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The spin-correlation functions of the one-dimensional XY model are studied in the presence
of a constant magnetic field. We find that the asymptotic behavior of these correlation functions
depends strongly on the various parameters of the Hamiltonian.

I. INTRODUCTION

In the first paper of this series! we studied the
time-dependent magnetization m, (t) of the XY model
in the presence of certain time-dependent magnetic
fields. We found that this model has the most inter-
esting property that as ¢t —«, m,(¢) does not approach
its thermal-equilibrium value. To understand this
most peculiar property in more detail, we turn to
investigation of the instantaneous spin-correlation
functions as a function of time. However, in order
to make a meaningful study of these time-dependent
correlation functions, it is first necessary to under-
stand the properties of the equilibrium correlation
functions. These functions have been previously
studied only in the following two special cases: (i)

y arbitrary in the absence of a magnetic field,? 3
and (ii) y = 1 with an arbitrary magnetic field*
(transverse Ising model). Therefore, the purpose
of this paper is twofold. We first show in Sec. I
how to compute the time-dependent correlation
functions for a general i(f) and then study in detail
the behavior of the equilibrium correlations obtained
by making %(¢) a constant independent of time, The
behavior of the correlation functions as a function
of time will be analyzed in detail in the third paper
of this series.

Lieb, Schultz, and Mattis? (LSM) originally intro-
duced the XY model to study the influence which
symmetry, or lack of symmetry, has in a many-
body system. The Hamiltonian they studied was
(generalized to finite magnetic field®)

N
[(1+7)S%S%,,+(1 - ¥)S3S%,, - hu 2 %,

i=1

(1.1)
where, without loss of generality, J may be taken

positive; the symmetry they were interested in
(when k=0) is the rotational symmetry in the XY
plane which H possesses if

N
H=Jd2.
=1

y=0. (1.2)

3

However, there is a second, somewhat less obvi-
ous, “symmetry” in (1.1) if

|hut|=, (1.3)

i.e., if the interaction energy with the magnetic
field is equal (in some sense) to the arithmetic av-
erage of the interaction energies in the X and Y
directions. The effects of these symmetries are
most pronounced at T7=0. The first symmetry then
manifests itself in the fact that if |phi<J, the
ground-state energy is not an analytic function of
y aty =0.%° The second symmetry manifests itself
in the fact that m, fails to be an analytic function
of h at ki =J for any v. °

A great deal more information about the influence
of symmetry on the system described by (1.1) may
be obtained by investigating the three spin-spin-cor-
relation functions:

pw(R)=<55$‘,’e) ’ V=X, Y, 2. (1.4)
When £ =0 this study was started by LSM and con-
tinued by one of the present authors.® This study
indicates that there are several qualitative differ-
ences betweeny =0 and y# 0. When y =1 a similar
study made by Pfeuty* indicates that there are
several qualitative differences between 1< 1, k=1,
h>1. In this paper, we extend these calculations
of M to general values of #. However, the actual
computations are quite detailed. Therefore, in
order to emphasize the qualitative effects of the
symmetry conditions (1.2) and (1. 3), we conclude
this Introduction with a summary of the major re-
sults of this paper.

The asymptotic behavior of p,.(R) as R~ « when
T>0 is studied in Sec. III. A high-temperature ex-
pansion is given by (3. 28), but the most interesting
features are seen when 0< T< 1. These results
are given in (3. 63)-(3.68). In all cases (-1)%

X p.(R) vanishes exponentially rapidly as R - .
However, the rate of this exponential vanishing de-
pends on i, and this dependence is qualitatively
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different if

0= |hp|<Jd(1-72), (1.5a)
or

JA =74 < |hul . (1.5b)
Moreover, if J < |k, but

P/ TR~ (1 =72)] < (1 =) (1/B)2, (1.6)

the approach of the leading term of (-1)%p_(R) to
zero is not monotonic, but is oscillatory with a
wavelength that depends on ¥ and 2. Note in particu-
lar that qualitative restrictions similar to (1.5a) and
(1. 5b) have already been seen in Paper I. The as-
ymptotic behavior of p,, as R—~« for T >0 is studied
in Sec. V [see (5.11)] and that of p,, in Sec. VI [see
(6.3)-(6.7)]. They also vanish exponentially as
R- for all values of # and y. Furthermore, (-1)®
pyy and p,, will have some oscillatory behavior if
(1.6) holds.

The effects of the symmetry conditions (1. 2) and
(1. 3) are most sharply seen at 7=0. This case is
considered for p,, in Sec. IV, for p,, in Sec. V, and
for p,, in Sec. VI. The qualitative features of these
expansions are summarized in Fig. 1. In particular
we note (4. 13) that for v>0

|
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lim (-1)%p(R)= [1/200+0) 2 [L - e/ 2]}/
if |hp|<d

=0 if |hp|2J.

(1.7
The boundary of the shaded region is the circle

(hu/J)?+y%=1. (1.8)

Inside this circle the approaches of (-1)%p,,,
(-1)%p,, and p,, to their R~ limits contain oscil-
latory terms, while outside the circle the approach
is monotonic. On the circle, the correlation func-
tions are known exactly and are independent of R.
The parameter A, is given by

Np={hp/d - [(hp /T2 - (1 =¥*)2 /(1-v). (1.9)

We also note that these asymptotic expansions are
all valid for # and v fixed and R - . Thus the ex-
pansions that are valid in the various regions of

the ¥-h plane all break down when one goes to the
lines ¥=0, kpu=4J, and (ku/J)?+7%=1 bounding these
regions. In Fig. 1, the effect of the symmetry
conditions (1.2) and (1. 3) is quite clear. If neither
of the symmetry conditions holds, all correlations
approach their R -« limits exponentially rapidly.

O(R™3x, %) (b)
OSCILLATORY 3, R-9/4
REGION o
o 0 (R
4 OR™"x, 1™

0(R™
04—% RESULT =0

0 Y
A Y

FIG. 1. Asymptotic behavior as R — = of (a) (=1)®
Xpyy at T=0; ®) (=DRp at T=0; () p,, at T=0.
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However, in all cases where we have results, when
one of these symmetry conditions does hold, all the
correlation functions approach their limiting values
as some power of R. It is most tempting to spec-
ulate that this distinction between the symmetric
and asymmetric cases is a general property of spin
Hamiltonians and is not just a special property of
the XY model in one dimension.

II. FORMULATION
A. General

Consider the XY Hamiltonian! [(I2.1) with J=1,
u=1}
N 3
H=2 [(1+7)S38%,+(1-7)S}S3, - h(t)Si].

- (2.1)
7

-

The three instantaneous correlation functions are
defined as

Pu(R, 1)= S (O)STR(t), v=x,9,z. (2.2)

voxx(m_l):%Pfl sl.hl Sl,bz Sl.m-l

Sm-z. m-1 G m-2,1+1 GM-Z, 142

Gm-l,“l Gm-l.lwz

where we use the definitions

Si,m=(B;By)=S(m=-1), (2. 6a)
Ql,m:<A1Am>:Q(m_p); (2- Sb)
Gy m=(B1Ap)=Gm-1) . (2. 6¢)

An important simplification occurs in (2. 5) when
we restrict our attention to the equilibrium case.
Then one can show that

(2.7

Gl,lol

(We assume as in Paper I that for <0 the system
is in equilibrium at temperature 7.)

L. SM show that (LSM 2. 31)

Pexl =m)=3(B1A 1B Ap 1 BpaAy), (2.3a)

Pyl =m)=5 (= 1)""(A B 1A 1B By Ay By),
(2. 3b)

Pell —m)=% (A, B,A,B,), (2.3c)

where A;, B, are given in terms of c;,c} (12.3) as
(2. 4a)
(2. 4p)

_pat

A;=ci+c;,
ot

B'»—C,' =-Cj.

The correlation functions p*’(R) are given as ex-
pectation values of products of fermion operators.
Caianello and Fubini® show, by use of the Wick
theorem in quantum field theory, that expressions
of this nature can be expressed as Pfaffians. In
particular, we have

Giie " Gim
Gm-a,m
2.5
Gt , (2.5)
Qlol,loz th,m
Qm—l,m
[
and (2. 5) reduces to the Toeplitz determinant
G, G, -+ G
Gy, G, G _ra
1
pxx(R)=Z (2' 8a)

Gra2 Gpy -+ G,y

Similarly, in thermal equilibrium, we have



3
Gy G G.re2
G G, G .ris
p,,=-14— , (2. 8b)
Gg Ggp, Gy
Pee=m2: —$GRG g, (2. 8¢)

where m, is the z-direction magnetization, given
in general by (14.17).

One can immediately see that it is much easier
to deal with p,,, since evaluating p,, involves simple
products. On the other hand, p,, and o,, are Toep-
litz determinants, whose asymptotic properties
for large R were studied in general by Wu,” Szego,®
Kac, ® Hartwig and Fisher, !° and others.!' These
results have been applied to the zero-field case of
Pz and p,, by one of the authors.®

B. Method

To study the asymptotic properties of p,, and p,,,
we extensively use Szego’s theorem’ % Let Cg
be an RXR Toeplitz determinant

Co Co C_Re1
Cy Cy c-Rol
CR= ’ (2 9)
Cr-1 CR-2 ... Co
where

c,=(1/2m) f_: e " ce®)do

and c(e’®) is the generating function.

If (i) Sre-wlcnl<®, (ii) .o Inllc, o, (iii) c(e'®)
# 0 on the unit circle, and (iv) Inc(e*) is a periodic
function with period 27 {this means that the winding
index is zero, i.e., Ind[c(e?®)]=0}, then the leading
asymptotic value of Cj is given as

(2.10)

Crs etf e an,,k,,) asR~»,  (2.11)
n=1

where 2 means “asymptotically equivalent,” as

anh(% BA(a
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first introduced by Wu, 7 and k,, is the mth Fourier
component of Inc(e®), namely,

(2.12)

Inc(e*®)= 2 k,e'™ .
Nz =
In the process of investigation, we deal with de-
terminants that violate condition (iv). When Ind
X [c(e*®)]=+1, we use the Wiener-Hopf method in-
troduced by Wu, ? and when Ind[c(e*®)]= - 2, its ex-
tension forms Theorem 4 of Hartwig and Fisher. !°

C. Explicit Derivation of Gr (2.6¢)

In this section we calculate G explicitly. We
will confine our attention to a step-function magnet-
ic field A(¢), namely,

h(t):{a’ t20

b, t>0. (2.13)

It is clear that our particular h(¢) introduces no
loss of generality in the following method of com-
puting Gp.

G i can be rewritten in 2 more convenient form,
using (I2.5), as

1 2m ..
GR:F ) exp(—l‘-]—z [](p+q)+Rq]>a;aq'

$a,

+exp<.2£i [7(-P+q)+Rq])a,aqf
2m . t
—exp("ﬁ- [J(.p’q)-Rq])aPaq

-enp(B lio-0-R)ae). @14

Elementary manipulation of (2, 14) yields

1 N/2
GR:]V i [—2005('21vlp R)@;“’ +a-fpa-’—1>

$>0

+ Zsin@l:;—p R) Re [21'D£1(t)]] . (2. 15)

Here p#(t) is the appropriate element of the pth
sub-block of the density matrix, given explicitly
by (15.5), (a}a,+a',a_,~1) is obtained by looking
at (I4.3) and (14.6). Therefore, we may take the
thermodynamic limit N- « and obtain

G(R, t)=- % f' d¢ cos(¢pR) tA_(a)é/Tr(F)—» {[»*sin®¢p + (cos¢ - a)(cos¢ - b)]
0
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X (cosep - b) - (a - b)y sin’¢p cos(28 (b)¢)} + (v/7) [' d¢ sin(¢R)
o

tanh(z A (a) )

X Sind’A_(a)W [»®sin%p + (cosp— a)(cos¢ - b) + (a - b) (cosg - b) cos(2A(b)2)] .

The equilibrium G can be obtained directly by
setting a=b, namely,

Gr=-7 f 46 cossR (coss - a) LA
0

= fo d¢ singR sing tanh(:(i?(a)) ,

(2.17)
where A(a) is given by (I 3.14) as

A(a) = [»*sin®¢ + (a - cosp)?]/2. (2.18)

Note that (2.17) can also be obtained for (2. 16) by
setting £=0, as it must be.

From now on, G will be the equilibrium value
of (2.17).

Using the methods of this section, one can easily
obtain @, ,, and S, ,. Both vanish for ¢=0 and ¢=<o,
They do not vanish in general for intermediate
times. In other words, we get block Toeplitz de-
terminants. The authors are unable to give a gen-
eral treatment to these determinants. However,
since (2. 7) holds for ¢=, we are able to study the
ergodic properties of the correlation functions
(2.2). This study will be published as the next
paper in the present series.

IIl. EVALUATION OF p__ FOR FINITE 8 AND 0<y< 1

A. General

We devote this section to the evaluation of p,,
given by

6_1 6_2 I C-R
Gy Gy --. Gigy
-1)8
pxx:( 4) . . . ’ (3' 1)
Grz Ggg «-- G,
where from (2. 8a) and (2.17) G is
Gr=-1/21) [} $Be"*R T(e')
X (- cos¢ +a +iysing)d¢, (3.2)

3
(2.16)
—
and we have defined
T(e**) = tanh( BA(a)) /4 BA(a) . (3.3)
Let
Gr=Cru) (3.4)
so that
cr==(1/2m) [} $fe R T(e*)
x [e!®(- cosp +a +ivsing)]de.  (3.5)
Then we obtain
Co Cc.y C.ru1
C1
R 1
Pula,R)=(-1)"72
CoC 1
CRr-1 €1€o
(3.6)

We wish to evaluate (3. 6) asymptotically for large
R, by use of Szego’s theorem. Define

Pe'®)=-e' (- cosp +a+iysing)

=31+ -rte’)(1-25'e®), (3.7)

where
Aye={as[a® - (1 )2 /(1 =) , (3.8)
A1={a+[a2_(1_72)]l/2}/(1_y)’ (3. 88,)
Ae={a-[a®-(1-¥2)]"3}/(1-y), (3.8D)

and the square root is defined to be positive for
a®>1-7%. In Fig. 2 we show the motion of the two
zeros of P(e'®). These locations determine if con-
dition (iv) of Szego’s theorem holds.

In Fig. 2, we distinguish three regions: (i) a<1,
where P(e'®)#0 for ¢ €[~ 7, 7] and Ind[P,(e**)]=0;
and Szegd’s theorem can be applied in a straight-
forward fashion. (ii)a>1, where P (e'®)#0 for
¢ € [- 7, 7] but Ind[P,(e*®)]=1. Therefore, to apply
Szegd’s theorem we “shift” the determinant once,
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FIG. 2. Dependence of A; and A, on a.

as first studied by Wu.? (iii) @ = 1, pathological case,
since P, (e!®)=0 at ¢ =0 and therefore Szegd’s
theorem cannot be used.

B. a<1 B Finite

It is convenient to write T'(e?®) (3. 2) as an infinite
product
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x (1-e'*f)(1-e®g,) (1-e°g,), (3.10)

Wy={r’a® - (1 -7%) %+ (km)? B2]}/2, (3.11)

and f, and g, are two solutions of the quartic equa-
tion
(km/B)2 +A%=0,

where A is given by (2.18).
obtains

(3.12)

More explicitly one

W 2 1/2
f.:—‘{—t;f—-[(‘;;w-g) "1] ’ ’fk'sl (3.13a)

=Y
a-w a-w 2 1/2
gfﬁ‘[(ﬁ*) _] . lasl<1. (3.130)

Note that when k=0, (3.13) reduces to f;'=1, and
5A;‘ ifa=1,

g'=
la, ifas<i. @.13¢)

By use of (3.5) and (3.8), we may write (2.12) as
Inf3B(L+7) (1= 2ite®) (1 -2t e®) T(e')]

zi k,,e‘mo-

Mzeco

(3.14)

Elementary algebra yields

ko=In[} A1 w)]i1 (= D' Inft (1 - v?) (kn)2f 21]-
1=

oy 1y [1+BA%(2km)2] = S, (3.15)

Tle )—H [1+B8°A%(2k - 1)%17%] _g Sop-1 Define XY as

(3.9) w
where exp< - mkmk-m> =XY, (3.16)
Sxle’®) =3 B2 (1 -v?) (bm) 21t (1 - e7'0f,) where
|

_‘ (1_)‘-1 _)(I—X-! -)(l_x-l .)(l_x-1 .) (3.17
X T A ) - Afiga) (T30 (1 - Ailg) :
Y-II (A =forfar) A =fofare DA~ 8218201 2218510 1) (1—fo;821) (1 = Fo1 80101 - 821 foy ) = g5, fa104)

11 U=fafa) (W =fouafor )1 - 82,820 )1 - 8251821 (1 —f21821 Y1 = f2,.82) (1 = f21.1821 00 (1 = f2.1821.1)

Then combining (3.15), (3.17), (3.18), and (2.11),
we obtain asymptotically, for large R anda<1,
Pex 25 (- 1)ReRroxy

as R—x, (3.19)

(3.18)

C. High-T Expansion of p__ (a<1)

The high-temperature asymptotic expansions of
ko (3.15) and XY (3. 16) are straightforward but
tedious.
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Let
x=kt/B,
then, f(x) of (3.13) becomes (for large x)

(3. 20)

Fl)~ =i =) V2 x(zoxt +izgx ¥+ 2407,

(3.21)

where we use the definitions
02=7%[a® - (1-73)]/(1-7?) (3. 22a)
n=-2a(1-y?)"1/2, (3. 22p)
6=-1+a%*1+7%)/(1-v?), (3. 22¢)
=[Be2-Lo+in?], (3. 22d)
b _ionsdyntl, (3. 22¢)
2u=36' - 160 - do¥t - dgnt o fyn®s. (3.220)

Using (3. 21) and (3. 22) in (3. 15), we obtain
B) cot(

~11 1 23 24
—[43(1+v)(1 =042

o= (|52 2

2
23,04
;g+222\ B)

o).

(3.23)
In the same manner we obtain
X,~ycoty,~1-%y3, i=1,2 (3.24)
¥i=3Bl2zs (1 -y I - 2 (1= AR 2,
(3. 25)
Y=1-vi, (3. 26)
where A; are given by (3. 8) and Y, by
Yi=15 B2 [4(1-79) 233 B - (2 B)* 24 (1 -7D)2).
(3.27)

Combining (3.19), (3.23), (3.24), and (3. 26), we
obtain the desired expansion

P 5 (- 1)”[ B(1 +7)(1 -

ﬂ R
o2 Bz+o(B‘)>]

x (1-% (y§+y§)+o(rs‘)). (3.28)

J

{1-7%

(a {Y{Lz_(l 72)J+(1 .},Z)tZ}l/Z)Z}llz

Taking the limit a -~ 0 of (3.28) [and remembering
that in M the ferromagnetic case was considered
instead of the antlferromagnetlc o matrices, in-
stead of S matrices, and By =4 (1 +7)], we obtain
the known zero-field result (M 3.15).

D. Evaluation of for Low T

In this subsection we evaluate (3. 15) for large B.
Unfortunately, the method used for high tempera-
ture fails, and we proceed as in M (Sec. IIIA) by
converting the sum into a contour integral as fol-
lows:

ko=Ink B(1+y)+(1/2i)fc csc(mk)

X In[(G Bkt )2f gt (1-v®)]dk.  (3.29)
This is more conveniently written as
ko==(B/2mi) [ dtcschBtin(f(t)g()).  (3.30)

Equation (3. 30) was obtained from (3. 29) in the

same way (M 3. 20) was obtained from (M 3.8). It

is clear that only the imaginary part of the logarithm

in (3. 30) will contribute a nonvanishing answer.
Detailed analysis of the analytical properties of

g(#) and f(¢) for a <1 yields division into two regions,

namely,

a>1-v%, (3.31a)

(3. 31p)

This division to regions is the same as in the time
evolution of the magnetization (Paper I). It should
be noted here that (3. 31a) is further divided into
two regions. For 7=0 we have

a<l-y%,

a?>1-2, (3. 329

at<1-92. (3.32p)
However for finite B we have

Y- (1-9%)] > (1 -2} 722, (3. 32c)

Y la®- (1-H)]< (1 -y?) n?p2. (3. 32d)

Let 1 -7%<a<1. By use of the dictionary given in
the Appendix, (3.30) becomes

1+a
ko= — ﬁﬂ"f dt cschBtarctan(
1

- {-y

A=A+ Q-7 )+lntanh(%ﬁ(1+a)).

(3.33)
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The second term is exponentially small compared to the first one when - «,

consistently neglected throughout this paper.

Terms of this kind will be

We obtain the asymptotic expansion of the integral in (3. 33) by setting cschpt ~2¢"*, changing the vari-

able t=1 ~-a+s, and replacing the upper limit by «.

S —

There are many ways to obtain the asymptotic expansion of (3. 34).

arctanz=[z/(1+29)Y2 2F {}; §; & [2¥/(1+2%]}

and defining

2[a® -1+ (1 -3 (1 - 211/2\21/2
u(s)5[1_<a—{7[a-(1 )]+ (1 -7y (1 -a+s)?} )] ,

1-72

we can write, (using the first few terms of u(s)

aF1(§:; éy gr 2(8))’

__ZB,"-I -B(l-a)fo" dse™®s
X [uls)+3u(s)+Fu(s)+---].

This is useful in obtaining the leading terms of the
asymptotic series since the expansion of u%(s) is
given by

uk(s)=Lys +Lys +Lys®+- -+, (3.38)

where the first few constant L; are explicitly given
as

Li=2(1-a)/fa-(1-7%)],

(3. 39a)
Ly=[Pa?-(1-a)1-v9]/la-(1-7)F, (3.39b)
1—=)(1-a)®
Ly=(1-a)- (1 ‘7—?+[a—(1 %Y
_Q-y»(1-4a)
a-(1-]°
(3.39c¢)

For L,+0 we readily obtain
u(s) =LY ?s2[143 L, Li's

+(%L3L1 - _LzL )Sa+0(ss)].

(3. 40)

Note that L;=0 whena=1, but Ly(a=1)#0. There-
fore, we finally obtain the low-temperature expan-
sion of k4 for 1~7%<a<1 to be

One obtains
—y2)2 1> 1/2 (3. 34
Y]+ A+ DA -a+s)F7E)E ' -3
All are tedious. Using
(3.35)
(3.36)
[
koé' on-1 B-I/Ze-ﬁ (l-a){L}/Z r(%)
+G L 2L+ LY ?)P(3)B
#[BLy L2 - §LEL 2+ L LY 2 Ly 5 L3/
(3.37)
X T@F)B2+0(8)}, (3.41)
and the limiting value of kyfor a=1 is
limky(a) = - 4my~28"1 (3.42)

a-1

Note that (3. 41) breaks for a=1-?. For the case
a>1, kyis immediately obtained from (3. 41) by re-
placing 1-abya-1.

We now turn to the regiona<1 - y2
kg is given as a sum of two integrals,

In this case

ko=M(|la - (1-%|) - pn-t fel'a dt cschpt

x ImIn{ [x(£ _ 9% -i(1 - x*(t* - 6%) /2]
x [y(2- 6% +i(1 —-y2(2- 69))"/2]},  (3.43)
where
6=y[1-a¥/(1-vH)]1/2, (3.44)
d=a/(1-7% (3.45)
x(t2- 0% =d +(1-y3)V2(2-6%)1/2 (3.46a)
y(t2- 0% =d - (1-9y?) V32— 921/ 2, (3. 46b)

The square root is defined positive for Ref > 6 and
M(la - (1-7?%)]) is given by (3.41), where

la - (1-7?| is substituted instead of a — (1 - 72).
Since 1 -a>6 in the region a<1-7¥?3 it is clear that
M(la - (1-7?1) is exponentially small compared
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with the integral in (3. 43), and may be neglected. result
We make the change of variable in the integral
(3.43) s=¢- 6 and obtain kot — 2171 B-1/2(29)1/ 24-1(] _ 42)-1/2 5-86

. -1_-86 N -8s
kO’: ZB‘” e ./; dse X {r\(%) + [% -1y (1 _ xZ)-ld-Zze]r(%)B-l

a _yz)uz_y(l _x2)1/2> , +[2(1 - y¥) a2 - 562(1- 72)‘2d“]

x
X arctan(xy +(1=9D)17%(1 - xH1/2

(3.47)
5\p-2 -2
where x(s(s +26)) and y(s(s + 26)) are given by X T(3)B2+0(B2)}. (3.48)
(3. 46).
Finally, after sufficient labor one obtains the This completes the evaluation of %, for all a.

E. Evaluation of XY

To evaluate XY given by (3.17) and (3.18), we proceed in the same method given by M, Sec. (3.B). We
convert the double product into a double contour integral. The single product X cancels the contributions to
Y from the poles at I=0, I’=0. We therefore obtain'?

il S ,. (Gt ") G(0, 0
XY 2 1 f‘y [72( 1- az)]1/4 eXp[ﬁZ(ZW)-Zj; /-; dtdt’ cschptcschft 1“(5%:,7)‘)%?%3'—;)] , (3.49)
where
G, t'")=1-fO)f(t") 1 -gWg@)] [1-f)gt)][1 -t g®)]. (3.50)
Define the function u(z) to be
u(z)={1 >0 (3.51)
L0 if 220.
Equation (3. 49) becomes
+a 1+a
XY =T72;)7 21 - a?)11/* exp(ﬁzﬂ' j:a IM dtdt’ [eschBteschBft’ InA(t, t')] u(l - ¥? - a)B2n?
1-a -a
x[ [1 dtdt’ [eschBtcschpt’ InB(¢, ¢’ )]) . (3.52)
e Jo

A(t,t") and B(t, t') have the same formal expression in terms of f(¢). However, it should be emphasized
that f(¢) in each case is taken from the appropriate range (see Appendix). The function A(t, t') is given for-
mally as

At )= HL=fOFEN][1 - (= (= )] [1 = FO) ¥ (= ') | [L =) f*(= 1)] 12
’ 1= -FOF(- VA -FOE) A - F= ) f* (=) 17

(3.53)

If a>1-7% the second term vanishes identically, and if a<1 -2, thefirstintegral is exponentially small and
does not contribute to an asymptotic expansion.

The final expansion of (3. 52) is performed in the same method used before: (i) making the appropriate
change of variables so the lower limit of integration becomes 0, and replacing the upper limit by «; (ii)
replacing cschBt by 2¢-%, expanding the rest of the integrand, and integrating term by term. Using the ex-
pansions

InA(s,s’)=1n 31/24‘3’1/2)2 1/2 .r1/2 E A sMmg'm’ (3. 54a)
S, = S”Z_SINZ +ss it mm* ’ ‘

s!/2+slllz 2 ,
mB(s.,s'):ln(‘s’m:?m) +sl2r 1250 B sms'm (3. 54b)
mm’
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we obtain the desired results for 1-y%?<a<1:

XY 2 [2/(1+7)][Y*(1 - a?®) ] *exp{e 2*V® [4n 4+ 112 1 A s 3T (2m +1) 1 T(@2m’ +1)p~ ™" ]}

and 05a< - 72

XY 2 [2/(1+7)][7*(1 - a®) ] exp{e 2#°[8n! + 2812 ;n, B s T(2m +1) A T(2m’ +1) g~™m9 ]}

F. pxx(a>l) for Finite 8

In order to evaluate p,.(R) by Wu’s procedure we
transpose the determinant for p,,. The generating
function for this transposed matrix is C(¢ "), when
C(%) is the generating function of (3.5). The index
of C(£'') is —1. The correlation function then be-
comes

Prx = (= 1) R5PO R V(XY ) i, (3.56)

where kg is given by (3.41) with |1 —al, XY by
(3.55a) with A;! replaced by X, and a multiplicative
factor of (1 - M,A;Y), and x is given in general by
(Wu 2.27).

To evaluate xp we make a Wiener-Hopf factoriza-
tion of

[e7cEM]t=PE)QE™),

where P and € are explicitly given for a >1 and B8
finite as

(3.57)

e (L =tfy ) (1= Egy )

Z o k0(] _ 1 20-1 21-1

PE)=e™1 =208 IL =3 a5
(3.58a)

@ —E£fy.) (1 —ggag;],_)
(1 —Efa)(1-Etgy)

(3.58Db)

©

Qe =(1-2{'e)" ]

1=1

Wu shows

xrt(1/2n)f  EFPEN[QE)]MAE . (3.59)

After some manipulations, including use of the in-
finite-product representation of x ctnhx, and con-

version of the remaining product into a contour in-
tegral, we obtain

xrt (1/2m) $ER-1[(1 = A7) (1 = A,8)]
X (38)™ (38A)coth (3 8A) dt

(3. 55a)
(8. 55b)
f
a+1
Xexp — 211"8] dt cschpt
a-1
X arctan Im([l _gf(t)][l —E,g(t)]) (3.60)

Re([1-¢7()][1-£g (D))

After some labor we finally obtain the desired
low-temperature expansion of xy for fixed 8 to be

Xp = 25 4m (2/B)f2£:[(1 - 3 (- A3 f2)
X(1=7) (1= x8,) (1 =2, f5)]"
X [B¥(1 - 25'g,) ™
X exp[4nt g1/% BV g-m4 Dy 4 3)] .
(3.61a)

where A, are given by

> A ™2 et Im{[1 —)\zf(t)][l-hlg(t)l}) .

=0 Re{[1 - % f(0] [1 -2, 2()]}
(3.61b)
Note that (3.61) is restricted by (3.32¢). Since

&>~ X, + const $ the term [87%(1 - \;'g,)™| behaved
as a constant so xz~ 5! for large 8.

However, when (3.32d) holds for finite 8, we have
ga=f:, both terms contribute equally to an asymp-
totic series, and their sum oscillates with R. The
result can be expressed as

xp=GEB) T 2Re g¥ M fog,[(1=23) (1 - A
X (1 =72) (1 = Magp) (1= X)) [B2(1 - 25 g2)
x exp[ -4t/ 22 6~ ™A,L(m +32)], (3.62a)

where Z,,, are given by

3 mel/27  _ Im{[l —gag(t)j[l —ng(t)J} .
Eot An= arCtan(Re{[l -g80)]1 -—ng(t)]ﬂ

(3. 62b)

G. Results for p, , for Finite Large §

For convenience and easy reference we compile the asymptotic expansions of Py for large but fixed g and

v#0.

(i) 0<a<1-9% Combine (2.11), (3.48), and (3.55b),
Pex(R) £ 5 (= 1)¥[2/(1+ »)[¥2(1 - a®)]V* exp(— 217 RB-1/2(20)1/2471(1 — 5?)-1/2,-86
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x{r(@+[367+ (1 -y "d220]0 (3B + 0(83)))
xexple?*8n + 28 1n Z% B 2T (2m + 1)3T(2m’ +1)B™""]}. (3. 63)
(ii) 1-9*<a<1. Combine (2.11), (3.41) and (3. 55a):
Prx(R) 2 5 (= 1R[2/(1+9)]¥A(1 - a®)]V* exp{- 2071 RB 224 [LIAT(9)+ (3L Lo+ § LYHT G + 0(8™)]}

xexpfe 1474 B2 2 Ay sT@m+ 1)1 (2m + 1)~ "]}, (3.64)
(iii) a>1 and ¥*[a* - (1 - ¥?)]> (1 = 9*)7%8%. Combine (3.56), (3.41), (3.61), and (3. 55a):
pux(R) £ 5 (= DROAFB exp{ - 2771 RB 2PV LI2T (3 + G LML+ L IVAT($)B 1+ 0(89)]}

Xexp(_ 4"-16-1/26_5“-1)Zm ﬁ""Aml"(m+ %))

xexple 4+ g1 X A, 3T (2m+ 1)4T(2m + 1)~ "]} | (3. 65)
mm*

where C is given by
C=4m""D A7 (1= A1 = )2 = A7) ] [ =23 (1 = 29 (1 = A'a)? 4

x{[Y @ - 1+ A2+ [a= vid = 1+ D)2 = P)r(a? - 1+ )] /2

x la-2(@ =1+ Y2 -1 /2 (3.66)
(-7 ’
- a=[d - (1 -2
A= 1+y ’ (3.67a)
- e~ (1-A" (3.67b)
1-y

L, is obtained from L, of (3.34) by replacing 1 -aby |1 -al.
(iv) a>1, ¥*[a®- (1 -9})]<(1-9%)7*B82 Combine (3.56), (3.41), (3.62), and (3. 55a):

pe(R)% 3 (= DF[(1 =271 = 20 = 2P 14(38) 1+ 0(8%)] 2Re (g5 Clexp(= 417182 Z, T(m+ ™))
xexp{_ ZW-IRB-UZE-B(a-l)[z{/ar(%)+ O(ﬁ-l)]}

xexple**Dldnty 6152 3 A, L (@m+ 1)3T(@m "+ 1)g-mom o, (3. 68)
mm’ .

where C! is obtained from C by replacing [ - 1+7*]/2 by iy[a® - 1 ++2]!/2,
(v) a=1. In this pathological case one might consider studying the limit a -1 in (3. 63) or (3.64). How-
ever both limits vanish. We return to this case in Sec. IV for zero temperature.

r

IV.p. FORT=0 procedure 8-, For the other cases, one can
obtain in the zero-temperature correlations by hold-
This section is devoted to the ground-state cor- ing RB fixed (as was done in M Sec. 4) or substitut-
relation function p,(R). Some of the results can ing B=in (3.2), (3.5), etc. In this paper we use
be obtained from the finite-8 cases by the limiting the latter procedure.
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A. Long-Range Order fora<1, y>0

By looking at (3. 62) and (3.63), and letting R and

B be independently large, we obtain the long-range
order for a<1:

limp,,(R)= (- D)R[2(1+ ] [¥*(1 - a®)]* .

R~

(4.1)

This long-range order vanishes at a=1, which is
where Szeg8’s theorem is invalid. Setting a=0,
one obtains the long-range order found in (M 3. 36)
for zero field.

Similarly, in the Ising limit y ~1, (4.1) special-
izes to*

limp,, (R)=} (- 1)*(1-a®)'* . 4.1)

B. Special Cases

For the case a®=1 -? we are able to calculate
p.x(R) exactly for all R, and we find that the exact
result is the long-range order (4.1):

1-a® all-a%) --- a®(1-4a?
-a 1-a? - a®2(1-ad)
0 -a . a®t(1-ad)
pxx= %( - l)R y
0 0 all-a?
0 0 (1-a?
(4.2)
where
a=[1-9)/0+V]? , (4.3)
so
Pec=1(=1)R2y/(1+9) . (4.4)

The determinant also gives the result for special
casea=1y=0:

p(R)=0 . (4.5)
By the same method we find that for a>1 and y=0

pxx(R)=py,(R)=0 . (4.6)

The case 2 =1, y#0 is very closely related to
Wu's T=T,, so by the use of (Wu 5.31), we obtain

p,,(R) f_._ %( - I)R[Z‘y/(l + y)](yR)-lldel/izllle-s

x[1 + O(R®).--] , (4.7)
where A =1. 282427130 is Glaisher’s constant. '

Note that when y -0 and R -« such that yR is
fixed, (4.7) vanishes, in agreement with (4.5).
Note further that (4.7) is valid in the limit y - 1.
Indeed, in this case p,, reduces to the determinant
which was evaluated exactly in Sec. 4 of Wu.

When a<1 and y=0, if T #0, the asymptotic ex-
pansion of p,, can be studied by taking the limit
y =0 directly in (3.19). However it is not possible
to recover the T=0 expansion from the resulting
expression. Indeed, we have not been able to obtain
the T =0 result at all.

C. Asymptotic Approach to (4.1) fora<1
When a<1, we have 2, >3,>1 for a®>1-9* and

A =2 for a®<1-9% Accordingly, the generating
function C(£) of (3.5) is conveniently written as

_ (1—)\{!5)(1—)\515) 1/2

C(ﬁ)—((l_ )\{15'1)(1—)\515")) , (4.8)

whose Wiener-Hopf factorization is given as
cE)=pPE)'QE™M™, (4.9a)
P(E)=[(1-2{'6)1 - 25'9)]2 (4. 9b)
QE)=[(1 = 27'8)(1 - 25'e)]2 (4. 9c)

Wu defines x,(m) such that p, (T=0,R) is given as

peed M= 1) 1727 [2(1 - a®)]A <1 + 2. [xalm) - 1]) .

(4.10)
By substitution of (4.9) in (Wu 3. 13) we obtain

Perd 3= DE[2/(1+ M][HPQ - a®)]*

x [1+(@m) §§ dtan £®n R - £)*MM@, )] ,

4.11
where ( )

(A=A EN M =) - A1) - 22
M, g)’<(1 A=z - ﬁ‘n)u - xzs‘n))

(4.12)

Brute force (Wu’s most accurate choice of words)
is the only way to expand (4. 11) for large R. We
do not wish to tire the reader with algebraic details
and feel that it is sufficient to state that (4.11) was
expanded in the method used to expand (Wu 3. 15).

The result for 1 -3%<a?<1 is

Pex s 3= DE(A+9) 1A - )41+ @m)RAGER (g = 231)72 [1+ 201 = a7 - a1 - 230!
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= =A%) = 2)R™+ O(RH)]} . (4.13)
This expansion breaks when A\;=},, i.e., a®=1-7%, and when a=1. For a®<1-72, we obtain
Puxt 3(= 1DF(L+ ) [H2(L - 2P/ <1 +1'R2%a%*® Re(e!*F (@ 'e™'* - ae'?)?
x {1+ 3?1 - a®) - 0% (1 - a?e®¥)! - (1 - ') - $]R1+ O(R'z)})> , 4.14)
M
where « is given by (4.3), A, , by (3.8), and ¢ by %= TIF 2 rl:f(ije)r(2+ m)) i 4.22)
p=arctan[(1 - 2 - 4%)*/2/4] (4. 15a) ) m=0 +3+m
or where A, is defined by
/2 «
COSII):a(l - YZ)-I/Z . (4. 15b) [(1 - R{l)\él _z_ y) (21 - XJ-LIXZ"' )ql)\ay)] _ Z Amy”'
It is clear from (4. 14) that for a®<1 -2, 1=2g+ 2y m=0
(- 1)®p,,(R) is an oscillating function of R with a 4. 23)
period of oscillation that decreases as a® increases. 1p particular /
1/2
Pec (120 42D Ap= B2 el (4. 242)
To evaluate p,, when T=0 and a>1 we consider 1-%
the transpose of the determinant (3.6) which has the .
i ion: - ~ ATA 1
generating function: A=t Ao [1 1)\ zf;l e
_ (1_)\ g-l)(l_k-lg l) 1/2 142 M A2
C()= c(£-1)=[ oD x s ] . (4.16) 22
' : —;ﬁr] (4. 24b)
Since IndC(£) = - 1 we may instantly apply the results ¢ d.

of Sec. 2 of Wu. In particular (using Wu’s R,)

Um(=1)"Ry, = [(1 = 23) (1 = A7) (1 - Aix,)-2)1 /4

N= o
4.17)
and in the factorization
- E1CE) = PR (Y, (4.18)
i g 1/2
P()= (—;?) , (4.192)
B 1= g 1/2 ~
QG)'(ﬁf‘E) =P() . (4. 19b)
Then
PR = (- DR [lim(- I)NRNd]xR , (4. 20)
N=x
where
. R-1p(g-l -1
st g AEIPEQE)
=_1_}( dt g1 [(I-x;‘s-‘)(l—x‘g
2 X&) (1= 258)
(4.21)

For large R this is easily expanded as

Therefore we explicitly find that
pext (= DR ZRAZ[(1-2) ™ (1-22)
X(L= AP+ R4+ A /Ay + O(R)] .
(4. 25)

Note in particular that when y=1 then A\{'=0, X\, =a},
and (4. 25) specializes to

(- 1)RigV/2p-t/2gRy _ a?)Vs

x{1-3R'(1+a®/1-a?)+0R?)}.
(4. 26)
This has been previously obtained by Pfeuty,*
V.EVALUATION OF Py,
A. General

Define

b,=(1/2m) [T (38)T(e'®)e™**"Be'*)op , (5.1)
where T(e'®) is given by (3. 3) and

PRI 1+7’ -2{0) .
1-v

Py(e'®)=3(1-7) (
(5.2)
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Then p,, can be written as

bo by .-+ bogu
by by -+ b

py=a(-1%| .. 0L, (5.3)
broy - +- Bo

Once again we obtain three regions:

(i) a<1. Ind[P,]=-2. We “shift” twice'® in order
to apply Szeg®’s theorem.
(ii) a>1. Ind[P,(e'®)]=-1.

(iii)a=1. P,(e'®) vanishes on the unit circle, and
Szegd’s theorem is invalid.
B. p”(a<l) for § Finite
By inspection one obtains
Cni2=b, , (5.4)

where c, is given by (3. 5) and b, by (5.1).
Let Ug,, be the (R+ 2) X(R + 2) Toeplitz determinant

Co ¢y C2 CRy1
C. Co Cy te Cr

C.e Ca Co CR-1

_1 R+2
UROZ_T(_ 1)
C.re1 C.rsz C.res ' C2
CR Cpat Cpez """ €
CRra C.pg Cra """ Co
(5.5)

The determinant Up,, is exactly p,(R+2), and
its asymptotic properties were studied in Secs. III
and IV.

Theorem 4 of Hartwig and Fisher!® yields

YR YRol
Pyy(R) % pex(R +2) , (5.6)
YR-I Yg
where
Ye=(1/2mi) § £2-1 P(£Y) Q1(8) dt | (5.7)

P(£)=e™(1 = x{1e) (1 = a5te)!
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., (1‘5223-1)(1‘5&&-1) (5-8)

T
Q(£)=ﬁ (1-&fop )1 = Egppy) 5.9)

k=1 (1- gfzn)(l — &g

Therefore (5.7) can be rewritten as
Yr = (1/27)$ dt ER- (1) 1A coth(4BA))
X[(1=27) 1 = A - 23'E)

x(1 - a3te)] exp{- 277"

x j_;' dtcschBt Im In[(1 - ££(1))(1 - g ()]} .

(5.10)

The asymptotic values of Y for a<1 and fixed
large g are (i) 1 -9?)"2<qa<1:
X
Y3 B ER) M ( -2 (1 = 2 (1= a3)]
xexp{_ 4,n,-le-ﬂll-alﬁ-1/2 Zm B""A,,,I‘(m+ %)} ,

(5.11a)
(ii) 1-9%<a< (1 =922

Yes (38)2Re {1 (1 = 2 {"3h) 1 = aj'a,) (A - 23]
xexp[ - 4n7le®11g 2y g A T(m+ 3]},
(5.11b)
(iii) 0<a <1 -9~
Ye3 (28)72Re{z -V (1 - A7"51) 1 = A (1 - 253
xexp|- 4171 g1 2e#%%. A, T(m+ D]}
(5.11c)

where A, is defined by Eq. (3.62b).

Substitution of (5.11) into (5. 7) yields the desired
results. Note inparticular that (- 1)® p,, (R)so ob-
tained is an oscillatory functionof R if 0 <a?<1 - 92,

C. Ground State of b, (T=0)
By substitution of 8=« in (5.10), we obtain
Ye(T=0)2 (1/2m)§ £5-1[(1 - A{'E)(1 - A1)

X (1= A8 )(1 = nE)] 2 at (5.12)

This is precisely the integral of (Wu 2. 29) with
a; replaced by Aj! and «a, replaced by X,. There-
fore (i) 1 —a?<a?<1:

(1) 1-y%a?<1

ez (TR)VAOR[(1- 01 - Aih,)(1 - aphazh)12



800 E. BAROUCH AND B. M. McCOY

X[1+$R A+ ER* Up-H+---] , (5.13a)

where A,, and A,, are given by (Wu 2. 39) as
(5.13b)

Ag =3B+ 2+ 22) = Hogxg — %%, + 3%5) , (5.13c)

Ap=— %(xx —- X+ %)

where x;, x, x4 are given by (Wu 2. 31) - (Wu 2. 33)
as

xg= (L A7) (1= 271502, (5.13d)
%= (L4A712) (1= 2{p), (5.13e)
xg= (14233 (1-255)1. (5.13f)

Straightforward algebra then yields

/
Yz Yra 152 p-3%-2R[1, 3 -1 2
21 KRR+ 34, R+ O(RP)),
Yoy Yg
(5.14)
where K is given as
K=[(1-232) (1-2{"%) (1= 2"3H ]2, (5.15)

The correlation p,,(R) becomes
Pyy(R) 5 =5(= D)F T KERNR[L + 34, R+ 0(RD)]
x[2/(1+7)] 21 - a4, (5.16)

(ii)a 2=1-9%: For this case p,,(R) may be
evaluated exactly for all R. Indeed we have

0, n20
bp=q¢ -a, n=1 (5.17)
a™(1-a?), gn>1.

Therefore (5. 3) becomes an upper triangular deter-
minant, hence for R#0

pyy(R)=0. (5.18)

(iii) @< 1-»?: Wu’s analysis can be carried out
word for word, but the contribution to the asymptot-
ic series comes from both branch points A;! and
A3!, with one contribution being the complex con-
jugate of the other. Therefore we have

Y3 (TR) Y2 {Kkn, Ry K% A R+iRT
X (Ay, KngR+AL K* 2 R)

+HRZ[AL - K AT+ Ay - D KNE]+- - -,

(5.19)
where K is given by (5. 15).
Define
Ap=Age’, (5. 20a)

3
K=ce's, (5. 20b)
Agl=ae® =2 | (5. 20c)

So [using also definitions (4. 15)] we have

YR YR. +1

2 4c3(nR) 0 2R
Ypa Yr

x sin®[1 +3 AR coss +O(R™?)].
(5.21)

The first two terms do not oscillate with R, but
the term of O(R™?) does oscillate. This expansion
clearly breaks down for a®=1-7%. Combining
(5.7) and (5. 21) with (4. 14) we obtain

py(R) 2 (= DR [2/(1+%)] 21 - a®)] ¥4 c¥(nR) a 27

x sin%y [1+3A, R 'coss +O(R?)].
(5.22)

(iv) a=1: The generating function specializes to

sriszp-azf 1= E \V2
C(¢)=e™""% (1—_—_7;}?) . (5.23)
If we consider the case y=1
COt) = e¥ir2go2 (5.24)
then Pfeuty has shown that
Py (R) == (4R*~1)" pD(R) . (5. 25)

For y#1 but ¥#0 we may easily combine (5. 25)
with (5. 31) of Wu to find asymptotically

Pyy(R) = = §(= D)R¥(1 +7)5(¥R)?/4

x e'*2V124 31+ 0(RY)] . (5.26)

(v) a>1: In this case nd P,= -1 and Py, can be
studied by use of (2. 6) and (2. 27) of Wu just as
Py was studied for a>1, We find that

Pys(R)E — (= 1)Lt \R R-72
X [ =2HA =1 D)0 =7 2,) 2V

» i c L(R)TG +m)

o MP(R+%+7’”) ’ (5.27)

where
1- Ag.;.xgy 172 = n
[(1 ATy =TT - y)] ‘,,2.30 Cn
(5. 28)
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In particular we have
Co={[27/1+M]A =21 2)} 121 - )V2 | (5.29a)
Cy=3A3{[27/(1+9](A =212 + (1 = 2D = A1 xy)

- (1 =)APN[2v/(+9)] ), (5. 29b)

pw(R) % - (_ I)R %,",-1/2 )\gR -3/2

X [(1 =221 = A2)(2 = At agh) 24

X(1 =AM 14+ 3RNC,/Cy-1)+ORD)] .

(5. 30)

VI.EVALUATION OF p_,

We finally turn our attention to p,,, which is given by (2. 8c). The magnetization is clearly R independent
and will be the first term in the asymptotic expansion of p,, for large R.
The next-order term is obtained where T> 0 by using the partial sum decomposition of (tanhzBA)/(381)

to find

_L =(R+1) (1 _ - - E
G.r=% fmﬂdsg FRA-MHA =278 -5

1

“2mi Sy 1+7\2

X éfz&-l Zonet [(1= E7 o)) (1 = £ fopd) (1 — Eg2py) (1 - E702200)]-

Therefore if y+#0, we have

-1
dt g-(}h 1) (1 - "{lﬁ)(l — )\él)_l_.. (E)

Z (2 -1)%7%S;5} ,

(6.1)

G.r=(1+)71 (A %Z {ff18ona [ =F2y) (1 = fop18anat) (1 = fomi€2e )1 {1 = A7 fany) (1 =23 o0 0)

+88  Fon [(1-850) (1 = fop18an) (1 = gion 1 far) ] F (1 =27 g2 y) (1= 250220 0)]}

As in (M Sec. 2A), when T#0 and R is sufficiently
large, only the first term contributes to an asymp-
totic expansion, and the second-order term inp,,
can be easily written down using the relations G g(7)
=G_g(=7).

Therefore for any a and T fixed and positive

Pe~mi- 21 =Y (1-f,8) % @ -2

(A R+ AgDAff+Ael),  (6.3)

where
Ay= (1= A-271) (1-23'1), (6. 4a)
A== (- 20) =2 1), (6. 4b)
Ay=(1-gD"(1-2i'g) (1-25'gy), (6. 4c)
A,=(1-g51(1-28)(1=2g,). (6.4d)

As in the previous sections of this paper, there
are two cases to consider according to whether
f» (and g,) is real or complex. Consider first the
case

(6.2)

[
Y- (1-7%)]<(1-7%) (n/B)%.
Then f, is complex, and (6. 3) specializes to
Pee~mi= B2 (1= | £, 2t - 131)2
XRe[A,g¥]Re[&,gF]. (6.6)

(6.5)

The case ¥ =0 may be studied by letting ¥~ 0 in
(6. 6), and we find that for all @ and T >0,

R e e R S P A

x(gi' = fr") % (Red, gR)2. (6.7)

It is clear from (6. 6) and (6. 7) that the approach of
Pz to m? is not monotonic. Indeed, when a=0 the
oscillations in p,, are quite pronounced and p "(R)
=0 when R is even, while if R is odd it decays as

Pec™ = (L= B2 £1[2 (1= | £1]% | 1] %R A, 4,
(6.8)
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However, as a?increases, the wavelengths of

these oscillations become longer and longer until at

Yz[az— (1 -72)]= (1-v?) (n/B)? (6.9)
&1 and f, become real and p,, becomes monotonic.
When T >0, the other case to consider is

Y2la®- (1-v)]>(1-7? (n/B)2. (6.10)

Then f, and g, are real, f;<g;<1, and (6. 3) reduces
to

Pee~mi—B2(1-72)1(1 -89 @it ‘ffl)'zAxxxg?R .
(6.11)

It should be noted that (6. 11) holds for all values
of a satisfying (6.10) and that there is no distinc-
tiona<lora>1. However, as seenfrom (3.12), g, is
not a monotonic function of @ but rather is a function
which reaches a maximum value as a increases
towards 1 and then decreases to zero as a ==,

We now turn to the case T=0, where we have
already seen in p,, and p,, that the cases a=1 or
v =0 are to be distinguished. When T=0, we may
set B = in (2.17) to find

(d) v+0, 0<a?<1-52:

3
1 T
GR= _.2_"/-; d¢e-i¢ (R+1)
(1 _ ?\ile“) (1 - Aélew) )1/2
X 6.12
((1 _ K;re-w)(l - X;‘e'“) ( )

This is simply expanded as R -, and using (2.7)
we find the following results:

(a) r=0:

. -1,\\ 2
E__(sm(R;:zos a))  a<1, R#0
Pee( R) = K
%’ az=1
(6.13)
which is an exact and not an asymptotic result;
) a=1, v#0:

Pe(R)~m2 - L(nR) 2 [1 +:— (yR)2+0(R™)];

Pee(R)~m2 — a®RR2 77 Re{e“’m‘”[(l -e?) /(1 -a2e2i))1/2

x |1 3p-1 1 1 (12
BV A T e A pa e

— y2,-2ivy\ 1/2
xRe{eum-n(((ll_.z_,—_ae eo) )) [1 +%R"(

(e) 1-7%<a®<1:

(6.14)
(c) a®=1-9%, y#0:
PulP) =i, R#0 (6. 15)
which also is an exact result;
a2t
1 a? a2 em2iv
Z+1—ez“+1_d?+1—012e'm)] ; (6.16)
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3
APPENDIX

For easy reference, we give in this Appendix a dictionary of f(¢) for the various ranges of ¢ and the param-

eters involved. Note that g(f)=7*(-¢).



t>0

-(1-a)<t<0
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L a®>1-7%; a>1-+*
_a+{yz [az—(l—yz)]+(1—ya)tz}”2 [ a+{yz[a2—(1—72)]+(1—72)t2l”2 2 1/2
f(t)_ 1_72 _( 1_.},2 ) -1] )
a-{PR?-(1-7)]+ (1 -2 [a—{*rz[az—(1—72)]+(1—7/2)t"}”2 2 1z
f(t)= 1_.),2 —( l_yf ) _1] ’
(0= a—{‘}’z[az—(l—)‘22)]+(1--)’a)tz}”a _ )

1-y

i['<a—bﬂ@a‘(I‘V”IWI—Y%FF” >2+1]”2,

1-vy

-(1+a)<t<-(1-a)

f(t) _ a- {YZ[aZ - (1 - ),2)]+ (1 - .y2)t2}1/2

1-7%

f(t):a +[(1 - v32 - 21 -72_@]1/3 _[(a+ [(1 -7 =721 _.yz_aa)]x/z)z ) 1]1/2

1-v2

+[(a -{r2a? - (1 =93]+ - A) P72 )2 _ 1]1/2 ,

t<-(1+a).

II. a%<1-7v%; a>1-72

)=

1-7" 1-92 £>0
_a+i[- (l—yz)t2+y2(l—y2_a2)]1/2 a+i[- (1_Yz)tz+.),z(1_y2_az)]1/z 2 1/2
1-7% - 1-9% - , o ltl<e

PPN ( B Vot L G —[<

1-+2

f(t)=a" [(I-Yz)t:::/:(l_-yz__aZ)]l/a _

(1 — 242 _ 12(1 _~2_ 42)71/2\ 2 1/2
RS T R 1 L) N Ly

1-v

1-92

i[_(a— (A=) -7* 1 -2 -a?)]"/? )2 +1]1/z ’

-(l+a)<t<-(1-a)

_a[(1- Y32 - y3(1 - y2-a?)]t/% [fa-
£6)= ! [

() et A (l_yz_a2)ll/2 2 1/2
1—'}’2 - 1] ’

III. a<1_-}/2

f(t)=a+ [(1- ¥ -1 - »% —a?)]'/? _[(a +[(1- A2 -1 _yz_az)]xlz)z +1]1/2 1w

1-92

1-92

t<-(1+a).

803

(A2)

(A3)

(A4)

(A5)

(A6)

(A7)

(A8

(A9)

(A10)
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242 _ 201 _ A2 _ 2\11/2 22 201 a2 a2)11/2 \ 2 1/2
-2+l y)tl_;/x(l Y2 -a?)] _i[_(a+[(1 Y)tl_;z(l Y2 -a?)] >+1] , b<i<i-a
(A11)
. s 1/72\2 1/2
f(t)=a+l[- (1_72)1t2—+y.);2(1_7,2__a2)ll/2 _i[_(au[" (1—73)221,;:(1—73_(12)] ) +1] s |t|<9 (A12)
f)-2= [(1—yz)zf_—;(l—yz-az)]"2 _{( - [(I—Yz)t"l—_::(l—Yz—az)]“z)z_1]”2, C(+a)<t<-8
(A13)
R i o [ e L I
(A14)
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Generalization of Boltzmann’s Kinetic Theory. The Lorentz Gas.
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We present in this paper a new formulation of the kinetics of the Lorentz gas, based on an
analysis of statistically independent collisional events. We give a method in which the general
collision operator is expanded in terms of functions of the density, and we carefully treat the
u*® approximation (u is the density parameter and s is the dimensionality of the gas). The

method is applied to the calculation of the self-diffusion coefficient.

INTRODUCTION

From the point of view of Boltzmann’s early work
in kinetic theory, one considers a particle of a gas
at time ¢ with velocity V(f) and evaluates the transi-
tion probabilities associated with the various pos-
sible binary collision processes. Molecular chaos
(MC) is then assumed, wherein each collision is a

random event having no correlation with the past
history of the particle. One can then derive the
increment dII(¢) of the particle distribution function
f, t) between times ¢ and ¢ +dtf in terms of these
transition probabilities and f(V,#). The kinetic
equation thus obtained is local in time, and in the
case of the Lorentz gas, the successive deflections
of the velocity vector constitute a Markov chain.



