with this TS
another TS in which this virtual collision is re-

placed by a real collision, the probability of these
two TS being of the same order of magnitude. An

example is provided by the graphs of Fig. 6, which
contain the same number of constraints. Conse-
quently, given a set of scatterers, this set generates
an ensemble of TS whose probabilities will be classi-
fied according to the number of their real (or virtual)
constraints.

To evaluate the probability of an arbitrary TS, one
has to integrate over the coordinates of the scatterers
entering into the TS and compatible withthe specified
constraints, the order of the successive interactions
with {1~ ~ ~ j) being preserved. It is important tonote
that any scatterer in the TS undergoes at least one
real interaction.

The schemes shown in the above figures are of
the emission type. We must also consider the cor-
responding absorption schemes (see Fig. 7).

We shall adopt the same convention as in Sec. I:
Diagram (a) will represent the sum of both diagram
(a) and (b) (see Fig. 7).

C. General Kinetic Equation for Lorentz Gas

Derivation of Kinetic Equation

Let us evaluate the probability increment d II(&l
of f(A, t) between t and I+ dt, due to the contribution
of the connected TS characterized by the configura-
tion {jj(cf. Fig. 8).

The probability of the collision 0,- 0 with c oc-
curing between t and t +dt, not taking account of the
past history of the particle, is vdtWe(Q, [ 5). This
probability must be multiplied by the probability of
finding a connected configuration before this colli-
sion, starting with the collision with co, the initial
state being 5,. Therefore, we have

dlii&~ = ega vdtWe(5, }5)[probability of finding
configuration {j) leading to (50-5,) transition,
the time of flight of this configuration being be-
tween r& and r& +dr&]jxf(5o, t —r&)dAodr&,

sgn{ jJ being +or —according to the even or odd

FIG. 5. TS generated by scheme (g) (Fig. 3). (a) (bI

Emission and
absorption graphs.
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FIG. 8. Connected graph asso-
ciated with the {j) configuration.

number of virtual collisions contained in the TS.
Let us now write

v Wa(5
I
5,)(Probability of {j}configuration)

x f(9 P-tj)dke

a,
H(t) ~ [ Nt)t K 11T e(&r ) ti& jfy

= vW{ j}ru(5I50,{j}), (3) FIG. 10. Kinetic equation of the Lorentz gas.
where W{j}dr~ is the total probability of encounter-
ing a configuration of {j}whose time of flight is between

r& and r~ +dr, , and where &u(5150, {j})is the
normed probability of deflection 5c- 0 associated
with this scheme. Thus, we may write

dii~&& = sgn{ j}vdt $ dr&

The total probability increment dII of f(5, t) be-
tween t and t+dt will be

(4)

the sum g~&& extending over all the possible con-
nected TS. It is clear that taking account of a dis-
connected scheme would mean considering succes-
sive statistically independent collisional events,
which is already done in a kinetic equation con-
structed with the above increment dII.

Representing the probability defined by Eq. (3)
by the graph of Fig. 9, we shall write the kinetic
equation of the Lorentz gas in the form represented
in Fig. 10, in which the Boltzmann term has been
written apart. The top equation in Fig. 10 must be
solved with given initial conditions, namely, the
initial state of the particle and the initial correla-
tions between the particle and the scatterers. We
shall consider later the effect of these initial con-
ditions.

2. Effect of Correlations between Scatterers

Up to now we have ignored the correlations be-
tween the scatterers. Thus we have been able to
obtain the modifications of the Boltzmann kinetics
which are due only to the "memory" of the past
trajectory. It is particularly simple, in the case
of hard spheres or disks, to take account of the
correlations between the scatterers, these cor-
relations being simply excluded-volume effects.

FIG. 9. Representation of the
probability appearing in Eq. (3).

a~ ~a
Cq Y! FIG. 11. (I) Simplest TS

associated with excluded-vol-
ume effects. (II) TS genera-
ted by (g) (cf. Fig. 3) when
considering excluded-volume
effects.

It is clear that for an infinite system, the con-
straints due to the excluded volumes simply re-
constraints due to the excluded volumes simply re-
quire that we subtract from the probability of the
real collision events the probability of the events
in which the scatterers overlap. Therefore, these
forbidden events play exactly the same role as the
above virtual collisions, and they generate TS sub-
ject to the rules previously given. The simplest
TS in which this new type of virtual collision is to
be found is represented in Fig. 11(I). The graphic
representation contains a bold line indicating that
its probability must be computed by summing over
all overlapping configurations of c, and cm. (Let us
note that this scheme satisfies the ordinary condi-
tion for being connected. ) In the same way scheme
(g} (cf. Fig. 3}, considered above, gives rise to
TS as represented in Fig. 11 (II), where the proba-
bility must be preceded by a minus sign.

III. PRINCIPLES OF A DENSITY EXPANSION OF
COLLISION OPERATOR' EXPANSION WITH RESPECT

TO CONSTRAINTS

A. Generalities

It is clear that the more complicated the struc-
ture of a TS, that is, the greater the number of
constraints imposed on the trajectory, the lower
will be the probability of this TS. Since this proba-
bility is a known function of the density parameter
p, , it seems feasible to propose a simple density
expansion of the collision operator based on the
classification of the various TS according to the
number of constraints which they contain. Unfor-
tunately, the p. dependence of the various TS is
quite complicated and is not determined solely by
the number of constraints. The reason for this
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complexity is that the different possible constraints
have different weights. First, the constraints which
result from the correlations between the scatterers
are, in general, stronger than those which are due
to the memory of the past trajectory of the particle.
Second, when the separation between scatterers is
of the order of 8, the constraints will be weaker
than for the case in which the separation is of the
order of the mean free path.

Therefore, we shall not try to give a general
classification of the TS, and we shall restrict our-
selves to a study of the simplest TS classes.

For a given number of scatterers, it is clear
that the most probable TS which may be constructed
from them is the simple cycle (see Fig. 12). This
TS contains only one constraint, namely, the clo-
sure of the cycle. If we now consider various sim-
ple cycles it is intuitively obvious that the proba-
bility of any cycle is only a slowly decreasing func-
tion of the number of scatterers j; roughlyspeaking,
one can say that the successive collisions are free
from constraints except for the last collision which
closes the cycle. Therefore, we might be tempted
to say that the first term of the expansion of the col-
lision operator will be, after the Boltzman term,
the sum of the set of all simple cycles. Actually,
as mentioned above, we must incorporate into the
same approximation the contribution of short-dis-
tance interactions, namely, the 3-body ~ ~ (s+1)-
body interactions, as will be shown later. We shall
now specify these considerations by evaluating the
probabilities of some recollision diagrams.

B. Evaluation of Probability of Several TS

l. Three body Reco-llision (Simple Cycle)

First we shall consider the simplest diagram,
namely, the recollision between two disks in the
two-dimensional case (cf. Fig. 13). Let us evalu-
ate the probability P(Q' [ A)dA of the transition
(A - A, A+dA), being given the initial collision on
disk 1 (characterized by angle y). A particular
configuration {1,2J will then be determined by the
distance l between the scatterers. For a recolli-
sion at a distance between l and l+ dl, the center c&

of disk 2 lies on the surface element d Z defined by

d Z = P(l, 8)dQRdl,

where 8 represents the set of angles {p,A, Q'j
which characterize the configuration, and $(l, 8) is
a measure of the allowed angular domain seen from
c2. The probability of finding cz in dZ is ndZ.
Furthermore, in order to calculate P we have to

FIG. 12. Simplest cycle.

FIG. &3. Simplest two-dimen-
sional recollision scheme.

take into account that disk 2 should be the first en-
countered scatterer, i. e. , no other disk is to be
found in the union S of the collision cylinders at-
tached to the trajectories 1- 2 and 2- 1 (S=S,~Sz
= Sg + S g Sy & S2 Sy and S~ being the collision cylin-
ders relative to the "forward" and "backward"
trajectories}. The probability of not finding any

disk in S is

where n =N/Z and Z equals the total surface of the
system. S, like t)t), is a function of l and 8. There-
fore P(A'I Q)dQ is given by

P(Q' ~Q)dA= ~ J (dl/X)e" "' ' dA,

where 1 = (2Rn) ' is the Boltzmann mean free path.
For large l, S(l, 8) takes the form

S(l, 8) = 2Rla(8), where 1 & a(8)&2,

and $(1, 8) is such that

$(1, 8)-R for l & R,

$(l, 8) = P (8)R/l for large l,

where P(8) is a normalized function (f dQP=1).
Let us now evaluate the total probability of recolli-
sion W= JPdA Large v. alues of l (l »R) dominate
the integration (the integrand decreases as l ' for
large l if one ignores the shielding exponential which
contributes only for l »R), and we can thus write

dg dry l, e e
0

t dA p (8) t —e ~"*I' ', with x = p, l/R.=J J„
The integration over x yields Inp, ' in the limit p.- 0. We then obtain

8'= p, lnp ' .

2. General Eorm of Transition Probabilities

In order to generalize this calculation to the case
of any simple cycle we shall first give a general ex-
pression for the probability of an arbitrary TS con-
taining j interactions. Let l y lg lg g be the dis-
tances between the successive neighboring scatter-
ers. The elementary probability of the diagram
may be written as

dig d/p dig g tg i g

X

~ C{e,l," 1,)P(e)de,
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where e stands for the set of angles characterizing
the configuration (0„~ ~ ~, 5~,), S is the union of
the collision cylinders,

1

P(B) = D 6 (Q„i 5„,)
is the product of the probabilities of the successive
angular deflections, and C(B, I,. ..I&) is a function
which expresses the ensemble of the constraints
defining the TS; C = 1 or 0 according to whether the
constraints are satisfied or not. Finally a differ-
ential element like df, /X is the unconditional proba-
bility of finding scatterer k in dl„. It is convenient
to use polar variables in the j dimensional space:

where p and 0 are, respectively, the radius vector
and the set of polar angles for this space. In terms
of these variables, we have

Therefore, the integrand in the general expres-
sion (6) for p takes the form, for large p,

A ~ p~ '
dp e P(P) C(p, P. , A) dP d'8

from which it follows that, if s —j & 1, the integrand
converges even in the absence of the shielding term
e " . Furthermore, the effective range of p in the
calculation of the integral is of the order of R,
i.e. , those values for which e ~= 1. Accordingly,
the dominant dependence on n of the integral is
given by & ~, that is, we have

P, dO'- p, 'dQ', s-j &1 .
This case holds for s = 3, j = 1. If s -j & 1, the in-
tegral diverges in the absence of the shielding fac-
tor. As a result the important values of p in the
integration (with the shielding factor) are such that
p»R. In this range we can use the asymptotic
form (V) of AQ& and of the shielding factor nS.

Using the variable x = pl/R we have

00

P.d P' '-' ded'g s j e

1

p = d~ = p dp -ng(n, e,a)

0

x PJQ C(p, B, 8) dBd'8, (6)

(Qg[ +&8,(x/p)]) P B Q
&

F,'-'(e, 8) (6)

where p~ 'dpd 8 is the volume element in the frame
of the I,'s. The functions P(B) and C{p,B, 8) have
no singularities and the integrand has a regular be-
havior when p- 0, since the constraints are then
associated with finite solid angles ~ When p- ~ the
argument of the shielding exponential takes the
form npRs 'S (A, B), and the exponential makes the
integral converge in all cases.

3. Particular Case of Simple Cycle

The effect of the constraint on the closing of the
cycles may be expressed by writing 5, and I„,as
known functions of the previous random variables
I, ~ ~ I&, 5,. ~ ~ 5~ „where the solid-angle element
corresponding to Q& has the form

&Ay= H(fq, q, Q).q)dQ'-(R/lq. q)' 'dQ' as l),q- ~,
gQ& -dQ' for L&, &

& R, (7)

l&,, being of the form

l&,q= pFq(B, 8) for large l~'s. (See Fig. 14. )

where the 1nwer limit p, of the integral over x ac-
counts for the modification of AQ& when the last
collision occurs at a short distance. p, appears in
expression (6) in the p' ' factor, in the lower lim-
it of the integral over x, and in the argument of the
angular probability +(Q,). The latter dependence
on p. is rather weak since this probability is, in
general, a regular function with a value between
0 and 1 and Q& is also a regular function of the
cycle's length. In a first approximation we will
neglect the dependence of II, on p, through + (Q,).
(This is equivalent to replacing this probability by
some mean value independent of p. ) This approx-
imation is no longer necessary in the case of hard
spheres where the probabilities 6' (Ql, ) are uniform.
Two cases are thus to be considered: (a) s —j & 1.
The integral over x converges in the limit p. - 0,
and

II&dQ'- p dQ';

(b) s -j= l. The integral over x diverges for p,- 0. One then has

f dx ~ ~ ~ -Inu ', IlqdQ'-p' 'Inp-' .

FIG. 14. Two-dimensional recollision
cycle.

Let us reformulate these results for the collision
frequencies v... (v,„=II, &&probability of the initial
collision):

If s-j &1, v&+&- p~' (s =3, j = 1, v&- p2) ~
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If s-j&1, v&,q- p'
(For j sufficiently large, v/ becomes independent

of j);
If 2 = s, v,+&- p, '1np

4. Probcbjl sty of Cycles Sum

It is important to know whether the sum (over j)
of the probabilities of the cycles is convergent.
The central limit theorem answers this question in
the case of hard spheres (s = 3). The vectors I,
are then statistically independent and

f
K=+ I,

f=i

obeys a normal law in the limit of large j. This
result remains valid when the angular deflection in
a collision does not have uniform probability. The
distribution of T has the form

+f g) j-s/2 y-se r//A-

A = ((Z, I.I,)&'/'

(o being a large enough arbitrary integer).
The probability of recollision with the initial

scatterer (assumed to be in L = 0) is proportional to
g/ y/ (L=O). But

for s &2,
for s=2.

This sum converges only in the three-dimensional
case; the probability of recollisions is then well
defined and it is smaG if n is small. On the con-
trary, the sum diverges for a two-dimensional sys-
tem. Then, by virtue of the well-known theorem
on Markov chains, only the probability of first re-
turn is well defined, and it is unity. The probabil-
ity of returning to the origin between r and r+dv is
then

P,(r)dr-vdr/r (s=2} .

5. Mean Duration of Various Cyclic Diagrams

In the three-dimensional case the probabilities
of the cycles decrease as j ~, and, therefore, a
good approximation of the collision operator is ob-
tained by retaining on)y the cycles containing a rel-
atively small number of scatterers. The duration
of these cycles (r/=(L, /v)) can easily be evaluated
by using the approximate probabilities given in Sec.
III8 3. We then obtain

r, = (L,/v ) - v/v = u v-' (s = 3),
r2=(L~/v&-v '/Inu ',

T/&s = ( L//v ) v

where v is the Boltzmann collision frequency.
In the two-dimensional case, on the contrary,

the probability of first return is unity while the
probability of any particular cycle is of the order
of // (u «I). It follows that a large number of cy-
cles must be included in the reconstruction of the
probability of first return, which enters the colli-
sion operator (the relevant domain of j would be of
the order of u '). This implies the contribution of
cycles whose duration is much larger than v-'.
Nevertheless, as we shall see later, the efficiency
of the collision operators associated with large cy-
cles becomes very low when j increases.

C. Effect of Initial Conditions

We suppose that the moving particles are "cre-
ated" at f = 0 with pdf f 0(O) and a given correlation
with the scatterers. Let us first study the evolution
of the joint probability P(ft, f IQO). For this we
must consider that the distribution of the scatterers
is inhomogeneous in a region around x = xp whose
extension is of the order of the initial correlation
length. Consequently, the tr ansition probabilities
of the col1.isional processes which take place in the
vicinity of x= xo are modified (being space depen-
dent}. The kinetic equation for P may be written
as

rf

„—, P(fI, i~ O,)
,

d=~H(n, O„~)P(O, f —r~ n,),
0 (9)

where H(O, Oo, r) is the modified collision operator,
when account is taken of the inhomogeneity of the
medium. It is worth noting that, due to the depen-
dence of H on Oa, Eq. (9} does not yield an equation
for f(O, f) [f(Q, t) = fPf (0 )dOoj by means of an
averaging over the initial states. Nevertheless, it
is clear that in the limit of long times, I' becomes
independent of Pp, the contribution of the collision
schemes dependent on O~ becoming negligible; we
then recover the kinetic equation (see Fig. 10) for
f(O, f).

It is instructive to consider the case for which
the initial given correlation is that no particle is to
be found inside the volume occupied by the hard
spheres. This correlation is of the "excluded-
volume" type as are the correlations between the
spheres Again, it .is possible to take account of
this initial correlation by considering forbidden
TS, namely, those in which xp is located inside one
of the scatterers. A virtual scheme of this type
is given in Fig. 15. Its topology is such that no
"way in" can be defined, and, therefore, it does
not appear in the classification of the above-defined
TS. This new class of virtual schemes produces
inhomogeneous terms in the kinetic equation for I'.
It is clear that the contributions of the term as-
sociated with the scheme of Fig. 15 is of the same
order of magnitude as the contribution of the recol-
lision scheme (cf. Fig. 16)which enters the colli-



GENERALIZATION OF BOLT ZMANN' S KINETIC T HEORY. 813

FIG. 15. Scheme associated with initial
condifions of excluded volume. A(3) FIG. 17. Intersection of

sion operator in the kinetic equation (see Fig. 10).
We conclude that during the initial state of the ev-
olution neglecting the propagation of the initial cor-
relation introduces an error of the same order as
that incurred by neglecting the recollision processes
in the kinetic equation. This remark leads to the
difficult question of the evaluation of a time auto-
correlation function in the gas. We shall return
later to this problem when we calculate the self-
diffusion coefficient.

IV. KINETIC EQUATION IN p' APPROXIMATION

A. Derivation of Kinetic Equation

Taking account of all the simple cycles in the
collision operator means that one retains terms up
to the p.

' order. On the other hand, it is obvious
that the probability of a configuration containing j
neighboring scatterers (whose distances are of the
order of R or of the range a of the interaction po-
tential) is of the order of p'. Therefore we must,
in the p,

' approximation, retain in the kinetic equa-
tion all the configurations with j = s scatterers. In

the case of hard spheres (or disks) this means that
we keep all multiple recollision processes involving
s scatterers. In the case of an arbitrary interaction
potential (not of the hard-sphere type) the recolli-
sion concept is less clear, and it loses its meaning
entirely when the potential range of several scat-
terers overlap. It is therefore necessary to intro-
duce the total transition probabilities relative to
the interaction of a particle with s scatterers. The
probabilities of the large cycles (l, »R, a) will be
evaluated asymptotically in the limit of large l&'s,
the limits of which are in general well defined.

Let us denote by &,"' the set of diagrams which
involve at most s scatterers and by ~z" the set of
the simple cycles. These two sets have a nonempty
intersection A which for s = 3 is given in Fig. 17.

Since these diagrams must be counted only once&
we will consider the sets

==q, -A and Vg.

~~ contains all the simple cycles and may be
written as in Fig. 18, where we have explicitly
shown the real and the virtual terms. The kinetic
equation including = will therefore be written as
in Fig. 19.

The equation in Fig. 19 is the most general
kinetic equation in the p,

' approximation. The last

term contains the probability G(~) that the particle
returns to the initial scatterer between ~ and ~+d7.
and after an arbitrary number of independent col-
lisions. This probability may of course be expres-
sed by means of the Green's function for the in-
homogeneous Boltzmann equation. The collisions
which occur in the cycle are, in the p' approxi-
mation, ordinary binary collisions. Furthermore,
both initial and final interactions may be described
by means of the usual binary collision operator T.
T itself can be split into an emission and an absorp-
tion part:

T = TR —Tv

(which are the "real" and the "virtual" parts in the
usual terminology).

Writing explicitly the emission and the absorption
parts of the real and virtual diagrams in the last
term of the equation in Fig. 19, we obtain the four
terms represented in Fig. 20 with their correspond-
ing signs.

Grouping these four terms, we obtain the relation
written in Fig. 21.

The "Markovianized" version of this equation is
given in Fig. 22, where

G q-—f d7 G ~(7')

is the probability that the particle will return to
the initial scatterer, irrespective of the time.
This last form is identical, except for the =term,
to the equation given by Cohen' and by Pomeau. 4

We shall now study the conditions of validity of
this equation.

B. Validity of a Collision Operator Local in Time

The evolution of the gas is driven mainly by the
ordinary binary collisions which are the most
probable events. The relaxation time of an aniso-
tropy in velocity space is therefore of the order of
v . Consequently, the relative variation of this
anisotropy during the duration v& of an arbitrary
cycle will be of the order of vv&. We thus conclude
that a first condition of validity of the equation in
Fig. 22 is v7.~«1. An additional condition must be
fulfilled in order to make a coherent approximation
of the kinetic equation: The errors which result
from an approximate calculation of the most prob-
able diagrams in the collision operator must be

FIG. 16. Recollision scheme.
0

I ( FIG. 18. Expression of f'2.
I
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f (0, t-r)
I

where /dT;, ' f(+,t-t) = E /dT (W(j) ) f (Q,t- t, )

p

a f(~.t-&) = / d~7(Q)G &(T) T(a) f(Q, t-T)
'- ~ g

FIG. 21. Expression of the collision integral.

FIG. 19. Kinetic equation including ". of the "short-distance operator" ").
2. Two-Dimensiona/ Markovian Equation

negligible compared to the contribution of the most
unprobable diagrams retained.

In particular, in the p,
' approximation, we have

to account for the duration of the ordinary binary
collisions whenever the interaction potential is not
of the hard-sphere type.

1. Three-Dimensional Markovian Kinetic Equation

Let us first recall (Fig. 23) the p dependence of
the various relevant diagrams containing terms of
the order of p, , p. in@, ', and p .

Considering the first criterion and using the re-
sults obtained on the time duration of the cycles
(Sec. III B5), we see that the diagrams with more
than three scatterers provide non-Markovian con-
tributions and therefore must be disregarded in the
equation in Fig. 22. It is worth noting that these
diagrams are negligible if we restrict ourselves
to the p. 1np,

' approximation. We can thus approxi-
mate = (see Fig. 24).

Considering, next, the second criterion, we re-
mark that a Markovian approximation of the Boltz-
mann binary term is only valid if the range of the
interaction potential is very short. In general,
there is a non-Markovian contribution of the order
of p. if the potential range is of the order of the
radius of the scatterers.

The Markovian kinetic equation for hard spheres
is then given in (Fig. 25) with:- given in Fig. 24.

We point out that the contribution of distant col-
lisions has a fairly simple form since it involves
only three-body and four-body interactions. As for
the Lorentz gas, the contribution of the non-Marko-
vian cycles is small compared to that of the retained
cycles, and therefore the equations in Figs. 22
and 24 are equivalent (they differ, however, from
that given by Cohen and by Pomeau by the presence

We consider the diagrams of Fig. 26. For this
case, only the two-scatterer diagram is Markovian
and it is much larger than ".Therefore, the Mar-
kovian equation will be given, if it exists, in Fig.
27. However, one may doubt the validity of this
equation. Since the probability of return on the
initial scatterer has a probability equal to unity,
one may ask if, over a long time, the set of large
cycles does not play a decisive role in the kinetics
(even though each of these cycles separately is of
higher order).

Let us now consider the four cyclic contributions
of Fig. 28.

The central limit theorem tells us that the prob-
ability of these configurations for large v is such
that

W, (Q, 0', v)- p(dv/v) .
Furthermore, it is intuitively obvious that these
probabilities tend to become isotropic, i.e. , in-
dependent of A. It is shown in the Appendix that

I I
wi«&' ~)l-

I w~ (t7 oi ~)l I« t(deal-v)(I/-) .

From this, it follows that the sum of the cycles

v W, —W2
P7 P'7

& 1/u

never causes any divergence in the kinetic equation
and provides a regular contribution of the order of
p, i.e. , smaller than the contribution resulting
from the recollision term (Fig. 16). This ensures
the consistency of the kinetic equation in two di-
mensions (Fig. 27).

We now give an explicit form of the equation for
the marginal pdf f(Q, t) in the approximation
p in& . It may be written in terms of binary col-
lision operators as

a

(emiss'on diogrom) -/ TR ( p) G+ p ( I ) TR(c)

(obs~ion degree) -/TR Ty

(emission diogrom ) -/Ty - ------- -—-Tp

(ob~en diogfam) -/Ty .Ty .

= (T+ TG T)f(A, t)

df
+ —+ T(P)Gc p 7(&) f(Q, t)

FIG. 20. Explicit form of the last term of the equation
in Fig. 19. FIG. 22. Markovianized kinetic equation.
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rp'(3 body) (4 body)a lp +4
~ {3 +. . . ()3 4{3 I n )3+)

illltl= Q': ~~ Cg-+ Ftll. t)

FIG. 25. Markovian kinetic equation for hard spheres.

p' t. n

eP 3

The solution of Eq. (11) is

y(8, t) ="""e(8,t=0),
which has the same form as inthe Boltzmann approx-
imation. This is due to the fact that the increments
of Q(t) resulting from the various collisional events
(real or virtual) remain independent of A. This
property does not survive in the three-dimensional
gas.

or

FIG. 23. p dependence of the relevant diagrams
(three dimensions) .

= (v[II(R )R —I]+ v'[[II(R )R„—I]

~ R(II)[II(RJR,—I]))y,

C. Self-Diffusion Coefficient of Lorentz Gas

We start from the usual definition of the self-
diffusion coefficient, namely,

f3=-3lim f (v(t) v(t —3))dy as t-~ .
0

One way to calculate D is to evaluate the autocor-
relation function in the limit of long times. Let
Q(3) be the asymptotic form of this function, which
is stationary. It is "intuitive" that Q(3) can be
expressed in terms of the collision operator H(7)
of the kinetic equation Fig. (10), that is, without
initial correlation terms. One thus writes

where v'= p lnp ', A~„z represents the rotation
operators associated with the various rotations oc-
curring in the process, 11(R,„3)is the probability
of rotations R „&. The intermediate rotation in the
triple-collision term has been taken as R(II): This
is due to the fact that the long-distance recollisions
are dominant. It is interesting to write down the
kinetic equation for the characteristic function
P(8, t) defined by

y(8 t) (s f8 (ty)o

The eigenfunctions of the rotation operators are of
the form e' ", and the Fourier transform of the
collision operator is a function K(8). Fourier trans-
forming Eq. (10) we obtain

P(8, t) =K(8)g(8, t)y

Q(3') = (v(0) ~ v(3)) = v(0) [F(v, 3)v(0)],
where F(v, 3') is the propagator of the kinetic equa-
tion (Fig. 10)[the distribution of v(0) is assumed
to have reached its stationary isotropic form]. For
simplicity we shall consider the two-dimensional
gas. The Fourier transform of F(fI, 3) will be
Q(8, 7), the solution of a kinetic equation of the
following form:

I
T

$(8, 7') = dt' K(8, t')$(8, 3 —t'),
"o

with initial condition p(8, 3 = 0) = 1. We then have

(order) p

with

K(8) = v[3{(8)—ll+ v'([4(8) —I]e 'll{'(8) - Il)
where g(8) is the characteristic function of the
angular deflection in the binary collision [given by
Eq. (2)].

g(3 bodies)

lpin p

g {3 body )

FIG. 24. Approxi-
mation for " in the

1np, approximation.
FIG. 26. Relevant diagrams in the two-dimensional

case.
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FIG. 27. Markovian

g fIn i) [ ~ ] f(S i) kinetic equation in the
two-dimensional case.

Q(p) =v'[cosQ(v)]= v'y(8= 1, r) .
X

0 Re(c. )

FIG. 29. »omwich
contour in the e plane.

Laplace transforming Eq. (12) with respect to time,
we obtain

4(I},e)=[~ -K(i), ~)] ',
where $ and K are the Laplace transforms of p
and K. We then have

1
'

1D=- dv . d~
2 0 (ri t—K'( 1, 4)

1 1 ds
2 2vi (r) e[~-Ã(I &)]

'

where (I') is the Bromwich contour in the c plane
(Fig. 29}; such that Re(z) & 0, but with all the sin-
gularities of [e —t(1, e)] ' on the left of (I'). The
existence of (I') will be assumed, arguing that if
Q(v} has a regular behavior for r- ~, then all the
singularities must be on the left of e =0. Closing
the contour on the right in this fashion, we find the
unique pole e =0 and we obtain

D= —,'- [1/K(1, e=O)],

we should justify the use of the kinetic equation
(Fig. 10) to obtain Q(v). The justification of this
procedure is a rather delicate question which we
prefer not to treat here. Instead, we shall confirm
expression (13) for D by calculating it without the
intermediate evaluation of the time autocorrelation
function. We have

D= ,' lim(X(t) -v(t)) =-,' lim —(X (t)) .t-~ ', „dt
We may therefore calculate D by means of an
asymptotic evaluation of the inhomogeneous pdf
f(X, v, t), and we can safely ignore the initial cor-
relations in the kinetic equation. Since the particu-
lar form of the initial condition is unimportant, we
state that the particles start at X=0 with an iso-
tropic distribution in velocity space:

f(X, v, t= 0)=5( X)
Vp 21T

D may be written as

D=limp f X ~ vf(X, v, t)dXdv

where

K(l, a=0)= f drK(1, 7)
Q

is the "Markovianized" collision operator of the
kinetic equation.

This result relies upon the use of the kinetic
equation (Fig. 10}with no initial correlation terms.
Due to the non-negligible effects of the propagation
of an initial correlation state over times which
are relevant in the calculation of D (cf. Sec. III),

=lim —,e f X vf(X, v, e)dXdv,

where f (X, v, c) is the time-Laplace transform of
f(X, v, t) In Fourie.r space, with respect to X,
the solution of the kinetic equation is

fa(v, p) =fm(v, t =0)/[&+i K ~ v —H(p)],

where H(p) is the Laplace transform of the non-
Markovian collision operator:

configurations associated probabilities
D=lim — X ve ' . ' dXdKdv;

( - -,R. g tv t 0)
e Q +i v—

W& {Q.~'.T)

—W, {0.~'.v)

W, (Q,k,z)

—W~{Q,Q, t)

writing

X, v eiR R ~ . iReR
BK

and integrating by parts over K, we have

ie I,a.g e fm(v, 0)D=lim —
~

e '
v ~

~ .~
'

@ }dXdKdv,

FIG. 28. Four cyclic contributions and their proba-
bilities.

where fit(v, 0) does not depend on K.
Let It be the inverse of the operator [e +iK v
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—H(&)]. We have

[a+iK' v —H(e)] /=1 .
Taking the derivative of this equation with respect
to K we obtain v ~ (s/sK}g= —iv /vs, which yields

D=-,' 5 e' '
v ~ gv Pfg(v, 0}dXdKdv .

Integrating over X and K, we find

D = ,' f d v—v~ g( K = 0) v g( K = 0)fit( v, 0)

1 1
, f-dvv -() v -()fX(v, 0).

Since fX(v, 0) is isotropic, we obtain

)
f(v, 0) f(v, 0) .

Therefore, in the limit &-0, we are left with

D= —,J dvv[1/ —H(t =0))v fg(v, 0) .

Since v is an eigenfunction of H with eigenvalue
K(g =1, e = 0), we recover expression (13).

As an application, let us evaluate D in the hard-
disk case and in the p lnp, ' approximation. From
Eqs. (2), (11), and (13) we obtain

D=(v /A),

with

A=-,' [~~ v+ (~3)'v'],

which is the result given by Van Leeuwen and
Weijland. ' In the three-dimensional case the cal-
culation, though more complicated, also leads to
the results obtained by these authors (cf. Sec. V for
the interpretation of some contributions).

V. COMPARISON BETWEEN BCE AND EXPANSION
WITH RESPECT TO CONSTRAINTS

In BCE theory, the N-body Liouville operator is
expanded in a series whose terms contain products
of binary collision operators. If suitable resum-
mations of divergent collision integrals are per-
formed, this expansion leads to collision operators
which it is instructive to compare to ours. For
this, let us return to the general expression (6) for
the transition probabilities. We may make a series
expansion, in Eq. (6), of the screening exponential:

$( , eo) eQ ( S)t/p (

and write for the contribution of the /th term

Two cases are to be considered:
(a) d W& & ~, which occurs if d W~ & 1/p as p- ~.

The terms containing ( —nS) may be interpreted as
representing p "virtual collisions" in the sense of
the BCE theory. Let us recall that, according to
the terminology of BCE theory, a virtual collision
represents the T „part of the binary collision op-
erator which does not change the orientation of the
particle velocity (and which is proportional to the
Boltzmann collision frequency v). We shall call
these collisions "free virtual collisions" to dis-
tinguish them from those which are introduced in
our theory and whose physical significance is fun-
damentally different. A "free virtual collision"
simply represents a part of the binary collision
operator, the sum of all such collisions along a
trajectory (between two real collisions) generating
the screening exponential e" . On the contrary, a
virtual collision in the present theory expresses a
topological constraint imposed on a recollision
scheme or, in other words, represents a dynamical
correlation, and any scatterer involved in one (or
several) virtual collision must also make a real
interaction within the test particle.

We shall use the graph of Fig. 30 (I) to represent
a free virtual collision. The dotted line outside the
graph means that no screening effect is taken into
account on the trajectory (a continuous line being
associated with a screening factor).

(b) dW~=~ for p &p „, =p, . The collision in-
tegrals being divergent for P, &P & ~, we conclude
that there exists no series expansion of the transi-
tion probabilities in powers of the density. Never-
theless, it can be shown that P~, dW~ can be written

Ed' -— X' P dpP(8)C(8, p, ft)d8d'it
0

—nS)'~
e " + smaller terms, (15)

where the "smaller terms" have an unknown analy-
tical form. The dominant term in Eq. (15) yields
a contribution of the order of g «'~ 'lng ' to
f /~ dW~: It may be looked at as the result of a re-

0»
normalization procedure performed on the series
of divergent terms (p & p, ).

This dominant term may be considered to repre-
sent P, free virtual collisions occuring together with
screening effects along the trajectory. The graph
of Fig. 30 (II) represents a term of this kind (p, = 2)

d W& = X' ~ p~ dp [ —nS(p, 8, g)]

&& [P (8)/P! ]C(8, p, e)d' 8d8; (14)

the convergence of the integral J dW~ results from
the asymptotic behavior of the integrand (p- ~).

FIG. 30. (I) Free virtual
collision (without screening
effects). (II} Free virtual
collisions (with screening
effect).
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FIG. 31. Development of the recollision term includ-
ing free virtual collisions.

in which the continuous line means that the screen-
ing is taken into account. Considering a three-
dimensional gas, the interaction with two scatterers
gives rise to the expansion given in Fig. 31 (cor-
responding to P, =1). The first term is the Choh-
Uhlenbeck collision operator' which is proportional
to p, : It is the nondivergent term of Eq. (14). The
three following terms correspond to the renormal-
ized expression in (15): They are of the order of
p. 'lnp, '.

Beyond the approximation p~'~ 'in@, ' it seems
difficult (and probably untractable) to rebuild the
transition probabilities through a BCE expansion,
even in terms of renormalized virtual collisions.

CONCLUSION

We think that the consideration of the elementary
collisional events leads to a clear description of
the gas kinetics. Moreover, the classification of
these events with respect to their probability yields
a sound basis for an expansion of the general col-
lision operator. Since these probabilities are well
defined, the present theory is free from the diver-
gencies which appear in the BCE. The theory is
therefore free from the renormalization procedures
which are needed in order to remove these diver-
gencies and whose justification is not evident (ac-
tually, these renormalizations find a simple phys-
ical interpretation in our theory). In addition, ser-
ious difficulties occur in the framework of the BCE
if one wants to go beyond the approximate. on of the
cycles: They are caused by the nonanalyticity of
the transition probabilities. The coherent treat-
ment of the short- and long-distance collisions
would also be difficult.

We shall make two remarks concerning the phys-
ics of the Lorentz gas:

(a) It would seem, at first sight, that the prop-
erties of the two-dimensional and the three-dimen-
sional gas are quite different because the recolli-
sion with an aroitrary scatterer is a certain event
in two dimensions but not in three dimensions.
Actually, we have seen that the large cycles yield
a normal contribution (of the order of p ) to the
collision operator: This is due to the decreasing
efficiency of the cycles with an increase in the
number of scatterers (isotropization effect).

{b) In reference to the Markovian character of

the gas kinetics, we have shown that, for small
enough density (p, 'Ini& approximation), the colli-
sion operator may be assumed to be local in time
(and in space) and that it contains no more than
three-body and four-body interactions. For higher
density one must take account, in the collision
operator, of those cycles whose length is of the
order of (or larger than) the Boltzmann mean free
path. For these cycles, the kinetic equation is
non-Markovian. This fact may be of special im-
portance in the case of the ordinary gas in which
the correlations are vehicled along very large dis-
tances by the weakly damped eigenmodes of the
Boltzmann propagator.
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APPENDIX

We shall assume, for simplicity, that the l, vec-
tors are statistically independent (this assumption
is convenient, but not essential, for the argument),

Let us consider a particle starting from the or-
igin with velocity vo. The first collision occurs at
M„and after this collision the distribution of the
l, 's is isotropic. In a reference frame whose origin
is in M, the particle distribution becomes normal
after n collisions (n being large) and the probability
of finding a particle in M is

P (I, —I ) = (I/2v ni. )e &

The probability that I, & ll, l & I, +dl, is e '&~"dl, /X
and therefore

P„(L)J (I/2vnk ) e ' I&' "" e '& "df /X~

which, in the limit of large n, gives

1 I~ 21.cos8 2i
27&nX nX nl& n) '

with 8= (L, 1,).
The probability of returning to 0 after the (n+ 1)th

collision, with a velocity vector at angle 8, is

W(8, n+ 1) d8 =f P„(L,8)e ~"(2R/2«L)L dL d8,
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2R/2nL being the angle subtended by the scatterer
located in 0 from point M. We obtain for L» X

1 1/L 2L
W(8, n+1}= I 1--]~ ——cos8+2Jo 2~n

= (p/4~ 'n) [1—(2/n) (2 —cos8)j,

from which we easily deduce

W(8, t) dt-(p/4m )(vdt/vt),

y, 8 —dL
21r

( W(8, t) dt - W(8, t) dt( (,— for all (8 8'}.
4m vt vt
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