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A measurement of the isotope shift in the (215,-2'Py) line of atomic helium has been made
and is in excellent agreement with theory. Both He! and He® 2!S; metastable beams were
irradiated in a magnetic field with 20582-4 (21S)-2'P,) radiation from He? and He! resonance
lamps, respectively. In each case, a magnetic sublevel of the 2!P, state was Zeeman shifted
so as to scan the resonance-lamp profile. The 584-4 (2 1P,—l‘Sn)-decay photons served to
monitor the excitation. A shift v(He®)—v(He?) =0.1408+0.0019 cm™! was obtained.

I. INTRODUCTION

In a previous publication, a preliminary measure-
ment of the (2!S,-2!P,) isotope shift was reported.*
This work has been extended and these results are
now described. The (2!S,-2'P,) isotope shift is of
interest, in that it permits a measurement of the
mass-polarization contribution to the binding energy
and hence provides a test of the atomic wave func-
tions. Recently developed wave functions?'® have
permitted a calculation of great accuracy but no
dircct measurement has been made. A shift of 0.11
cm™ had been inferred by extrapolation from the
results of spectroscopic measurements in the higher
members of the (2!S,-n'P,) lines, *'° whereas the
predicted value is 0. 1419 cm™ with an estimated
error of no more than 0. 0001 cm™.

In the present paper, a complete description of
the experiment is given and a new and improved
measurement is reported. The experimental tech-
nique may be briefly described as follows. A
beam of 2'S, metastable atoms was first produced
by electron bombardment of a ground-state helium
beam. The 2'S, beam then passed through a uni-
form variable magnetic field where the 2P, state
was excited by 20582-A (2!S,-2'P,) resonance radia-
tion. Both He* and He® beams were irradiated with
He® and He* resonance lamps, respectively. By
means of the applied field, a magnetic sublevel of
the optically excited Z‘P1 state was Zeeman shifted
So as to scan the resonance-lamp profile. The
584- A photons, resulting from the dominant 2'P,
decay to the 118o ground state, served as a monitor
of the (2'S,-2'P,) excitation.

II. THEORY

Because the nuclear motion about the center of
mass contributes slightly to the binding energy of
an atom, the mass difference of isotopes gives rise
to small shifts in their energy levels and conse-
quently in their emission and absorption spectra.
In the simplest case of one-electron atomic sys-
tems, particularly hydrogen, the effect of nuclear
motion on the binding energy may be described by
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replacing the electron mass m by a reduced mass
w=mMy/(m+My), where My is the nuclear mass.
The binding energy E is related to E«, the Schro-
dinger solution for an infinitely heavy nucleus,
through E = (u/m)E «; the resulting isotopic energy
differences are generally referred to as reduced-
mass or normal shifts. In the case of N electrons
and one nucleus, the effect of nuclear motion on
the binding energy can be described in terms of a
reduced-mass shift, analogous to the above, and a
mass-polarization term.® As both these contribu-
tions are present in a two-electron atom, helium
provides a quite general system for the investiga-
tion of the effect of nuclear motiononbinding energy.

The reduced-mass and mass-polarization contri-
butions can be demonstrated in a straightforward
manner® for helium by a transformation of the two-
particle nonrelativistic Schrodinger equation to
center-of-mass coordinates, i.e., with the trans-
formation

MX=MyFy+mfy+ mty, M=My+2m ,

X,=T,~Ty , k=1,2 for the two electrons,
where Ty and ¥, are the nuclear and electronic po-
sitions in the laboratory system. A classical der-
ivation may instead be given. The kinetic energy

of a system of particles can be written as the kinet-
ic energy of the entire mass of the center of mass
plus the sum of the kinetic energies of the individual
particles about the center of mass,” i.e.,

2 2 2

T=i+‘¢+21’_+£2- , (1)
2M  2My  2m  2m

where P= MX, and B/=mx/, %/+X=F, for i=k,N.
The classical nuclear momentum Py may be elim-
inated by the condition p;+ P,+ Py =0 in the center-
of-mass system. Furthermore, from the canonical
formalism or by comparison with the quantum-me-
chanical transformation (5, ﬁ) can readily be shown
to be conjugate to (X,,X). Hence, introducing the
gradient operators for these momenta into the ki-
netic energy and expressing the electrostatic po-
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tential in terms of X,, one obtains the Hamiltonian

ﬁz 2 ha 2 2 ﬁz
= - — -— (V5+V3)—- — V,-V
H 2MV zu(l"' 2) My 1° Ve
2 2 2
_2 22 ¢ (2)
X1 Xa  Xi2

where u=mMy/(m+ My). The first term, which
describes the translational motion of the atom as

a whole, can be ignored as it does not contribute

to the binding energy. The second term gives rise
to the reduced-mass shift through the nuclear mass
contained in . The third term is the mass polar-
ization. The dependence of this Hamiltonian on
nuclear mass (excluding translational motion) can
be seen to arise from the Kkinetic-energy term of
the nucleus in the center-of-mass system.

The reduced-mass and mass-polarization shifts
can both be calculated by use of the energy eigen-
values E - and corresponding wave functions ¥,
obtained from the above Hamiltonian for an infinitely
heavy nucleus, i.e., u=m and no mass-polariza-
tion term. The reduced-mass effect, resulting
from the introduction of u in place of  in the in-
finite-nuclear-mass Hamiltonian, gives rise to a
shiftin the energy eigenvaluefrom E « to E = (1/m)E «.
This result follows immediately from the coordi-
nate transformation X, - (1/m)X,.® Hence, to cal-
culate the reduced-mass effect in a state only the
energy is needed. The mass-polarization term,
treated by first-order perturbation theory, contri-
butes a shift to the energy — (5%/My) [V, -V, ¥.
and is seen to be inversely proportional to the nu-
clear mass. A knowledge of atomic wave functions
is necessary for its evaluation.

The reduced-mass corrections to the binding en-
ergy E .« for both He* and He® were calculated from
theoretical values?'® for the nonrelativistic ioniza-
tion energy of He!, v. This shift in the energy level,
O0E .= E - E«, is for the two isotopes

4y M m
GE,,,,(He)-1‘/14u+4m+M4 R« ,
3)
3y_ M m+ M, m
OF m(He") My m+ My vr meM; T

where M, and M, are the He*and He® nuclear masses,
respectively, and R. is the Rydberg constant (elec-
tron mass). The terms 4mRa/(m +My), corre-
sponding to the reduced-mass shifts of He*, do not
contribute to a shift in emission or absorption spec-
tra of neutral helium but should properly be in-
cluded in 6E ,(cf., Ref. 1). The mass-polariza-
tion corrections 6E_, to E~ were calculated directly
from the tabulated?®'® mass-polarization contribu-
tions to the He* ionization energy (- €,) and are

8E,(He')=€y,, BE, (He*)=(M,/Me, . ()

The shifts obtained from these expressions are

summarized in Fig. 1. For these computations,
the nuclear mass was obtained as the atomic mass
minus twice the electron mass.® The predicted
shift in the (2'Sy-2'P,) line is

v(He®)-v(He?)=0.1419 cm™ (4254 MHz) .

The peaks of the scanning profiles obtained in the
measurement were easy to interpret due to the ab-
sence of effects from fine and hyperfine structure.
With regard to fine structure, no splittings occur
in the singlet states of the helium atom.® Other
contributions to the energy, such as relativistic
corrections, have been calculated®'® but are inde-
pendent of nuclear mass and only give rise to level
displacements independent of the isotope. He* has
no hyperfine structure as its nuclear spin is zero.
In the case of He®, which has a finite moment, the
hyperfine energy vanishes in the 1S, state.'® A
splitting in the P, state due to orbital motion is
small (19 MHz in a hydrogenic approximation) as
compared with the natural linewidth (287 MHz) and
would have a negligible effect in these measure-
ments since the center of gravity of the line is not
displaced.

A shift does result from the different nuclear
dimensions of isotopes. The consequent difference
in electrostatic potential within the nucleus gives
rise to a shift in binding energy when a finite elec-
tron density at the nucleus exists. This nuclear
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FIG. 1. Energy-level diagram showing the reduced-
mass and mass-polarization contributions relative to
the infinite nuclear-mass solution of the Schrodinger
equation [see Eq. (2) of text]. The reduced-mass con-
tribution of the He® ion is included in the dotted baselines.
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volume effect 6E,,, increasingly more important in
heavier nuclei, is small in the present case in com-
parison with experimental resolution. For purposes
of an estimate consider the 2'S, and 2'P, states as

a 2s and 2p electron, respectively, moving in an
effective Coulombic potential. The shift arises
primarily from the 2s electron due to its greater
density at the nucleus. Under the assumption of a

uniform distribution of charge throughout the nuclear

volume, the energy difference in cm™ of the 2s
electron is

6 ,(He®) — 6E  (He') = 2 ZR 4madyZ,(0)

oY ro(He®) - rQ(He‘]) (5)
ay ( ao ’

where q, is the Bohr radius, ¥, the nuclear radius,
and ¥,,(0) the hydrogenic wave function for a 2s
electron evaluated at the nucleus, with Z=2 for
simplicity. With the experimental nuclear radii, 1
we have

8E ,(He®) - 6, (He')=6.6 X10"° cm™ (2.0 MHz) .

This is a factor of 30 smaller than our quoted ex-
perimental error.

III. APPARATUS

The equipment used in these measurements will
be briefly summarized as a detailed description has
been given elsewhere.!? The 2!S, (and unavoidably
235,) metastable beam was produced by electron
bombardment in the source chamber of a two-
chamber brass vacuum system. The operating he-
lium pressure in the source chamber was 1. 7x 107°-
mm Hg with a corresponding helium partial pres-
sure in the interaction chamber of 4x 10”7- mm Hg.
Excitation of the 2!S; metastable beam with 20 582- A
radiation occurred between the 7. 3-cm-diam poles
(0.93-cm gap) of an iron electromagnet in the
interaction chamber. A brass spacer for these
poles had two orthogonal apertures, one 0.93x0.93
cm? for the beam to enter and exit, the other 0. 93
cm high by 5 cm long (along the beam) for excitation
and detection. The directions of magnetic field,
atomic beam, and incident (or detected) radiation
were mutually perpendicular. A Bendix channeltron
electron multiplier was used to detect the 584- A-
decay photons. This electron multiplier was totally
insensitive to the incident 20 582- A radiation and
hence, the excitation and detection directions could
be colinear. The channeltron, located 15 cm from
the magnet center and shielded with mu-metal, was
unaffected by our magnetic field scan as verified
by the absence of any field dependence in the signal
resulting from irradiation with a Hg Osram lamp.

A number of parallel, alternately biased, electric
field plates were located in front of the channeltron
to remove ions.
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Channeltron pulses were counted in a multichan-
nel analyzer (Tech. Meas. Corp. CAT 1000, North
Haven, Conn.), while the magnetic field was varied
synchronously with channel address. With 256
channels and an address rate of 0. 080 sec/channel,
each sweep took a little over 20 sec. Typically,
300 sweeps were made in a run, so each curve re-
presented about 1 h and 40 min of data accumula-
tion. The varying magnetic field was read with a
temperature-compensated Hall probe (T6010) and
a Bell 640 gaussmeter (¥. W. Bell, Columbus,
Ohio), which could be read into the multichannel
analyzer with an analog to digital converter. The
CAT 1000 data in digital form was read directly
into an IBM 1130 computer.

The Hall element was located radially 1.9 cm
from the magnet gap center. For the tapered pole
pieces used (5 cm pole diameter), the magnetic
field was constant to within 0. 3% over the central
2. 5-cm-diam portion of the gap, but was down by
0.75% at the position of the Hall element. As the
resonance radiation was reasonably well focused
into the gap center (~3 cm image length along the
beam), the magnetic field was calculated as 1. 0075
times the observed field. The gaussmeter itself
was calibrated against proton resonance, and the
magnetic field measurement technique checked
against known static fields. The error in magnetic
field measurement is estimated as 1%.

The He® used for both the atomic beam and the
resonance lamps was produced by the Monsanto
Company and contained a He* impurity of 0.05%.
For the beam production, a total of about 0. 3 liters
STP of He® was used; it was collected by an auxilliary
mechanical pump backing the diffusion pumps.
Little He® was needed to make the resonance lamps
since a He® gas-handling system with a Toepler
pump for recovery was available in the laboratory.
The quartz lamp bulbs were evacuated to a pressure
of 107%- mm Hg and baked overnight at 1000 °C before
the He® gas was admitted. These He® lamps were
operated identically to the similar He* lamps pre-
viously discussed. !?

1V. MEASUREMENT

A measurement with both a He® and a He* beam
(with He* and He® lamps, respectively) allowed an
estimate and a correction for certain possible sys-
tematic errors. Such errors could result from
any displacement in the central frequency of the
resonance lamps (pressure shifts, etc.) from the
natural atomic frequency or from the excitation of
the beam atoms by slightly Doppler-shifted incident
radiation. With regard to the latter, while no Dop-
pler shifts occur for the average direction of the
incident radiation perpendicular to the beam, the
lamps and optics were only aligned to within a de-
gree or two; furthermore, the Hall probe in the
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magnet spacer introduced a slight asymmetry.

The use of the He® and He! beams to minimize
such errors can be formally expressed by consid-
ering the resonance condition at the 584-:\-photon
signal maximum. In the case of a He! beam in
which a 2!'P, magnetic sublevel has been Zeeman
shifted, we find that

v(He') + (g, upH,/h) = v(He®) + by, (6)

where v represents the (2!S,-2'P,) pure atomic
transition frequency and 6v,; the real or Doppler
displacement from v(He®) of the He® lamp. The &
sign is written because it is experimentally not
known whether the m;=+1 or m;= -1 sublevel
scans the lamp profile, even for a known direction
of magnetic field. Similarly, for the He® beam, we
have

v(He®) (g, upHy/h) = v(He*) + v, . (7)
Combining, we obtain
v(Hed) - v(He') =+ (g, pup/h) 3(Hs+ Hy)
+3(bvy = bvg) . (8)

The Doppler-shift contribution to dv; and 6v, should
be related by the expression 61/3/6114:,/3*: 1.15, pro-
vided the velocity distribution in the beam is Max-
wellian, The assumption of a Maxwellian velocity
distribution in the metastable beam is probably not
valid, ! but nevertheless, the ratio of equivalent
velocities on the He® and He* velocity distributions
should certainly be close to y4. We might therefore
expect in Eq. (8) that the term 3(6v, -6v,) will yield
a net correction of - 0.0756v; from the Doppler con-
tribution. In view of the small size of this correc-
tion (~5 G) and our lack of knowledge of how much
3(6v, — 6v,) is due to Doppler effects, we will take
the experimentally determined isotope shift to be
given by the average of H, and H,.

In the measurements, He'-lamp-filling pressures
ranged from 3- to 6-mm Hg, and He® lamps at 5- and
7-mm Hg were used. Typical observed 584-A -
photon signals at the scanning curve maxima were
of the order of 70 counts/sec. These signals are
consistent with expectations from the level-crossing
work with this apparatus.!? Because of the smaller
magnet gap in the present study, the beam and
focused intensity were each down by a factor of 2
and only one magnetic sublevel (|m,| =1) was ex-
cited. This above 70 counts/sec is about equal to
one-eighth the observed signal (0 G) with a linear
polarizer in the level-crossing work.

The observed background, i.e., no resonance-
lamp excitation, was typically 20-25 counts/sec.

An increase in counting rate equal to about 15% of
the peak 584-2\-photon signal (due to 20582-A ra-
diation) was however observed near 0 G when the
beam was irradiated with the resonance lamp. This

signal, observed with both He® and He* beams, was
presumably due to the tail of the exciting-light pro-
file.

In the data analysis, the number of counts stored
in each CAT channel address was plotted as a func-
tion of magnetic field as shown in Figs. 2 and 3.

A curve was drawn through the data by eye, and
center points then determined for several values

of relative signal. The theoretical shape of this
curve is not known since the lamp-intensity profile
is not known, but it is expected to be symmetric
about the maximum. The curves were indeed sym-
metric within experimental uncertainty about the
magnetic field at which the signal peaked. No as-
sumptions about the shape of the lamp profile other
than the experimentally verified symmetry were
made. The He® profiles were wider than the He*
ones roughly in the expected ratio for Doppler
broadening, i.e., the inverse square root of the
atomic masses. However the observed half-widths
were too wide for pure Doppler broadening, as pre-
viously noted.! Typical results are shown in Figs.
2 and 3. The average values obtained from a num-
ber of independent runs for the He* and He® beams,
respectively, were

H,=2980 G, H,=3049 G

The value of H, can be seen to be less than H,, in-
dicating the presence of a systematic shift. No
dependence of H; or H, on lamp-filling pressure,
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FIG. 2. Typical experimental curve where a He! beam
Zeeman scanned a He® lamp profile. Solid curve through
the data points was drawn by eye. Solid vertical line
was drawn through the center of symmetry points.
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FIG. 3. Typical experimental curve where a He® beam
Zeeman scanned a He!-lamp profile. Solid curve through
the data points was drawn by eye. Solid vertical line was
drawn through the center of symmetry points.

however, was observed.

As indicated above, the sign of the isotope shift
could not be determined from a knowledge of the
direction of the magnetic field. However, by dis-
placing H,; or H, by a Doppler shift of known direc-
tion, this sign could be experimentally determined.
The procedure, moreover, gave an indication of
the magnitude of possible Doppler contributions to
by, and 6v, in the above data (where no shifts were
deliberately introduced). With an additional fixed
Doppler shift 6v°, the equations describing the peak
scanning signal become

+gupH{/h=v(He) - v(He*)+bv,+ 607 | ©)
+g upHY/h=v(He®) - v(He?) - bv, — 607 .

Hence, for a negative value of §v° (as actually pro-
duced), |HP!<|H,| and (H?|> |H, !, if v(He®)
- v(He*)> 0, as theoretically predicted.

To produce this Doppler shift 6v°, the optics
were tilted about 4° so that the incident radiation
was not quite perpendicular to the beam. The direc-
tion of tilt was such that the velocity of the beam
atoms and the incident radiation direction formed
an angle of 86°. The beam atoms hence had a
velocity component directed away from the lamp,
and hence the 20582-A incident radiation appeared
to these atoms to have a lower frequency. Roughly,
the expected Doppler shift is

6v°= ~ (v/c)v sind® = - 50 MHz,

where »=1.5X10° cm/sec. For g,(*P,)=1, this
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corresponds to about - 38 G.

With this arrangement, the results with a He*
and He® beam were H?= 2945 G and HY=3100 G, re-
spectively, confirming the theoretical prediction.
The average of these two values is 3022 G. These
Doppler shifts too are of the order of magnitude
estimated. Furthermore, it seems plausible that
a Doppler shift produced the systematic difference
in Hy and H, as a result of the Hall-probe mount in
the magnet spacer on the downstream side (with
respect to the atomic beam). This asymmetry in
excitation direction favored a Doppler shift with
6v°<0, i.e., of the same sign as introduced inten-
tionally, and hence might well account for the ob-
servation H, <H,.

The experimental error arose principally from
the 1% uncertainty in magnetic field. A net random
error of 5 G in picking the symmetry point of the
curves is estimated and an allowance of 5 G is made
for the uncertainty in the correspondence of
3(H,+ B,) with the pure atomic isotope shift. No
magnetic field dependence was observed in the back-
ground over the range where the scanning signal
peaked. Hence, the experimental result is

iR, +H,)=(3015+40) G .
V. CONCLUSIONS

The present experimental value for the isotope
shift in the (2'S,-2'P,) line is in excellent agree-
ment with theory.?'® With g,(*P,)=1.00000, the
experimental together with the theoretical value is

expt: v(He®)-v(He*)=+0.1408 +0.0019 cm;
theor: v(He®)-v(He')=+0.1419 cm™!

This agreement is consistent with theoretical ex-
pectations, as the error in the calculated value,
based on its convergence, is no more than 0. 0001
cm™., The present result agrees well with our
earlier result.®

The experimental results for the isotope shift
actually provide a more sensitive test of the mass-
polarization contribution than is obvious from the
quoted precision. This can be seen by observing
that a calculation of the reduced-mass contribution
to the isotope shift depends only on the ionization
potential, which is known?'® experimentally for the
states of interest to one part in 10’. A calculated
reduced-mass effect can hence be subtracted with
no loss of accuracy from the total measured isotope
shift to yield a measured value for the mass polar-
ization. The difference in the (2!S,-2!P,) transition
frequencies, neglecting the reduced-mass effect, is
then

expt: v,,(He®)-v, (He*)=0. 3586 +0.0019 cm™;
theor: v, (He®)-v, (He')=0.3597 cm™

As the reduced-mass and mass-polarization contri-
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butions are of opposite sign, a measured value for
the latter with an improved accuracy of 0. 5% is
obtained.

With regard to other calculations in these states,
two independent values!*'!> have been obtained for
the 2!P, isotope shift in agreement with the above
theory?:® to within 0. 001 cm™; none of these cal-
culations could be distinguished in the present ex-
periment. An earlier calculation of the Z‘SO isotope
shift'® disagreed considerably with the above theory
and with the present experiment.

A brief remark might be made regarding the iso-
tope shift in the higher (2!Sy-n'P,) lines. The isotope
shift for the 5016-A (2'S,-3'P,) and 3964-A
(2!Sy-4'P,) transitions has been measured spectro-
scopically, and these values for v(He®)-v(He*) may
be compared with the above theory, where the cal-
culation is identical to that for the (2!S,-2'P,) line
(see Table I). The agreement is very good but the
shifts are primarily due to the reduced-mass ef-
fect. With the reduced-mass contributions excluded,

TABLE L
Spectroscopy? Spectr‘oscopy" Theory*
(2‘5043‘1") -0.83340.005 —0.849+0.003 -0.8443 cm™!
(2‘80-415’,) -1.150+0.005 -1.165+0.005 —1.1630 cm™!

See Ref. 4. %See Ref. 5. °See Refs. 2 and 3.

the theoretical shifts would be
(2'Sy-3'Py): Vp, (He®)=v, (He) = 0.0497 cm™;

(2'S,-4'P): v, (He*)-v,,(He*)=0.0320 cm™.

Hence, of the (2!S,-n'P,) series, the (2'S,-2'P,;) line
is clearly the most sensitive to the mass-polariza-
tion term.
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Hartree-Fock Theory with Exchange Cutoff*+
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A new Fock-type operator is defined which varies between the Hartree and the Hartree-Fock
operator depending on a cutoff parameter in the exchange potential. The corresponding pseudo—
Hartree-Fock equations require eachorbital ¢; to behave asymptotically as exp[— (- 26,.)“2 7],

Calculations are reported for the Ne atom.

I. INTRODUCTION

Handy, Marron, and Silverstone! (hereafter HMS)
have shown that the long-range behavior of Hartree-

Fock orbitals for atoms is

(b'—.exp[— (- 2Esmallest)llzr] as ¥V = , (1)

except for the case of an atom consisting entirely



