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We have calculated discrete and continuum generalized oscillator strengths for a11 the oc-
cupied shells of He-Na and the 3s and 3p continuum generalized oscillator strengths for Ar.
The calculations are done with a one-electron common-central-potential unrelaxed-core ap-
proximation. The generalized oscillator strengths were used to compute proton-excitation
and -ionization cross sections and stopping power, electron-ionization cross sections, and
neutral-neutral-ionization and -stripping cross sections. For proton ionization above 200 keV
and electron ionization above 200 eV, the calculated cross sections are in better than 20%
agreement with experiment. The calculated proton stopping po~er is lower than experiment
by 25% at 100 keV and within 10% at 1 MeV. The computed He-He ionization cross section
agrees with the measurement by Wittkower, Levy, and Gilbody, while the computed He-Ar
ionization cross section is a factor of 5 higher than the measurement by Puckett, Taylor,
and Martin.

I. INTRODUCTION

The generalized oscillator strength was intro-
duced by Bethe~ and used in his stopping-power
theory. ~ ~ Bethe's stopping-power formula uses
the optical oscillator strength, and for many years
the generalized oscillator strength remained unex-
plored. Lassettre's' electron scattering experiments
provided the first extensive experimental measure-
ments of atomic and molecular gener alized oscillator
strengths. These experimental gener alized-oscil-
lator -strength measurements have been applied by
Green and Peek to certain molecular scattering

problems. Rau and Fano~ have obtained asymptotic
properties of generalized oscillator strengths.
Inokuti and Kime and Oldham~ have done accurate
calculations of generalized oscillator strengths for
a limited number of discrete excitations in He. Bell,
Kingston, and Kennedy have done similar calcula-
tions for a wider range of discrete excitations with
a less accurate ground-state wave function. Bell
and Kingston have done proton and electron ioniza-
tion for He, and Oldham has done proton ionization
for He.

Our purpose is to use the generalized-oscillator-
strength (GOS) approach in calculations for a wide
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range of elements to ascertain where the Born ap-
proximation with approximate one-electron wave
functions will lead to results in reasonable agree-
ment with experiment. The one-electron model we
use is crude relative to the accurate He calcula-
tions for the ground and excited discrete states.
This is reflected in the excitation-cross-section
calculations. However, the He electron and proton-
ionization cross-section calculations are in excel-
lent agreement with the more accurate calculations.
Peach has done calculations for proton and elec-
tron ionization in the elements He-Ar. The contin-
uum one-electron orbital used was, in general, a
hydrogenic one. In general, Peach's calculations
are higher than experiment by a factor of 2 atlarge
proton and electron energies. We will show this
factor of 2 in Peach's calculations can be reduced
by using a more accurate continuum orbital.

These calculations are based on an exactly solvable
one-electron common-central-field unrelaxed-core
model wherein we approximate the quantity[-rV(r)]
of Herman and Skillman by a series of straight
lines. With this model we have made extensive cal-
culations of atomic photo-ionization cross sections.
For the light elements (He-Na), the calculated
photo-ionization cross sections agree with experi-
ment to 10' (except for some elements near thresh-
old), indicating that the calculated optical-oscillator-
strength function (the zero-momentum transfer
limit of the GOS) is accurate. With this in mind we
have computed the GOS for the filled shells of He-
Na. The calculated 3p photo-ionization cross
section of Ar ' differs significantly from the
measured cross section; the calculated cross sec-
tion is too high at threshold and drops off more
rapidly with increasing photon energy than does
the measurement. This difference persists in the
ionization cross section for the 4P shell of Kr and
the 5P shell of Xe. To examine the effect of this
on electron- and proton-ionization cross sections,
we have computed the GQS for the 3s and 3p shells
of Ar.

In Sec. II we discuss the calculation of the GOS
and compare our model calculations with other cal-
culations and some experimental data. All the
calculated values are available from the author. '
In Sec. III we report the electron- and proton-
ionization cross section and proton-stopping-power
calculations, and in Sec. IV discuss the neutral-
neutr al calculations.

II. CALCULATION OF GENERALIZED OSCILLATOR
STRENGTHS

A. Calculational Procedures

As mentioned in the Introduction, we approximate
the quantity [-rV(r)] of Herman and Skillman by a
series of straight lines. For He-Na we use four

x Jr, ~q2 (Kr) Q~(r)P „.(r) dr

2

1/2 (Kr) tt [(r)0 f' (r) dr
0

+(f'+1) (
1/2

dt' ~ we (Kr)2Kr

x y„,(r)y, g, (r) dr

The orbitals f, with their asymptotic properties and

generating scheme, are defined in Ref. 13.
Our computed continuum GQS is a section of the

true GOS; that is, the computations extend over the
range 0 && +&„0 K K„and 0 l' l,', where

, K~, and l,' are cutoff values. K, was taken to
be sufficiently large that for fixed & all significant
structure in the GQS occurred for k &K„and such
that for K &K, the GOS would be approximated by
f(K, &)=A/K . I & I was, in general, close to but
smaller than the l& t determined by Rau and Fano. 5

To determine E, we use the expression for the
proton-ionization cross section

straight lines and for Ar, five. To check the de-
pendence of the computed GOS on the number of

straight lines, we recomputed the Ne 2p continuum

GOS using five straight lines. The maximum dif-
ference between the two sets of GOS was 570. The

difference in cross section and stopping power was
less than 1% with the two sets of GOS. This is one

specific case; and while we consider it typical,
there is no guarantee that the model used will not

introduce errors larger than the above in other
continuum GQS. As in the photo-ionization cal-
culations there are a number of approximations
in the computed GQS matrix elements. We use a
one-electron model, with a common central field;
we also use the unrelaxed-core approximation. As

a result of these approximations the one-electron
orbitals in the product wave functions for the initial
and final states reduce the GQS matrix element to
a simple one-electron matrix element. The GOS

per nl electron per «' (continuum) hole is then

~ (., K', f )=rz/K'I (~ ~

e'"'~ «') ~, (1)

where r E= e -E„, is in rydbergs (13.6 eV), -&„,
is the one-electron ionization energy of the nl shell,
& is the continuum energy with e = 0 at the ionization
threshold, r is in Bohr radii and K in inverse Bohr
radii, with df/d& in Ry . Expanding the exponen-
tial in Eq. (1) in Legendre polynomials and Bessel
functions leads to
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where Eo is the incident proton energy (in Ry), ao
is the Bohr radius, M, amd M~ are the electron and

proton masses, respectively. E,= I E„, I, the ioniza-
tion energy, & „is the maximum energy of the
secondary electron, and K „is the maximum proton
momentum transfer. K „for incident protons is
given by'K „=M~(n, E)~/2I E„with K' „as well as
& „and K «arising from the kinematics. In addi-
tion we use the well-known' '7 property of the GOS,
that at large E it is dominated by the Bethe ridge,
so that the GOS is large only near e/R = K ao, where
R =13.6eV. For the K integral in Eq. (3) to pro-
duce a significant contribution at large & one must
have K „«/Rao=2M, e/8, or for &»Ez, «4M+0/
M~. Our calculations are limited to Ep & 1 MeV,
which leads to E &160 Ry. For all these calculations
we chose &, = 200 Ry. This is illustrated in Fig. 1,
where the solid lines labeled E indicate the region

10

10

-4
10

K (B.r.

FIG. 2. Helium ls-3s, 3p, 3d generalized oscillator
strengths. Solid curves are our calculations; dashed
1s-3s, 3p curves are from Ref. 6 and dashed 1s-3d
from Ref. 8.

in the In(K'/E~) ln(K /EI ), In(c/El)plane, where the
GOB is significant. The solid square labeled F indi-
cates the region where distincitive features of partic-
ular subshell GOS appear (discussed in Sec. II Q. The
dashed curves A and B represent K'„ for small and
large Ep, respectively. If the dashed curve B cor-
responds to Ep= 1 MeV, then the broken curves D
and C represent In(e, /Ez) and In(K, (&)/Ez), indicating
the region over which we compute the GOS.

Since we do not use hydrogenic orbitals, we can-
not do the sum over l' in Eq. (3) in closed form In.
the region of the Bethe ridge one finds that many
l' continuum orbitals contribute significantly to the
GOS. Arguing that a ground-state orbital of ioniza-
tion energy Ez(Ry) has its outermost peak at
r = I/v Ez, and that only those orbitals whose turning
points occur at smaller radii contribute to the GOS,
leads to the criterion that those orbitals must be
included for which

I'(I'+ I) «/E, , (4)

1 3

&n(&/ E I)

FIG. 1. Sketch of region of &, E plane significant to
these GOS calculations. Curves labeled E bound the re-
gion of the plane where the GOS is significant, while the
square labeled F bounds the region wherein subshell GOS
shows individual structure. Curves A and B are K &~ for
low and high incident proton energies, respectively,
and when B corresponds to 1-MeV proton energy, lines
C and D bound the region in which the GOS was computed.

where the energies are in Ry. For ionization of
complete shells where Ez & 1.2 Ry and E = 200 Ry,
a maximum l' of 13 is sufficient. Because of com-
puter time limitations we stopped at l,'=11, for 25
Ry ~ E & 200 Ry. For 0 + E & 1 Ry we stopped at
l'=4, and for 1 Ry& &&25 Ry we stopped at l'=6.
The expression for stopping power due to ionization
is obtained by dropping the (e+ Ez) denominator in
Eqs. (3). The effect of dropping terms in the I' sum
is significant for the stopping-power calculation but
not in the ionization cross-section calculation. For
both Na 3s (Ez = 0.378 Ry) and Ne 2P (Ez = l. 47 Ry),
for which the above criterion indicates l, = 23 and
l, =12, respectively, should apply, we performed
the ionization cross-section and stopping-power
calculations with l, =6 and l, =11. At 1 MeV proton
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d,& d„&fnl
(~ K2) "sl (g K2)

E
dq ' dq ' ' R R ' K2a2 (~0

Z —-Ka —& ~ Ka
R R ' R R' R

(5)

In the other sector we have df„, (e, K ) = 0. Es is an
energy above which the GOS is dominated by the
Bethe ridge. Z is in general a function of K of the
form

where fnl, n'I' is the oscillator strength for transi-
tions to states forbidden by the Pauli exclusion
principle, and Z„, is the number of electrons in the
nl subshell. Since we are using Z for the Bethe
ridge region only, we can use Z = Z„,. An examina-
tion of discrete excitation GOS indicates that the
peak GOS falls off with increasing E+,. and that for
particular E„, the GOS falls off rapidly when K
&E„, . Thus when E„... &Es we canneglect f„,,„,.
because it is falling rapidly at those K appropriate
to the Bethe ridge, and for E„.; & Es because the
peak GOS is small (& 10 ').

Using Eq. (5) one can write expressions for the
cross-section differential in secondary electron
energy da/d&, and the ionization cross section and
stopping power due to ionization for a specific sub-
shell:

energy there was less than 1~/c difference in the
calculated ionization cross section in the two cases
for both elements. However, with l, =11 the con-
tribution of ionization to the stopping power was 5/p

higher for Ne 2p and 204 higher for Na 3s than with

l, =6. But for Na at 1MeV, ionizationof the 3s
shell contributes less than 770 to the total computed
stopping power.

In addition to determining an asymptotic expres-
sion in K for use in Eq. (3), we use the values of
do/de at 150 and 200 Ry to determine an asymptotic
expression in e for do/de. Between incident proton
energies of 10 keV and 1 MeV the contribution of
the asymptotic regions to the total cross section and
stopping power was less than 10 of the total.

Finally we introduce a device to extend our direct
calculations to higher incident proto' energies. We
argue that the Bethe ridge can be approximated by a
5 function, so that

Znl
+ -e(e -E )8 E, -&

Mp
(5)

4ma0M, de
n) M,EO 0 (~ + Er)

rmax dfo
2

dE K

+Z e 'E, -E,

—1 dE 4va20M~ ~~ df„, dK
n dx ng M+0 0 rL dE K

+Z„, e 'E0 —E~ ln ' 8

1.0

.70

let

.50

where 8 is a step function.
With GOS determined up to E&= 200 Ry, these

expressions allow one to compute the relevant
quantities for incident proton energies greater than
1 Me V. In Sec. III we make use of Eq. (8) in
determining the stopping power of He for E0 & 1 MeV.

B. The Computed GOS

As mentioned earlier the detailed GOS calcula-
tions are available. " Here we briefly discuss some
features. Roughly speaking, and neglecting abso-
lute magnitudes, the GOS for the nl' shell as a func-
tion of scaled variables e/E„, and K2/E„, i.", inde-
pendent of nuclear Z. Thus, the GOS for de 1s,
Be 2s, Ne 2P, Na 3s, and Ar 3P ionization are
similar to the GOS for the same shells in different
atoms. In Fig. 1 we sketch the region in the
In(Ks/Ez), In(e/E, ) plane where the GOS is not
negligible. The solid square encloses the region
where distinctive features for the different shells
appear. Outside the square the Bethe ridge is

do' 4Pa0M~
da' N, M+0(c+Eq)

&max '*df, (e K) dK
d& K

min

.10
0 1.0 1.5

e(Ry)

I I

2.0 2.2

FIG. 3. He continuum generalized oscillator strengths
as a function of & for K = 0. 0, 0. 5, and l. 0. Experimen-
tal values are from Ref. 3.



INELASTIC SCATTERING OF ELECTRONS ~ ~ 271

TABLE I. Comparisonof f3s, nt(0) and df3s, f /dK I K = 0
for Na. HR and opt. results are from Ref. 18.

Final
state f(calc) f&(calc)

dominant. In the region of the Bethe ridge the GOS

at K =0 drops off rapidly with increasing &. For
c fixed the GOS is roughly constant for increasing
K until K = —,

'
&, at which point the GOS increases

until at K =E it is three orders of magnitude larger
than at K =0. For K &e the GOS drops off rapidly.
In the region enclosed by the square for both He 1s
and Ne 2p, the GOS for small E is a maximum at
K =0. As we increase E, the maximum shifts from
K =0 to larger K, with the maximum at K «
until the Bethe ridge is reached. There is no

indication of a zero in the GOS. For Be 2s there
is no indication of a zero in the GOS, but for small
e the peak in the GOS appears at nonzero K, and

as E is increased the peak moves out in K as in

He 1s and Ne 2p. For both Na 3s and Ar 3p there
is a zero in the optically allowed partial-wave GOS
at K =0. This is seen in the photo-ionization
cross section and arises from a zero in the 3s-ep
matrix elements for Na and a zero in the 3p-ed
matrix element coupled with a small magnitude
for the 3p-Es matrix element for Ar. The cause
of this for K = 0 is discussed in Ref. 14. The loca-
tion of the zero in the partial GOS moves to in-
creasing E as K is increased, but appears only in
the optically allowed angular momentum partial
GOS. With increasing K~ the optically forbidden
partial waves contribute to the total GOS washing
out the effect of the zero.

In Fig. 2 we compare our calculated He 1s-3l'
discrete excitation GQS with the calculations of
Kim and Inokuti for 1s-3s and 1s-3P and Bell
et al. for 1s-3d. For the 1s-3p transition our
result is 15% higher than the more accurate cal-
culation, for 1s-Sd the difference is 257O, and for
Is -3s it is 25k for Ka& 1 and as much as a factor
of two for large Ka. In Fig. 3 we compare our
calculations with the measurements of Lassettre
et al. for the limited experimental range studied.
The calculations agree with experiment to 15'fo.

However, the comparison shows a characteristic
discrepancy that is present in all our computed
GOS; the calculations are higher than experiment

4
I

.10
10

I

70 1(I 400 700 1000

(keV); N E~ (keV)

FIG. 4. Calculated He proton- and electron- (&10)
ionization cross sections. Curves A are our calculations,
curves B are from Ref. 9, and curve C from Ref. 19.
Open triangles, squares, and circles are from Refs. 20,
24, and 21, respectively; solid circles and triangles
from Refs. 22 and 23, respectively.

near E = 0 and lower than experiment at large e.
Effectively, the one-electron model squeezes the
GOS in toward smaller E. In Table I we compare
our calculated Na 3s-nl GOS with the electron-
scattering measurements of Hertel and Ross '
near K~ = 0.0. Since the optical oscillator strength
vanishes for 3s-ns and 3s-nd transitions, we com-
pare the slopes f~, where f& = lim df„, z, .(K )/dK
as K - 0. In addition we include the results of
optical measurements. Clearly, for allowed transi-
tions the calculations are in excellent (107O) agree-
ment with the optical measurements, and in good
agreement with the electron-impact measurements.
However, for the forbidden transitions the cal-
culated fj values are below experiment by a fac-
tor of 2. 5 for the 3s-ns transitions and a factor
of 4 for the Ss-nd transitions.

Finally, we used the optical limit to compute
the mean excitation energy I that appears in the
Bethe stopping-power formula '~:

4s
5s
6s
3P
4p
5P
3d
4d

0. 019
0. 0021

3.5

0. 58
0. 11

9.0
2. 0

0. 970
0. 0146
0. 00236

1.4
0.20
0. 074

2. 8
0. 50

0. 975
0, 014
0. 0021 x in(E„„,-E„ I

N„, $ N„,. f„, „,
ccuyi ad n'l'

nt n'V ~nt

inf = X iV„, Z X'„, , f„, „,(K'= O. O)
occuyi ed n' t '

nl n't' &nt

Results from Ref. 18. x(K = 0. 0),
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w)&ere the sunim, 'dion over n'I' includes integration
over tht ~.&~»thiuum, iV„, is the number of electrons
in t.he nl shell, and E„',, is the nomber of holes
in the n'l' shell. In graphically integrating the
cont. inuu~n part of the numerator and denominator
in Eq. (9) wc. estimate an error of 2-3% may occur.
Since inl- 2 fair I in rydbergs and Z & 6, the error
in I/Z-5% for Z & 6. In Table II we compare the
calculated valu&. s of I/Z (in eV per nuclear charge)
with the best experimental estimates. ' Noteworthy
is the variation of I/Z with Z. This is due to the
large oscillator strength and small energy dif-
ference in 2s-2P and 3s-3p resonance transitions.
Further, t:he calculated I/Z values are less than
or equal to the best experimental estimates. This
is an expected feature of calculated GOS which are
squeezccf i» relative to the true values. However,
in the Bethe stopping-power formula —(I /n)!/E/dx
~ 1n(4M„E„/MP) Thus . an underestimate of I leads
to an overestimate of —(I/n)~fE/dx, while a direct
calculation of —(I/n)dE/dx using a squeezed GOS
leads to an underestimate.

)0-17

io"

E g-19
4l
'T7

10

I

150

'tN) ~~ 250

I

200 250 300

III. I'.I.I:r"TRON- ANIL I ROTON-IONIZA I ION CIeOSS
SECTIONS AND PROTON STOPPING POWER

io"
0 50

I

2tl

8 (eV)

t

250

I

300 350

The procedure used in determining cross sec-
tions and stopping power is to use Eq. (6) to find
da/de, and then integrate over e to find a and
—(1/n)dE/dx. In Fig. 1 the curves labeled A and

8 are lower limits as a function of E in the K
integration. Curve A is appropriate to large K „
or small E0, and the integral over K does not in-
clude either the small K' (optical) region nor the
Bethe ridge. Curve 8 for higher E0 and smaller
K „includes both the optical and Betheridge
regions. For incident proton energies corresponding
to curve A, one does not expect the Bethe stopping-
power formula to be valid. However, we shall see
in the He stopping-power results that the direct
Born calculation of stopping power with these one-
electron wave functions is also incorrect, because
the GOS calculations in the region above curve A
is poor.

For electron ionization the limits on the integrals
in Eq. (3) were taken to be'"

K '*, =2E, —~E~2[E,(E, —~E)]"'.
min

Our calculated proton stopping power includes only
stopping power due to single excitation and single
ionization. The excitation cross sections are not
reported here but are available from the author.
The results reported here emphasize He because
extensive measurements and other calculations
exist for He and because the discrepancies that
appear between calculation and experiment for He,
appear no worse than for the other elements.

In Fig. 4, we show the calculated proton- and

FIG. 5. Proton-ionization cross section of He as a
function of secondary-electron energy. The format as
well as dashed lines are taken from Ref. 24, and solid
lines are the calculations. Triangles and crosses are
from Ref. 9 for 50 and 100 keV, respectively.

electron-ionization cross sections of He, the cal-
culations of Bell and Kingston, and Mapleton, '
and the proton measurements of deHeer et al. ,
Hooper et al. , and the electron measurements
of Asundi and Kurepa, and Rapp and Englander-
Golden. ' For clarity the electron-ionization re-
sults have been multiplied by 10, and plotted as a
function of Mt E,/M„where E, is the incident elec-
tron energy. For proton energy greater than 150
keV and incident electron energy greater than 150
eV our calculations are in essential agreement with
those of Bell and Kingston. However, in Fig. 5,
where we compare the calculated da/dk with the
measurements of Rudd and Jorgensen~' (we plot
the results in the format of Ref. 24), it can be seen
that over a wide range of E there is a significant
disagreement. Yet our calculations are in excellent
agreement with those of Bell and Kingston. The
effect of this disagreement is not apparent in the
total ionization cross section, which is dominated
by the small e region of da/de, but is clearly seen
in stopping power. Q Fig. 6 we show the stopping-
power results for protons on He. The circles are
stopping power due to ionization as computed by
Rudd and Jorgensen from their da/de measurements.
Dashed curve A is the computed ionization stopping
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FIG. 6. Stopping power of He for protons. Curve A

is the calculated stopping power due to ionization of elec-
trons with up to 300 Ry of kinetic energy. Curve B is
curve A plus the computed stopping power due to excita-
tion. Curve C adds to B the stopping power due to sec-
ondary electrons with kinetic energy greater than 300 Ry.
Curve D is the Bethe formula with I=42. 0 eV. Circles
are the ionization stopping-power measurements of Ref.
24, and triangles are the total stopping-power measure-
ments of Ref. 25.

power using the GOS calculated for E & 200 Ry. Solid

curve B is the sum of the excitation and ionization

stopping powers. Comparison of curve A with the

results of RL1dd and Jorgensen indicate that at 50

keV the calculated ionization stopping power is over-
estimated, and at 100 and 150 keV underestimated,
relative to the measurements. This is merely a
reflection of the disagreement seen in Fig. 5. The

triangles are the measured total stopping-power
results of Reynolds et al. The sum of the com-
puted excitation stopping power and the stopping
power of Rudd and Jorgensen at 150 keV is within

2/c of the measured total stopping power. However,

at 50 and 100 keV the stopping power of Rudd and

Jorgensen plus our computed excitation stopping

power is significantly lower than the measured
total stopping power, even though our excitation
GOS are higher than the best calculations. The

dashed curve D is the Bethe formula with I=42. 0eV;
curve C arises from choosing F-~ = 200 Ry in Eq.
(8). The difference between B and C is the contri-
bution of the assumed 6 function GOS for E &200

Ry. The direct calculation does not agree with

the Bethe formula until the incident proton energy
is equal to or greater than 3 MeV. The results
for protons on He indicate that, while the Bethe

1.0

0, 7

10 &0 1OO

p
keV); & E~ (kev)

400 100 1000

FIG. 7. Proton- and electron- (&&10) ionization cross
section of atomic nitrogen. Solid curves are our calcu-
lations, dashed curve is from Ref. 11; open circles,
triangles, squares, and closed circles are from Refs.
20, 21, 26, and 23, respectively. The measured mol-
ecular cross sections are divided by 2.

formula for stopping power breaks down at incident
proton energies of 100 keV, the Born approximation
with one-electron wave functions is not accurate
to better than 25Vo at the same energy. The dif-
ficulty lies in the inability of this approach to ac-
curately reproduce the measured d~/de over a wide

range of E.
In Table III we list the computed total proton-

ionization cross section and stopping power for
He-Na, and in Table IV the total electron-ioniza-
tion cross section. In Fig. 7 we show the computed
proton- and electron-ionization cross sections for
atomic nitrogen, Peach's proton calculation, " the
results of Smith et al. on electron ionization of
atomic nitrogen and that of Happ and Englander-
Golden ' for electrons on molecular nitrogen, and
the results of deHeer et al. and Hooper et al.
for protons on molecular nitrogen. The measured
molecular cross sections have been divided by 2
to compare with the atomic calculations. The mo-
lecular cross sections are used for comparison be-
cause the atomic cross sections have been measured
for incident electrons over a narrow energy range
only. Where the atomic and half the molecular

TABLE II. Comparison of I/E teV/|'nuclear charge) j with best estimates from Ref. 17.

Element

I/4 (calc)
I /S(expt)

He

20. 4
21

Li

11.4
13

9.64
16

9.90 10.6
13.5

N

11.0
12.6

0
12.4
12.6

12.9

Ne

12.4

Na

10.2
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FIG. 8. Proton- and electron- (~10) ionization cross
section of atomic oxygen. Solid curves are our calcula-
tions; dashed curve is from Ref. 11; the open circles, tri-
angles, squares, and closed circles are from Refs. 20,
21, 27, and 23, respectively. The measured molecular
cross sections are divided by 2.

measurements overlap in incident electron energy
they are within experimental error. In addition,
for clarity, here as in Figs. 8-10, the electron-
ionization cross sections have been multiplied by
10. Our calculations are in good agreement (10/o)
with the measurements (which are in excellent
agreement) for proton energy greater than 150keV
and electron energy greater than 300 eV. Peach's
calculations here and in the heavier elements is a
factor of 2 higher at energies where our calcula-
tions and experiment are in better than 20Vo agree-

.10
i0

I

40 70 1(I
E (keV); M E~ (keV)

4N 700 1II

FIG. 9. Proton- and electron- (~10) ionization cross
section of Ne. Solid curves are our calculations, dashed
curve is from Ref. 11; the open circles, squares and
triangles, and closed circles and triangles are from Refs.
20, 28, 21, 22, and 23, respectively.

ment, showing the improvement attainable with the
use of continuum orbitals more sophisticated than

the hydrogenic ones. In Fig. 8 we show our proton-
and electron-ionization cross sections for oxygen,
Peach's proton calculation, "the electron-ionization
measurements on atomic oxygen of Rothe et al.
and the mol. ecular measurements of Rapp and

Englander-Golden, ' and the proton-ionization of
molecular oxygen measurements of deHeer el al. ~

TABLE III. Proton ionization and stopping-power calculations. First entry is the total ionization cross section in
10 ' cm', second entry is the stopping power due to ionization and excitation in 10 '~ eV cm .

Atom/E(KeV)

Li

Be

N

0

Na

11.5
35. 1
9. 17

45. 0
6.36

31.1
4. 06

20. 0
2. 78

14.6
l. 70
9.23
l. 20
6.26
0.87
4. 25

14.6
43. 8

8. 63
25. 5
8.76

36.8
7. 65

29. 5
5.78

23. 0
4. 03

17.4
2. 55

ll. S
1.87
9. 10
1.39
6. 80
9.81

31.8

5. 16
16.8

6. 10
26. 1
6. 71

24. 6
5.71

22. 1
4. 47

18.6
3.04

13.9
2. 34

11.5
1.81
9.50
5. 81

22. 6

3.24
11.8
4. 01

18.4
5. 10

19.7
4. 77

19.4
4. 08

17.8
2. 98

14.8
2. 40

13.0
1.96

11.9
3.83

17.4

2. 40
9.36
3.00

14.4
4. 04

16,2
3.99

16.9
3.58

16.4
2. 72

14.4
2. 27

13.2
1.90

12.4
2. 99

15.8

1.25
6. 19
1.66
9.12
2. 42

10.5
2. 57

11.7
2. 45

12.3
l. 99

11.9
1, 76

11.8
l. 54

11.8
1.89

13.2

10 20 40 70 100 200 400

0.75
4. 02
0. 91
5.62
1.40
6.69
l. 54
7.51
l. 53
8.37
1.30
8.48
1.18
8. 86
1.07
9.26
1.16
9.85

700

0.46
2. 80
0. 56
3.80
0.88
4. 50
1.00
5. 13
1.01
5. 98
0. 87
6. 20
0. 81
6. 75
0. 74
7.40
0. 76
7.80

1000

0.34
2. 16
0.41
2. 93
0. 66
3.48
0.75
3.97
0. 76
4. 58
0. 66
4. 93
0. 62
5. 54
0.58
6.20
0.57
6.60
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FIG. 11. E,a(E) for electron ionization of He, Ne, and

Ar. Bashed curves labeled A are for Ne 2p and Ar 3p
from Ref. 11. Unlabeled dashed curves are our calcula-
tions for Ne 2p and Ar 3p, with the solid curve the calcu-
lated total cross section. The open circles and squares
are from Refs. 29 and 23, respectively.

FIG. 10. Proton- and electron- (&10) ionization cross
section of Ar. Bashed curves labeled A are from Ref.
11, unlabeled dashed curves are our 3p ionization calcu-
lations and solid curves are our 3p+3s ionization-cross-
section calculations. Open circles, triangles, and squares,
and the closed circles and triangles are from Refs. 20,
28, 21, 22, and 23, respectively.

and Hooper et al. ' There is a 50% difference in

the experimental proton-ionization cross section
at 150 keV, with our calculation lying between the

two sets of measurements. At 1 MeV our calcula-
tion is 15' smaller than the proton measurements,
and at 540 eV the calculation is 20/p below the

electron-ionization data. In Fig. 9 we show our

calculations for ionization of Ne by protons and

electrons, Peach's proton calculation, " the elec-
tron-ionization measurements of Asundi and

Kurepa, and Rapp and Englander-Golden, and

the proton-ionization measurements of deHeer
et al. , Hooper et al. ,

' and Gilbody and Lee."
The measurements of deHeer et al. and Hooper
et al. disagree as they do for oxygen, with the
measurements of Gilbody and Lee lying between
the two, as does our calculation. At 1 MeV the
proton-ionization calculation differs from the
measurement of Hooper et al. by 5 lo. From 300-
550 eV the electron-ionization calculation is within
10' of the measurements of Rapp and Englander-
Golden. In Fig. 10 we show our calculated cross
sections for proton and electron ionization of the
argon 3p and 3s shell, Peach's calculations, " and
the data of Asundi and Kurepa, Rapp and Englander-
Golden, deHeer et al. , Hooper et al. , and
Gilbody and Lee. As mentioned earlier, photo-
ionization calculations indicate the calculated argon

TABLE 1V. Computed electron total ionization cross section in 10

E(Ry) /Element

0.40
0. 70
1.0
1.50
2

4
7

10
20
40
70

100
200
500

He

0. 054
0. 404
0. 510
0. 480
0.335
0.210
0. 138
0. 103
0. 058
0. 026

Li

2. 15
3.20
3.25
2. 90
1.95
1.28
1.00
0. 58
0, 32
0. 195
0. 142
0. 078
D. 034

Be

0. 70
1.85
2. 65
2. 65
2. 10
1.45
1.13
0.65
0.36
0, 23
0. 165
0. 089
0. 039

1.49
2. 35
2. 80
2. 85
2. 28
1.85
1.12
0.640
0.398
0.292
0. 160
0.071

0, 77
1.37
l. 90
2. 50
2. 20
1.90
l. 23
0. 722
0. 458
0.339
0. 188
0.085

N

Q. 17
0. 78
1.17
1.91
2. 04
1.85
1.20
0. 728
0.470
0.354
0.200
0. 091

0

0.34
0.62
l.22
1.47
1.47
1.02
0.632
0.415
0.313
0. 178
0.084

0, 10
0, 30
0. 85
1.18
1.25
0.92
0. 582
0.384
0.296
0. 169
0. 079

0. 0026
0. 18
0.58
0.91
0.99
0.83
0.55
0.37
0, 281
0. 165
0. 078

Na

3.60
4.60
4. 20
3.65
2. 10
l. 50
1.31
D. 85
0, 41
0.34
0.26
0. 148
0. 067
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FIG, 12. E40'(E) for electron ionization of atomic ni-
trogenandoxygen. Dashed curves are for 2p ionization
from Ref. 11. Open triangles, squares, -and circles are
for nitrogen from Refs. 26, 23, and 29, respectively.
Closed triangles, squares, and circles are for oxygen
from Refs. 27, 23, and 29, respectively. All molecular
cross sections are divided by 2.
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7000 10

3P ionization GOS is in error at K =0.0. The cal-
culations shown in Fig. 10 indicate that this error
is not significant for the proton- and electron-ion-
ization cross sections for the energy ranges con-
sidered.

Schram et al. have measured electron-ioniza-
tion cross sections in the 0. 6-20-keV range. It
is expected that in this range the cross section will
approach an asymptotic limit, i.e. , o(Ep) =A(l bnpE)/

Eo, where F0 is the incident electron energy and A

and b are constants characteristic of the target. In

Fig. 11 we plot E~(Eo) versus lnEo for He, Ne, and
Ar and compare the results with the measurements
of Schram et al. and Rapp and Englander-Golden
(where the two sets of measurements overlap they
differ by at least 20/o). For He and Ne the calcula-
tions lie between and parallel to the measurements.
Inokuti and Kim'o have computed Eo(E) for elec-
trons on He by subtracting accurate discrete ex-
citation cross sections from the total inelastic
cross sections based on the Bethe sum rule. Be-
tween 500 and 7000 eV our calculated Ea(E) differs
from the expression of Inokuti and Kim by less
than 3/o. For Ne we show calculations for both
2P shell and total ionization. The 2s shell of Ne
contributes about 10% to the total at high energy.
At6keV the Ar calculation differs from the mea-
surements by 10/o. Thus, over a wide range of
incident electron energies, the error in the Ar
GOS, which leads to a factor of 2 error in the
photo-ionization cross section, leads to no more
than a 10% error in the electron-ionization cross
section. Peach's Ne 2P and Ar 3P results are in-
cluded.

In Fig. 12 we plot the calculated E,o(Eo) versus

70—

40 ~A

cv 4E

I

b

Q7

Q2—

Q1
1.0

I I

7 10
E (Ry)

I

20
I

40

Na

I

70 1N

FIG. 13. Electron-ionization cross section of Li (&&10)

and Na. Dashed curves labeled A are from Ref. 11. Un-
labeled dashed curves are our Li 2s and Na 3s cross-
section calculations, and solid curves are our total cross-
section calculations. Open circles and triangles are the
measurements of Ref. 30 for Na and Li, respectively.
Solid circles and triangles are the measurements fitted
with our calculations at 500 eV.

lnEp for atomic nitrogen (open points) and atomic
oxygen (closed points) and the results of Schram
et al. , Smith et gl. , Rothe et al. , and Rapp
and Englander -Golden. All molecular results
are divided by 2. The calculations indicate the
results for nitrogen should be higher than for oxygen.
The experimental values show an opposite behavior.
The results of Smith et al. on atomic nitrogen
and Rapp and Englander-Golden on molecular
nitrogen for 500-1000 eV agree with the calculations
to 10/o. The molecular nitrogen results of Schram
et ~l. are 15/o lower, but in good agreement with
the calculated slope of E,o(E,) up to 7 keV. How-
ever for oxygen, all measurements are higher than
the calculations, and while there is a significant
disagreement between the slope of the measurements
by Schram et al. and of thoseby Rapp and Englander-
Golden, both are higher than the calculated value.
Peach's results" are also plotted. Of course, this
disagreement may be due to tPe comparison with
molecular data for high-incident electron energy.
At high-incident energies the cross section is
dominated by the optical GOS and this is clearly
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FIG. 14. Proton stopping power of Ne, 0, and N. To
each element corresponds a different ordinate. Solid
curve is our direct calculation, dashed curve the Bethe
formula withr taken from Table II, and open circles are
from Ref. 25.

The computation of atomic ionization GOS is
time consuming even on the fastest computers

different for atoms and molecules. However, the
measurements on atomic oxygen and nitrogen have
not been carried to sufficiently high energy to show
where the departure of the atomic from half the
molecular cross section occurs. In Fig. 13 we
compare our calculated Li 1s and 2s and Na 3s and

2P electron-ionization cross sections with Peach's
calculations on Li 2s and Na 3s, and with the "ab-
solute" measurements of McFarland and Kinney. "
For convenience all the Li results are multiplied
by 10. The absolute measurements depend on the
assumption of 1007m efficiency for a surface-ioniza-
tion detector. The measurements are the open
points. By fitting the data at 500 eV to our calcu-
lations we obtain the solid points. Assuming the
calculations are correct then the surface-ioniza-
tion efficiency is 0. 5 for Na and 0.42 for Li.

Finally, in Fig. 14 we show the computed stopping
power (the sum of excitation and ionization stopping
power), the Bethe formula, using the computed
mean excitation energies in Table II, and measure-
ments of Reynolds el' a/. " The molecular mea-
surements are divided by 2. The direct calculation
underestimates, and the Bethe formula, with our
computed mean excitation energy, overestimates
the stopping power. Above 100 keV the direct cal-
culation is no worse than 20/c below the measured
values. Again we attribute the error to the in-
ability of the GOB to reproduce the correct dry/de

at large E, though there are no measurements
whereby this can be verified.

IV. NEUTRAL-NEUTRAL IONIZATION AND
STRIPPING

currently available. However, once obtained, the
GOS can be used in a wide variety of Born-approxi-
mation calculations. This would justify the large
expense in computer time, were it not for the fact,
as indicated by Levy's hydrogen calculations, and
by those of this section, that the Born approxima-
tion is, in general, a poor procedure for doing
neutral-neutral ionization except at projectile
energies greater than 1 MeV.

Born -approximation cross -section expressions
for A + B-A '+ 8', where the primes indicate either
or both A and B are elastically scattered, singly
excited or singly ionized, are given by Bates. " In
Fig. 15 we show calculated cross sections for
ionization and stripping for a neutral He incident
on He, Ne, and Ar. Stripping refers to ionization
of the projectile and ionization to ionization of the
target. For He+ He the ionization and stripping
cross sections are identical. For the elastic scat-
tering factors we use the calculations of Lea. ' In
the computed He+He cross section in Fig. 15, the
portion of the cross-section solid from 10-100 keV
and dashed from 100-1000 keV, curve 1, includes
only the processes where one He is excited or
elastically scattered and the other is ionized. Elastic
scattering plus ionization is at least a factor of 10
greater than excitation plus ionization over the
range investigated. The solid curve from 100-
1000 keV, curve 2, includes also the process He
+ He - He'+ He'. This mutual-ionization cross sec-
tion peaks at 1 MeV. The calculation is in excellent
agreement with the measurements of Wittkower et
al. ,

"in poor agreement with the results of Puckett
et al. ,

' and agrees roughly in shape with the swarm
measurements of Barnett and Stier. " In Fig. 16
we show calculations for the partial stopping power
in He+He collisions, and the measurements of
Cuevas et aL, .' Partial stopping power is defined
as the stopping power due to processes wherein
the projectile suffers no change in charge. The
curve labeled 1 includes only the process where
the target is ionized and the projectile elastically
scattered, curve 2 is curve 1 plus the process
where either He atom is excited and the other
elastically scattered, curve 3 is curve 2 plus the
cross section for excitation of the projectile plus
ionization of the target. Curve 4 is the mea-
surements of Cuevas et' al. At 400 keV the mea-
surements are higher than the calculation, as one
would expect from the distorted GOS. Near 100
keV the calculation and measurement are in good
agreement.

The disagreement between the measurements of
Wittkower et al. and Puckett et al. is attributed
to the question of metastables in the He beam. That
these calculations are in reasonable agreement with
the stopping-power measurements and the cross-
section measurements of Wittkower et al. should
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FIG. 15. Ionization and stripping cross sections for
He projectile incident on He, Ne, and Ar. Curve 1 is
the cross section for stripping or ionization of one He
while the other is excited or elastically scattered. Curve
2 is curve 1 plus mutual ionization. Open diamonds,
squares, and circles are for He+He ionization or strip-
ping from Refs. 34, 36, and 35, respectively. Curves
8 and 9 are for stripping of the He projectile plus elastic
scattering of Ne and Ar, respectively. Curves 3 and 4 are
for ionization of Ne 2p and Ne 2p+2s, respectively, plus
elastic scattering of the He projectile; curve 5 is for Ar
3p ionization plus He elastic scattering, curve 6 is curve
5 plus mutual ionization of He and Ar 3p; and curve 7 is
6 plus Ar 3s ionization with He ionized and elastically
scattered. Closed circles and open triangles are for ion-
ization and stripping in He+Ar collisions from Ref. 35.

in He+He collisions. However, as shown in Fig.
15, for stripping of He projectiles by Ne, curve 8,
and Ar, curve 9, targets, the cross section goes
as Z, where Z is the nuclear charge of the target.
There are no data available for He+Ne, but Puckett
et al. ' have measured stripping for He+ Ar, shown

in Fig. 15. The calculation and experiment differ
by at least a factor of 4. We also show the cal-
culated ionization cross section for He projectiles
on Ne, curve 4, and Ar, curve 7. For Ne we show

the ionization cross section for He elastically
scattered and Ne 2p ionized (dashed curve 3) and

both 2s and 2p ionized. For proton ionization at
250 keV the cross section for ionization of the
Ne 2s shell is less than 10% of the total cross sec-
tion, while for an incident He projectile of 1 MeV
the Ne 2s ionization cross section is 2570 of the
total. For Ar ionization we show the cross section
for elastic scattering of He plus ionization of Ar

3p, curve 5. Curve 6 is curve 5 plus the cross
section for ionization of He and ionization of Ar 3p.
Curve 7 is curve 6 plus the cross section for Ar
3s ionized and He both elastically scattered and

ionized. From 150 to 1000 keV the He+Ar ioniza-
tion cross section is no more than a factor of 2 be-
low the measurements of Puckett et al. , and the
error may be due to metastables in the He beam.

V. CONCLUSIONS

We have attempted a broad survey of the applica-
bility of the GOS (Born-approximation) approach to
a wide variety of processes in atomic physics. In
general, for protons of energy greater than 200 keV
and electrons of energy greater than 300 eV the
ionization calculations are in better than 20 ', agree-
ment with experiment. For proton stopping power
the results are less satisfactory (the cause of

support the latter measurements. However, the
agreement of calculation and measurement may be
fortuitous. In the Born approximation for a pro-
jectile other than a proton the integral over momen-
tum transfer is such that (KE „)e„&& (KE „)„„„
x Me„&/M», ~». Thus in integrating over K and E

to determine the cross section for a 200-keV He
projectile one includes only that region of the GOS
over which one integrates for 50-keV protons (where
the calculated ionization cross section is too high

by a factor of 2).
Levy's calculations' indicate one can use the

Born approximation to compute the hydrogen-ioniza-
tion cross section in H+H andH+He collisions, and

be in good agreement with experiment. We have
shown that this, perhaps fortuitously, is also true
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FIG. 16. Partial stopping power in He+ He collisions.
Curve 1 is for elastic scattering of the projectile plus
ionization of the target. Curve 2 is 1 plus the stopping
power due to either particle excited and the other elas-
tically scattered. Curve 3 adds to 2 the stopping power
due to excitation of the projectile plus ionization of the
target. Curve 4 is the measurement from Ref. 37.
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which is known), but one has agreement to 25% for
incident proton energy greater than 200 keV. The
ionization-cross -section differential in secondary
electron energy (E) can be wrong by a factor of 2

for some ranges of c; and this is observed in cal-
culations using ground-state wave functions more
sophisticated than ours. For neutral-neutral
ionization collisions with projectile energy less
than 1 MeV, it appears the Born approximation is
poor except when both particles are light. %e have
done calculations for He+ 2N collisions and com-
pared the calculations with the measurements of
Puckett et gL. on He+N2. The calculated stripping
cross section is too high by a factor of 2, and the
ionization cross section too low by a factor of 2
when compared to the measurements. If the mea-
surements are correct, we can define light as
Z &7. At present we are studying reactions of the
type A'+ B-A'+ 8'+ e and A"+8'+ 2e with the
GOS formalism to see if ion-neutral collisions are

more accurately treated in the Born approximation
than neutral-neutral collisions.

A recent study by Amusia et al . on the cross-
section differential in the incident-electron-scat-
tering angle for keV electrons on the noble gases
indicates that a one-electron approach using the
central potential of Herman and Skillman leads to
good agreement with experiment for Ne and Ar, but

not for Kr and Xe. %'e are beginning a study of
ionization-cross-section differential in both inci-
dent- and secondary-electron-scattering angles
and secondary-electron energy to see if a one-
electron approach is capable of reproducing ex-
perimental measurements of these more detailed
cross sections.
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