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The excitation of ground-state hydrogen atoms to the 2s state by the impact of electrons with
energies of 1 to 50 Ry (13.6 to 680. 3 eV) has been calculated in the distorted-wave approxima-
tion with exchange included. The angular distributions of the scattered electrons at 1 and 4 Ry
are compared with those derived from the close-coupling calculations by Burke, Schey, and
Smith, and are compared with four different plane-wave theories at all energies calculated.
Taking the close-coupling results as a standard, it is found that the distorted-wave angular
distributions represent an improvement over those of the plane-wave theories.

i. INTRODUCTION

The calculation of cross sections for low-energy
electron impact excitation of atoms remains in an
unsatisfactory condition. The problem is compli-
cated by three effects, coupling due to participation
of intermediate states, exchange of the projectile
electron with an atomic electron, and distortion of
the target-atom charge distribution by the electric
field of the projectile electron. At sufficiently high

energy, the integrated cross section may be obtained
with adequate accuracy from the Born' approxima-
tion. However, the Born approximation is not only
a high-energy approximation, but is also a small
momentum- transfer approximation. As a result,
the angular distribution of the scattered electrons
calculated by the Born approximation is valid over
a decreasing angular range about the zero scattering
angle as the energy is increased. Outside this an-
gular range, deviations from the Born approxima-
tion occur very rapidly. The usefulness of the Born
approximation at high energies for calculating in-
tegrated cross sections hinges on the fact that the
Born approximation predicts an approximately cor-
rect angular distribution at small angles where the
differential cross section is large and deviates only
at larger angles where the differential cross sec-
tion is small. If one is interested in the detailed
nature of the scattering, as contained in the angu-
lar distribution, rather than in the gross nature of
the scattering, as contained in the integrated cross
section, then the Born approximation must be con-
sidered to be unsatisfactory at all energies. The
most attractive feature of the Born approximation
is the ease with which it may be calculated.

At low energies (typically 200 ev or less) electron
exchange between the projectile electron and the
atomic electrons becomes important. When the
direct scattering is calculated in the Born approxi-
mation (B), the exchange amplitude will ordinarily
be calculated in some plane-wave approximation,
such as the Born-Oppenheimer2 (BO) approximation

or a variation thereon similar to the ones described
in Sec. II, None of these methods is satisfactory.
They all give incorrect angular distributions in the
energy range where the exchange effect is important.
The Ochkur' approximation is a variation on the
BO approximation which consists of a modification
for improving the integrated cross sections. How-

ever, such improved agreement is to be regarded
mainly as phenomenological. 4 A comprehensive com-
parison of various plane-wave theories for the exchange
contribution to the 2s excitation and elastic scat-
tering on the hydrogen atom has been published by
Truhlar, Cartwright, and Kupperman. ' The results
of the present paper are presented in such a man-
ner that comparison of the present distorted-wave
results with their plane-wave results is facilitated.

The distorted-wave method differs from the plane-
wave theories insofar as it takes into account the
distortion of the scattered waves by the atomic po-
tential. This distortion becomes more important
as the energy of the scattered electrons is decreased.
The potential used to generate the distorted waves
should include a dynamic contribution from the po-
larization of the electron cloud as well as the static
atomic potential. We find that the effect of the po-
larization on the cross section is small above 4. 0
Ry. This is discussed further in Sec. VI where the
results obtained through the use of the static polar-
ization potential are given.

Hydrogen is an ideal atom for testing scattering
theories since the bound-state wave functions are
known exactly, and thus the post-prior discrepancy
which ordinarily characterizes rearrangement col-
lisions does not appear in the calculation of the ex-
change amplitude.

Erskine and Massey' and Ochkur' have calculated
earlier the excitation of the 2s state of hydrogen in
the distorted-wave approximation retaining only the
zero-order partial wave. Erskine and Massey cal-
culated their distorted wave by a variational method,
while Ochkur calculated his partial wave by accurate
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numerical integration. The distorted waves calcu-
lated by the variational method tend to become in-
accurate near threshold. The cross sections of
Erskine and Massey and Ochkur include only inte-
grated cross sections. Other integrated cross-sec-
tion calculations have been made by Moiseiwitch,
Mariott, ' and Smith. " We include all partial waves
giving appreciable contributions. We concentrate
here on the angular distributions of the scattered
electrons in order to make detailed comparisons of
the predictions of various theories.

Relatively accurate calculations on the excitation
of the 2s state of hydrogen have been made by Burke'
and collaborators using the close-coupling and cor-
relation methods. Although these are probably the
most accurate calculations available, the methods
are limited, being restricted to a limited energy
range above threshold. The principal motivation
for choosing the 1s-2s excitation as the subject of
the present work was the availability of these more
accurate calculations at low energies which could
be used to test the accuracy of the distorted-wave
results. We make a comparison with the three-
state close-coupling calculation of Burke, Schey,
and Smith" (BSS) which was carried out in the en-
ergy range of 0. 81 to 4. 00 Ry.

The purpose of the present work is to determine
the extent of the improvement that the distorted-
wave method gives over calculations made by various
plane-wave theories. This is of interest since the
distorted-wave method yields a computational prob-
lem which is easily solvable on presently available
computers, and is extendable to arbitrarily heavy
atoms with little or no increase in difficulty.

II ~ PLANE-WAVE THEORIES
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FIG. 1. Direct differential cross sections for 1s-2s
excitation of hydrogen in units of a02at 1.0 Ry (13.6 eV).

due to the orthogonality of the initial and final bound-
state wave functions. The nucleus is taken as in-
finitely massive. The above equations are given in
atomic units, as are all quantities in this work un-
less otherwise indicated.

The exchange amplitudes calculated in the plane-
wave approximations are usually less satisfactory
than the plane-wave direct amplitudes. The most
common form of the plane-wave approximation to
the exchange amplitude is the Born-Oppenheimerw
approximation

g (tt k') =(4w) '(ki/k)"'

We give here only a sketch of the plane-wave theo-
ries and refer the reader to the paper by Truhlar
et al. ' for further details and extensive references.

The direct scattering amplitude is ordinarily cal-
culated in the Born' approximation

fs(k, k') = (4w) '(k/k)

~f e"" " ""Vi„)f,(ra)g~(rz)dridrz

where k and k' are the propagation vectors for the
incident and scattered electrons, g~ and g~ are the
initial and final bound-state wave functions for the
hydrogen atom, r, and r~ are the position vectors
of the projectile and bound electrons, respectively,
Vq t is given by

(2)

The second term, called the core term because it
represents the interaction of the scattered electron
with the nucleus, should not give any contribution,

This is similar to the Born approximation, except
that the incoming electron r, knocks out the initially
bound electron r~ while itself becoming bound. The
interaction has been taken in Eq. (2) in the prior
form. The post form of the interaction could be
used equally as well, and is given by

(4)

These must give the same result as long as the
bound-state wave functions are exact. ~ If the scat-
tered waves were exact, then the core term would
not give a contribution to the BQ amplitude, due to
the orthogonality of the initial and final states. It
has been argued'4 that the core term is therefore
spurious and should be dropped. The resultant
Born-Oppenheimer-minus-core (BOMC) approxima-
tion generally gives worse results than the unmod-
ified BO approximation, however, and is especially
bad near threshold where it gives results which are
much too large. In order to explain this fact, it
has been suggested" that the core term in some way
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approximation in decreasing powers of 0, and then
retaining only the first term in the expansion. Och-
kur finds

g'(k, k') = (q/k) y'(k, k'),

where q =(k2+k'2-2kk ' cose)"2 and where fs(k, k')
is the Born direct-excitation amplitude. This for-
mula is especially attractive from a calculational
point of view, since it relates the exchange ampli-
tude in a simple way to the Born direct amplitude.
The Ochkur approximation has been improved by
Rudge, '2 who modified it to satisfy a variational
principle. The resulting OR expression is

lO-' . 2

9pe lep
g "(k k')=e"[q'/(1+k")]y'(k k')

where

(6)

FIG. 2. Direct differential cross sections for 1s-2s
excitation of hydrogen in units of a~0 at 4. 0 Ry (54. 4 eV).

a = 2arctan(1/k').

III. DISTORTED-WAVE METHOD

simulates the effect of distortion and thus somewhat
compensates for the use of plane waves and should
be retained.

Another variant of the BO approximation has been
obtained by Bates, '6 by Bassel and Gerjuoy, ' and
by Mittleman'2 (BBGM) using different approaches all of
which agree to first order. The central idea is that
the part of the interaction giving rise to the elastic
scattering should be subtracted from the interac-
tion since it gives rise to no rearrangement. The
V„, to be used in Eq. (3}is thus the interaction of
Eq. (2) minus the average atomic potential in the
incident channel (i~ the prior formulation)

"=2/r„—2/r, + 2[(1+r,)/r, ]e

Plane waves are then used in the calculation, how-
ever, rather than using waves distorted by the aver-
age atomic potential. This method (BBGM1) thus
gives again Eq. (3), but with Vaao" replacing V„, .
This method is closely related to the distorted-wave
(DW) method described in the Sec. III insofar as
they both require that the same quantity be subtracted
from the interaction. The exchange amplitude cal-
cu1ated from V is

BBGM1 BP ~ 1/2

(k»2 1)2

4 10 4(P k2}

+ k' (P+k')' (P k2}2

There is a minor error in the work of Truhlar et al .
insofar as they have omitted the factor (k'/k)' from
Eq. (6). The normalization of their BBGMl curves
should be modified accordingly.

Another plane-wave theory is that of Ochkur. ' This
approximation (0) corresponds to expanding the BO

The T matrix element for the transition from the
initial to final state may then be approximated ac-
cording to the two-potential formula

T,= (P~ ~
Vo (

XI') + (Xy ~

~
Vq

~

XI' ), (1O}

where Q is the final-state free-particle wave func-
tion, and hence is the product of a plane wave in
the coordinates of electron 1 times the final bound-
state wave function in the coordinates of electron
2. The function X,"represents an outgoing distor-
ted wave in the coordinates of electron 1 times the
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FIG. 3. Direct differential cross sections for 1g-2g
excitation of hydrogen in units of g at 10.0 Ry (136.0 eQ.

The formal theory of the distorted-wave method
is well known. Consider first the direct scattering.
The interaction is written as the sum of two parts,

~fflt ~0+ ~g ~
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FIG. 4. Direct differential cross sections for 18-2s
excitation of hydrogen in units of ao at 50. 0 Ry (680. 3 eV).

FIG. 6. Exchange differential cross sections for
1s-2s excitation of hydrogen in units of ap at 4. 0 Ry
(54. 4 eV).

initial bound-state wave function in the coordinates
of electron 2. The function X&

' is an incoming
distorted wave defined similarly with respect to the
final bound-state wave function. The first term in

Eq. (10) represents the exact T matrix for scat-
tering by the potential Vo, while the second term
represents the approximate T matrix for scattering
by V, in the presence of Vo. For the present case
Vo is taken as the static atomic potential of the hy-

drogen atom in the 1s state,

Vo = —2[(1+r, )/r, ]e

Since V„, is given by Eq. (2), V, must be

Vg = Vg t Vp= 2/r, z
—2/r, + 2[(1 +r, )/ri]e

(12)

[- v', + V,(r, ) —v,'- 2/r, ]X,"=&rX,", (13)

where E~ is the total energy. This equation may
be separated by making the substitution

= Xa ( rz)4«( rz), leading to the following
two equations.

2 (+)» 2 (+)»[- vi+ Vo(ri)]Xa (ri) =)'z X' (ri)

[- vz —2/rz] g» (rz) = —g»(rz),

(i4)

(is)

Thus V, is to be regarded in Eq. (10) as producing
transitions between states represented by the waves

Xy
' and X,". It is the interaction reduced by Vo,

since Vo has already been used to produce the elas-
tic scattering and must not be included twice. The
function X,"satisfies the equation

IP'

44 0

Ip-I

lp ~
O

M

BOI)IIC
E ~ I Ry

along with the condition k —1 =E~. The functions
(+) are called distorted waves. That solution of

Eq. (14) is taken which has the asymptotic form of
a plane plus outgoing wave,

( r, ) —e "'~ + (e' "&/r, )u(8), r, - (16)

[ Vg + Vp(rg) Vz 2/rz]Xf E rXf

where

The functionX& ' satisfies an equation like Eq. (13)
but the initial atomic potential is replaced by the
final atomic potential Vo,

BSS
Vo(r, ) = —(2/r, )(1+ —',r, + ~r~z+ ,'r', )e '&-(i6)

90e
e

180e

The substitution Xz '-- X~z (r, ) Pz, (rz) leads to a pair
of equations similar to Eqs. (14) and (15),

[ v', + Vo(ri)] Xa (ri) = & "X~z (ri),FIG. 5. Exchange differential cross sections for
1s-2s excitation of hydrogen in units of ao at 1.0 Ry
(13.6 eV). [- vz —2/ra] gz3(rz) = —~4zs(rz) (2o)
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FIG. 7. Exchange differential cross sections for
1s-2s excitation of hydrogen in units of a02at 10.0 Ry
(136.0 eV).

FIG. 9. Total differential cross sections for 1s-2s
excitation of hydrogen in units of ao at 1.0 Ry (13.6 eV).

along with the condition k ——,
' = Er. Eq. (19) sat-

isifes a similar elastic scattering boundary con-
dition

*(r1}-e '""1+(e ' '1/r, )v(8), r, - (21)

T4"=(x( &

~
y, ~x&'&} (22)

In the case of exchange scattering, either the
prior or post form of the interaction may be used.

IO-

IO'

In the case of inelastic scattering, the first team
of Eq. (10} must vanish due to the orthogonality of
the initial and final bound states; hence Eq. (10)
reduces to

Texo (X( )
i
y iX(+&)

where

Xy ' = X';.'(r, )~(r, )

(22)

represents the rearranged final state
Writing out Eq. (22) fully gives the result

T&-1= J X ~" *(r1)ging(r, ) V1&„(ra) X 'j'(r, ) dr1 dra .
(24}

IO4

We choose the prior form, so that the interaction
is the same as the direct scattering case discussed
above. If we again break V„, up into Vo and V,
identical to the choice of Eqs. (11) and (12), then
the term involving Vo will again vanish, since Vo
involves only a single coordinate. The resulting
approximate T matrix is given by
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FIG. 8. Exchange differential cross sections for
1s-2s excitation of hydrogen in units of ao at 50. 0 Ry
(6SO. 3 eV). At 0' the top curve is the DW curve, while
the lower curve represents a superposition of the plane-
wave curves.
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FIG. 10. Total differential cross sections for 1s-2s
excitation of hydrogen in units of ao at 4. 0 Ry (54. 4 eV).
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FIG. 11. Total differential cross sections for 1s-2s
excitation of hydrogen in units of ao at 10.0 Ry (136.0 eV).

FIG. 13. Direct differential cross sections for 1s-2s
excitation of hydrogen in units of ao at 1.0 Ry (13.6 eV).
The curve labeled DWP includes polarization.

The exchange part of the T matrix is easily obtained

by a similar analysis,

T,'",= f y-„'. "(r2)ICI2r(rf) I'IICIgd(r2)x' (ri) drI Ifr2 ~

(25)

The total approximate T matrix element is ob-
tained by combining the direct and exchange contri-
butions

The differential cross section is then given by

I (e) ~f
DW gDW~ 2 (29)

provided the integrals in Eqs. (24) and (25) include
the sums on the spins. If the spins are omitted, the
differential cross section is given by the more fam-
iliar expression

Tf i —Tf 1
—Tf i . (25)

1(g) I ~fDW +W~ 2 3
~f

DW DW~2

fDW (4+) -l(p /p)1/2Tdlr

g'"-(4w}-'(u'/f ) '"7"-
(27)

(2a}

The scattering amplitude follows in the usual way
from the T matrix element,

In order to carry out the integrations indicated in
Eqs. (24) and (25}, it is convenient to expand the

(+) (-)
waves p; and y „-, into partial waves which may
then be calculated by numerical integration. The
remaining parts of the integrands in Eqs. (24) and
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FIG. 12. Total differential cross sections for 1s-2s
excitation of hydrogen inunits of ao at 50. 0 Ry (680.3 eV).

e
FIG. 14. Exchange differential cross sections for

1s-2s excitation of hydrogen in units of ao at 1.0 Ry (13.6
eV). The curve labeled DWP inculdes polarization.
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numerical accuracy was checked by testing the in-

sensitivity of the results to the integration step
length and by comparing the results of the code cal-
culations made with plane waves against known an-

alytical plane-wave solutions. The calculations
were carried out to an accuracy of a minimum of

three significant figures. The number of partial
waves required varied with energy according to
l = 10k.

V. RESULTS AND DISCUSSION

90' I80'

e
FIG. 15. Total differential cross sections for ls-2s

excitation of hydrogen in units of ao at 1.0 Ry {13.6 eV).
The curve labeled DWP includes polarization.

In this section some details of the numerical pro-
cedure will be given. The partial distorted waves
are generated by outward integration of the radial
Schrodinger equation. The computer code is writ-
ten so that the initial integration step length is
chosen to be 0.0025 times the length unit of the
Thomas-Fermi model, ' thus leading to a value of
0.00221335 a. u. for hydrogen. Forty steps of this
size are taken to form the first block of mesh points.
The step size is then doubled, and 40 more steps
are taken to form the second block, etc. This ap-
proximately exponential mesh is continued until the
k term in Eq. (14) begins to dominate over the
Vo(r, ) term, at which time the integration is con-
tinued with a constant step size. The transition
point is chosen so that a minimum of 20 mesh points
are used for each lobe of the wave function. The
Noumerov~~ method of numerical integration is
used.

The double integrations required in Eqs. (24) and
(25) were carried out by Simpson's method. The

(25) are then expanded into multipoles corresponding
to definite orbital, spin, and total angular momen-
tum transferred to the atom. These quantities are
designated by 1, s, and j, respectively. The mo-
tivation for this procedure is that insofar as only

a small number of triads l, s, and j are possible,
a partial wave in the incoming channel can connect
with only a limited range of partial waves in the
outgoing channel due to angular momentum conser-
vation. For the ls-2s excitation of atomic hydro-
gen, the direct excitation occurs only by l = 0, s = 0,
j = 0, while the exchange excitation occurs by either
l =0, s=O, j=O, or l=O, s= 1, j= l.

IV, NUMERICAL PROCEDURE
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FIG. 16. Direct differential cross sections for 1s-2s
excitation of hydrogen in units of ao at 4. 0 Ry {54.4 eV).
The curve labeled DWP inculdes polarization.

Consider first the differential cross section for
direct scattering2' defined by I""(8)= If(8} I . Fig-
ure 1 shows that the DW results are in qualitative
agreement with the BSS curve at 1.0 Ry. The Born
curve has an incorrect shape. At 4. 0 Ry (Fig. 2)

the agreement between the BSS and DW curves is
rather good except for the undulations in the BSS
curve which are not reproduced by the DW calcula-
tion. A partial explanation for this is the fact that
the BSS calculation takes into account only eight
partial waves, whereas we find that approximately
15 partial waves are necessary at this energy. The
major cause is probably the inclusion of the coupling
between different channels effect, which is omitted
in our calculation. The results for 10.0 and 50. 0
Ry given in Figs. 3 and 4 include only the DW and
B results, since the BSS calculations do not extend
beyond 4. 0 Ry. We see that the B and DW results
agree over an angular range which decreases with
increasing energy, and that the effect of the inclu-
sion of the distortion is to greatly increase the dif-
ferential cross section at back angles.

Consider next the differential cross section for
exchange scattering, defined by I'*'(8) = Ig(8} I .
Figure 5 shows that at 1.0 Ry the DW curve agrees
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FIG. 17. Exchange differential cross sections for
1s-2s excitation of hydrogen in unit of ao at 4. 0 Ry (54. 4
eV}. The curve labeled DWP includes polarization.

fairly well with the BSS curve at forward angles,
but fails at back angles. At 4. 0 Ry the agreement
between the BSS and DW curves has greatly im-
proved, as can be seen from Fig. 6. The plane-
wave theories have the wrong behavior in the for-
ward direction. Figures 7 and 8 give the exchange
results for 10.0 and 50. 0 Ry. At these energies
the plane-wave theories give much smaller cross
sections for forward scattering than are given by
the DW theory. At intermediate angles there is an
angular range over which agreement is relatively
good and is improving with energy. The sharp
minimum observed in the BO curves is due to the
contribution of the core term.

Figure 9 shows the total differential cross sec-
tion as defined by Eq. (29) at l. 0 Ry. The DW has
again the correct shape, while the plane-wave the-
ories do not. Figure 10 gives the total differential
cross section at 4. 0 Ry. The over-all agreement
between DW and BSS curves is rather good, except
for the undulations in the BSS curve discussed pre-
viously. The plane-wave theories do not fit the
BSS curve nearly so well as does the DW theory,
but of the plane-wave theories, the BO and BOMC
give the best angular distributions at this energy.
Figures 11 and 12 give the total differential cross
sections at 10.0 and 50. 0 Ry. The DW and plane-
wave approximations agree over an angular range
in the forward direction. For an additional angular
range there is agreement between the various plane-
wave approximations, because of the fact that they
are being dominated by the Born direct contribu-
tion. At larger angles the exchange contributions
begin to dominate, yielding disagreements charac-
teristic of the various plane-wave exchange approxi. -
mations.
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FIG. 18. Total differential cross sections for 1s-2s
excitation of hydrogen in units of ao at 4. 0 Ry (54. 4 eV}.
The curve labeled D%'P includes polarization.

VI. EFFECT OF THE POLARIZATION POTENTIAL

It is of interest to assess the importance of the
long-range dielectric polarization potential, which
is taken of the form

V&(r) = -(a/r )(l —e ""o' ).
The quantity ~ is the static polarizability, while
ro is the cutoff radius. The static polarizability
for the 1s state is 4. 5, and for the 2s state it is
162. The cutoff parameters for the 1s and 2s states
were taken to be 2. 0 and 4. 0 a. u. , respectively.

Figures 13-15 show the effect of the inclusion
of the dielectric polarization potential (curves la-
beled DWP) on the direct, exchange, and total cross
sections, respectively, at 1.0 Ry. Although the
effect of inclusion of the polarization potential is
appreciable, agreement with the BSS calculation
is not improved. The BSS calculation includes 66%
of the polarization. Figures 16-18 give the results
at 4. 0 Ry, and it is seen that the polarization ef-
fect is small. At 10.0 Ry (not shown) the effect of
polarization is too small to conveniently present
graphically. Although the inelastic scattering is
little affected by the polarization at these latter
two energies, the forward elastic scattering (not
shown) is greatly increased. The necessity of in-
clusion of polarization at even high energies in or-
der to obtain the correct forward elastic scattering
has been recently emphasized in the case of heli-
um 25-27

There is no experimental data for the angular
distribution of electrons exciting the 2s state of hy-
drogen. Williams has recently measured the com-
bined angular distributions of electrons exciting
the 2s and 2p states. We plan to calculate the cross
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section for the 2p state for combination with the
results of the present work in order to make a fu-
ture comparison with this data. Williams compares
his data with the BSS calculation at 4. 0 Ry, and
obtains a good fit. Since the BSS calculation con-
tains only 68% of the polarization, this agrees with
our result that the effect of polarization is already
small at 4. 0 Ry.

VII. CONCLUSION

The inclusion of the distortion due to the static
atomic field gives the differential cross sections
for the excitation of the 2s state of atomic hydrogen
which differ considerably from those calculated in
the plane-wave approximations. At large angles
and at all energies calculated, both the direct and
exchange contributions in the DW approximation
differ greatly from those calculated in the plane-
wave approximations. At small angles the DW
direct and Born results agree at energies greater
than about 4 Ry, but the DW exchange part does not

agree with the results of any of the plane-wave ex-
change approximations at small angles. At 4. 0 Ry
the DW approximation agrees reasonably well with
the accurate BSS calculation, while at 1.0 Ry the
agreement is only qualitative. Additional calcula-
tions have been carried out at 1.44 and 2. 25 Ry,
but are not presented here. These additional cal-
culations show that the DW approximation improves
continuously with energy in the range 1.0-4. 0 Ry.

The effect of the long-range polarization potential
is small at energies of 4. 0 Ry or greater.

The results of this work indicate that the dis-
torted-wave method yields angular distributions for
inelastic electron-atom scattering which are supe-
rior to those given by the plane-wave theories tested.
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