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Scattering amplitudes are analyzed for the scattering of polarized or unpolarized electrons
on polarized or unpolarized atoms (one-electron atoms). The elastic scattering of unpolarized
electrons on partially polarized atoms provides the direct and exchange cross sections when the
polarization of the scattered electrons and atoms are observed, respectively. The same quan-
tities can also be obtained from the scattering of partially polarized electrons on unpolarized
atoms, while the difference between the phases of the direct and the exchange amplitude can be
derived from the spin analysis with polarized electrons and polarized atoms. When the degree
of polarization of the colliding particles is known, the intensity of the scattered collision par-
ticles determines the interference term of the elastic cross section. The excitation process
St/2 —Pj/2 3/p carried out with any combination of polarized and unpolarized electrons and

atoms, has been analyzed in terms of differential and integral excitation amplitudes distinguished
in terms of direct, exchange, and interference processes and also in terms related to the exci-
tation of the magnetic substates m, = 0 or ~1. The analysis of the polarization of the inelasti-
cally scattered electrons gives differential excitation amplitudes for the direct, exchange, and
interference terms of the excitation cross section without distinguishing between the magnetic
substates. Based upon the observations of the intensity and the circular polarization of the
emitted line radiation, the analysis of the Pfg 3/2 Sl/2 deexcitation process provides integral
excitation amplitudes. Observation of the total intensity of the Pl/2 3~ —S&/2 transition in an
excitation process with polarized electrons and polarized atoms enables one to determine inter-
ference terms of the excitation cross section. Equal polarization for the exciting electrons and
target atoms allows us to separate the interference amplitudes for the magnetic substates
(IFl —G~ I and IFO-Gol). Analysis of the circular polarization of the P~~2 —S~/2 transition ex-
cited with unpolarized electrons and partially polarized atoms results in partial cross sections
describing excitation processes in which the quantum number m& of the excited state differs
from that of the ground state at most in sign. Excitation with polarized electrons and unpolar-
ized atoms should also result in the emission of circular polarized light of the P-S transi-
tions. In this context Farago's proposal for measuring electron-spin polarization by circu-
larly polarized line excitation is discussed as it applies to alkali atoms. Finally, it is pointed
out how sets of integral excitation amplitudes determined by collisions, as discussed above,
can be used for comparing single-excitation amplitudes with theory.

I. INTRODUCTION

Recent advances' in the technique of producing
polarized electrons and atoms should allow more
detailed studies of the different types of interac-
tions occurring in electron-atom collisions. The
usual experiments determining differential and
total cross sections simply result in some kind of
averaging over several different interactions of the
scattering process. This paper deals with an anal-
ysis of scattering and excitation amplitudes when
studies of the elastic and inelastic scattering are
carried out by all combinations of scattering of
polarized electrons on unpolarized atoms, unpolar-
ized electrons on polarized atoms, and polarized
electrons on polarized atoms. We restrict our-
selves to one-electron atoms; a subsequent paper
will discuss a scattering analysis with two-electron
systems and also special cases for scattering of
polarized electrons with ions. Based upon the
density matrix formalism, the theory of elastic
spin exchange of electrons by spin —

& atoms was

developed by Burke and Schey, and has been ap-
plied to the scattering of electrons by lithium
atoms. 3 A recent paper by Rubin et ~l. ' deals
with the special application of a spin analysis in
electron-alkali-metal inelastic recoil experiments
with polarized atoms. A short survey of elastic
scattering experiments with polarized electrons
and atoms has also been given by Bederson. '

II. SCATTERING AND EXCITATION AMPLITUDES

A. Elastic Scattering

We begin by defining scattering amplitudes for
the case in which the colliding electrons and atoms
are completely polarized. We restrict ourselves
to one-electron atoms and we exclude the following
interactions: spin-orbit interactions (to be taken
into account only for heavy atoms), scattering in-
teractions producing longitudinal polarization
(parity violation), and spin flips without electron
exchange between the projectile and the atomic
electron [e.g. , the collision process with polarized
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electrons e (0} and polarized atoms 4(4): e(&)
+,&(y) e'())+ 4(&)]. The remaining types of scat-
tering processes to be included are

e(4)+A(0)-A(0)+e(4), scattering amplitude f,

e(&)+A(0)-4(I)+e(0), scattering amplitude g,
(2)

e(0)+4(0)-A(0)+e(f), scattering amplitude f -g .
(3)

The cross sections for these scattering processes
are then equal to the square of the magnitude of the
scattering amplitudes: We call f the direct, g the
exchange, and f-g the interference or triplet am-
plitude (f-g = 'F).

The relation of these amplitudes to the differen-
tial cross section o(8, P) for the scattering with un-
polarized colliding particles [e($ 4)+/I(02)] is given
by

Q(s-»-g-, i =-'IF&I'+-'IGNI'+-'IFi —Gil'

= -'IF i - Gil'+-'IF i+ Gal'

The total cross section is then

(s)

scattering amplitudes. General expressions of
such scattering amplitudes, including the inelastic
process, are, e. g. , discussed in Burke's paper
[see in particular Eq. (I. 12}of Burke's paper]. It
follows that the excitation process S-P of a one-
electron atom can also be described in terms of
direct (F) and exchange (G) amplitudes. The partial
cross sections for the orbital angular momentum

components are to be expressed by the amplitudes
F2 and G2 for Q(S -P},2, and F, and G, for
Q(S-P}„,.„, respectively. In the same way as for
elastic scattering' it can be shown that

q(s-P). . .= -,
' IF,I"-,

'
I
G, I"-,' IF, - G,

= -'* IF2- Go I'+ l IF2+ Go I'

= 'lf+gl'+-'lf-gl'= 'I'F I'+ l I'F-I', (4) +-,'IF, -G, I'+ IFi-Gil2 ~ (9)

where 'F is the singlet scattering amplitude.
For simplicity we may write Eq. (4) as

v(e, y}=o,(e, y)+o„(e, y}+o„,(e, y)

and call o2(8, p) = 2 Ifl =o2 the direct cross section,
o„(8,p) = 2 lgl =o„ the exchange cross section, and

o„,(8, p) = 2lf-gl =o„, the interference cross sec-
tion. It follows from Eqs. (1)-(3) and from a more
detailed discussion in Sec. III that the polarized-
electron-atom techniques provide a tool for deter-
mining these partial cross sections.

d. Inelastic Scat tering

The details of the theory for the analysis of scat-
tering amplitudes related to inelastic scattering
processes are described extensively in the litera-
ture. "

From a practical point of view one is primarily
interested in the excitation and deexcitation process
S-P-S (excitation to a, P state and subsequent tran-
sition irom the excited P state to an S state). We
therefore restrict our discussion in detail to that
particular excitation process.

It follows from Percival and Seaton' that the total
cross section Q(s-P) of the excitation S-P can be
expressed in terms of cross sections for the compo-
nents of the initial angular momenta of the excited
state:

Q(s-P) =Q(S-P)„,. +2Q(S-P), .„,
with

q(s-p)„, , = q(s-p). . . .
As in the case of the elastic scattering, the excita-
tion process can also be described in terms of

Analogous to the elastic scattering (Sec. II A) we

call 2 lF2l2+ lF, l2= Q2(s-P) the direct excitation
cross section, —,lG, I + IG, I

= Q„(s-P) the exchange
excitation cross section, and 2tF() —Col'+ lF& —6&I'

=Q„,(S-P) the interference excitation cross sec-
tion. Relations (6)-(8) remain valid even if the
atoms show fine- and hyperfine-structure splitting.
As will be seen in Sec. IV the analysis of the exci-
tation process carried out by polarized electrons
and atoms will be affected by the fine- and hyper-
fine- structure interaction. In our desc ription of
the excitation process S -P we will take into ac-
count the fine-structure separation (it can even be
used to simplify the analysis of the excitation pro-
cess), while the complication caused by the hyper-
fine structure can be overcome by some special
experimental arrangements (e. g. , by decoupling
the hyperfine-structure by an external magnetic
field, or preferably by observing the inelastically
scattered electrons).

We can also express the total excitation cross
section in terms of the cross sections for the fine-
structure states:

Q(S-P) =- Q( Ss/2- Pl/2}+ Q'{ St/2 P2/2).

The fine-structure cross sections are proportional
to their statistical weights':

( Si/2 —Pi/2} = —,'Q(S-P)

= —,'Q(S-P}, 2+~2Q(s-P)

q( sl/2 P&/2) =4 IFoI'+ 2 IFil'+W
I
Gol'+ 2 I

G~l'

+ s IFo-Gal'+-', IF, -G, I'
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= 3 (Qd+ q..+ qt. t},
@( Sl/2 P3/2} 3Q(S -P}

=-:q(S-P).. . —', V(S-P)., „,

I &o I' + 2
I

& I' ,

e(t) + 4( Sl/2 4) A( Pl/2, 3/2 t) +e(3)

I~o I'. 2 I~t I' . (16)

q(sl/2 P3/2} 3IFol +3IPtl +3IGol +3IGll'

(»)
+ 'I Po-Go I-'+ 'IF -Gl I—

'

= 3(qd + Qs*+ @t.t} ~

Describing the excitation process in terms of
differential cross sections, the following relations
between the differential excitation amplitudes
(fo, f, ) and (go, g, )and the differential cross sections
(including the partial differential cross section
tt„,} are then given by

o(S-P}=o( S„-P„,}+v('S„,—P„,)
= o(S -P).. .+ 2o(S -P).. .
=-'I&ol'+ I&tl'.-'I~ol" l~ I'

+'lfo &ol'+lft «I' (=et

1/2 3/2} 3(ed+ Osx+Otst) ~

o( Sl/2 Pl/2) —3 (Vd + Vsx + Vtxt }

(13)

(14)

(16)

Transformation of Eqs. (13)-(15) to those of
Eqs. (11) and (12) is to be carried out by means of
the relations between the integral and the differen-
tial amplitudes (i =0 or 1, 8 is the scattering angle
of the inelastically scattered electron):

F, =21/ f f, (8) sin8d8, G, =21/ f g;(8) sin818

Using completely polarized electrons and atoms,
the excitation processes Si/a- P»a, 3/a or Si/a- Pj/
or S»2- P3/p can then be described by means of
the amplitudes defined above:

e(t)+A( S»„ t) A('Pl/2 3/2t t-)+e(t),

lfo-~2l'+2I f1-~1l'

e (t ) + A ('S»» 3) -A('P1/2 3/„3) + e (t ),

The corresponding excitation cross sections for
the separated excitation of the fine-structure levels
P3/2 and 'P»2 are the same as in Eqs . (16}-(18)

multiplied, however, by the factors -', and —,', re-
spectively.

Figures 1 and 2 show how the excitation ampli-
tudes are related to the excitation processes for
transitions from a given magnetic sublevel of the
ground state to a magnetic sublevel m, of the ex-
cited states P~/p or P3/&. It should be noted that
the coefficients of these amplitudes are correct
for excitation of unpolarized atoms by unpolarized
electrons. These coefficients can be derived from
the expression relating the cross section for fine-
structure states to those for the excitation of the
components of the orbital angular momentum. '

III. ELASTIC SCATTERING WITH POLARIZED
ELECTRONS AND ATOMS

Figure 3 illustrates a crossed-beam experiment
with partially polarized electrons and atoms inter-
secting the interacting volume. The quantization
axis is assumed parallel to the Z axis; accordingly
the direction of the spin polarization of the colliding
particles before the collision is transverse. We
restrict the observation of the scattered particles
to the scattering plane (azimuthal angles haft

=0 or
y =0), which has the consequence that the polariza-
tion of the scattered particles remains transverse.
The density of the atoms in the interaction volume
may be divided into two parts, one part n~ which
will be completely polarized and the other part n„,
completely unpolarized. If the total atomic density
is n = n~+ n„, and the degree of polarization of the
atoms is nd=ns/n=P„, then n„=n„/n= 1 —P„. The
flux density j of the incoming electrons can simi-
larly be divided into one completely polarized part
j 3 and one unpolarized partj ;j =jd„+j s,t jd jd/j =P=,

m

ma =m&

- I/2

+ I/2 I/2

—I/2

+ I/2

+ I/2

I/2

+ I/2 —I/2

P I/P
1 or I

2 or E

3or K

4of IE

I 2 I

fo + (p fo- go

~ lo. l'

+~

FIG. I. Two magnetic
sublevels of the S~/~ ground
state and the excited fine-
structure state P$/2 la-2

beled by their quantum
numbers m;, m „and ms.
The table on the right gives
the excitation amplitudes
squared times the intensity
coefficients of the different
transitions when the excita-
tion is carried out with un-
polarized electrons and
atoms.
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FIG. 2. Magnetic sub-
levels of S~/2 and I'3/2.
The table contains the ex-
citation amplitudes squared
(with intensity coefficients)
of the different transitions
when the excitation is car-
ried out with unpolarized
electrons and atoms.

(the degree of polarization of the incoming elec-
trons) and &„=jJj = 1-P,.

We study the collision process by either observ-
ing the scattered electrons (we measure the scat-
tered intensity and the polarization P, after the
collision) or the scattered atoms (intensity and
polarization P„), or by detecting both of the colli-
sional particles. We denote the differential cross
section determined from the observation of the
scattered electrons by v,(e, P) = v„and the differ-
ential cross section obtained from the scattered
atoms is denoted by v„(g, y) = v„. For a given
single-collision process both these cross sections
are certainly identical. The general relation be-
tween these two different collision processes ex-
pressed in terms of v, and 0„ follows from a mo-
mentum-transfer analysis. '

Table I shows the different types of scattering
processes to be discussed in connection with the
scattering amplitudes in Secs. IGA-III C.

A. Scattering of Unpolarized Electrons on Polarized
Atoms

In order to describe this collision process we
introduce partial differential cross sections which
are specified by the spin direction; thus o' v„' or
o,', v& are defined as differential cross sections for
the elastic collision process in which the spin of
either the scattered electron or atom is up (0) or
down (4), respectively, after the scattering. Table
I includes such cross sections for the case in which

the atomic target is completely polarized. Obvi-
ously, it appears that the measurement of the cross
sections o,' and 0„' supplement each other in the way
that they give the direct and the exchange cross
sections, v,'=klfl =o, and v„'= &pl =v„. v„' can
be measured by selecting the atoms with spin down

by a Stern-Gerlach magnet. v,' can be obtained by
means of a Mott analysis of the scattered electrons
and by the measurement of the differential cross
section as noted in the following discussion on the
scattering of unpolarized electrons on partially
polarized atoms.

Given now the degree of polarization P„of the
target atom, the cross sections specified by the
direction of the electron spin or the spin of the
atom are

v'=P. (l If gI'+ 'I~I')-+ l(1 -P.)v, —

vo=P~glfl +k(1 —P~)v,

o.= .(rlf-gl'+-. Ifl')+-. (1 —P.)v,

v.=P" I~l +2(1-P.)v ~

It follows that

t 4 t0'e+O~ =&y 0~+~~ =0'
y

M, = v,' —v,' = P„(v —
I
f

I ),

M„= v„' —v„' = P„(v —I&I ) ~

and with P, =M, /v and P„= Mdiv we have

TABLE I. Partial differential cross sections specified by the spin directions of the scattered electrons (a,' or a,')
and the atoms (0& or o~) for the elastic scattering processes.

Unpolarized electrons scattered
on completely polarized atoms~

e(») +A(t)

v.'= klf-a I'+klS I'. v. = klfl'

v~=klf-gl +klfl, v~ klg I=

One-electron atoms.

Completely polarized electrons
scattered on unpolarized atoms~

e(~)+~(»)
cro'= klf-g I'+ ktfl', vo'= klgl'

v~= klf ifl'+ klan'I' v~=-k lfl'

Completely polarized electrons scattered
on completely polarized atoms~

e(&)+A(&)

0,'= If-gl, o,'= o2

If-g I, a„=o2

e(t) +A(t)

&~= Ifl, &,'= Igl

IT~= Ig I, f7~= Ifl
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!! ~a (t.x *o~*~A
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FIG. 3. Scheme of the crossed-beam experiment to
be analyzed with partially polarized incoming electrons e
(degree of polarization P,) and partially polarized target
atoms A (degree of polarization P~). The quantization
axis is parallel to the Z axis. P,' and Pz represent the
polarization of scattered electrons or atoms, respective-
ly. (y,

' and e,' or 0& and ez denote the partial differential
cross sections for electrons or atoms with final spin up
or down, respectively.

If I
=a(1 —P,/P„), Igl =0'(1 —P„/P„) . (ao)

B. Scattering of Polarized Electrons on Unpolarized
Atoms

With the knowledge of o and P~ the measurement
of the spin polarization of the scattered electrons
and atoms (P, and P~ respectively) gives the di-
rect and the exchange cross sections.

knowledge of cr and P„ the direct and the exchange
cross section.

C. Scattering of Polarized Electrons on Polarized
Atoms

It follows from the discussion of the scattering
processes with completely polarized electrons and

atoms (Sec. II A) that measurement of the intensity
of either the scattered electrons or atoms gives
the cross sections a„cr„, and o„,. These quanti-
ties can also be determined from the scattering of
partially polarized electrons on partially polarized
atoms.

We denote the degree of polarization of the in-
coming electrons and the target atoms, as in Sec. I,
by P, =j I, P& = nI, . The partial cross sections spec-
ified by the spin directions of the scattered elec-
trons and atoms are now given as follows:

a.'= bPnP+ l('I~.'+i~P}1 If gl'-
+b~'. Igl'+ 'f~.'', -

a.'= lfPn.'Igl'+2f~Plfl'+2f~. ' a,

aA IJPnP+ 2(7Prr +ZAP}I If gl'+ 2f P-Ig I'

+ 'f~'Ifl"-'fea, -

aA 2fPn' If I'+ 2f ZPI g I'+ be! a .

The basic scattering processes for this case are
described in Table I. The situation is similar to
that in Sec. IIIA, with the quantities lgl and l fl in-
terchanged in the expressions for o,' and o„'. Again
of practical interest is the case of the scattering
of partially polarized electrons on unpolarized
atoms.

The cross sections specified by the spin direc-
tions of the scattered electrons and atoms are now
given as follows (P, is the degree of polarization
of the incoming electrons}:

From these equations we obtain the up-down
asymmetry relations

M, =a,' —a,'=P, (a —lgl')+ p„(a —lf I'),
M„=a„'-a„'=p„(a—Igl')ip, (a- Ifl') .

The sums of the partial cross sections are

S,=a,'+a,'=a —P,P„(a—If —gl )

=a p.p~(Ifl'+ lgl-'-a&

=a —P,P„Re(f g) .
One can verify that

(aa)

(a4)

(as)

a'= p.(l If gl'+l l-fl }+4(I-P.&a

o", =P, Igl + (1 —P,)a,
a'=P. & 'If gl'+ Wa I'&-+ l(-I p.&a, —

a'= p lfl'+ l(I —p.)a
It follows that v=0", +o",, 0=a„'+o„', and

M, =a,' a,'=P, (a- Igl'), -

M~=a~-a~=p. (a- lfl'),
and with Mfa =P, and Mga = P„we have

(al)

(aa}

The measurement of the spin polarization of the
scattered electrons and atoms determines, with the

S,=Sg=ow+~g=S

which is valid for a given collision process ob-
served via the scattered electrons or atoms.

The sum of the partial cross sections does not
coincide with the total differential cross section
for the case of the scattering of polarized electrons
on polarized atoms (contrary to the two previous
cases).

It should also be noted that as a result, the total
intensity S of either the scattered electrons or atoms
determines the magnitude of the interference ampli-
tude (with knowledge of a, P„and P„),

lf —gl'=a+(1/P~„) (s —a) . (as)

The quantities lfl and Igl cannot be obtained di-



2020 HANS KLEINPOP P EN

The amplitudes ifl and igl can also be obtained
from the combination of the measurement M, and

S, or M„and S„. It then follows from E|ls. (23)
and (25) that

—-M, —o ——I'„1,S 1

PA Pe PA PA

If I 1 1 i v 1—-P ———-P
S PA —P, PA S PA

1 S 1—-M. -v —-P.)Pe PA Pe Pe

IgI 1 1 o 1—-P —— —-P
S P, -P P, ' S P,

Combining Eqs. (24) and (25), one obtains

S 1—-M„-o —-P,
P, -PA P, P,

Ifi 1 "1
g o 1—-P —— —-P

S P, —PA P, " S P,
1 S 1——MA- V ——PA

PA Pe -PA PA

lg I 1 1 I 1P ~ g ~~ P
S PA-Pe PA P

(3O)

(31)

(32}

With the knowledge of ifl and igi the phase differ-
ence 5=) —y between f and g( f= lfie" andg= igie'")
can be determined from Eq. (25}:

coss = (o -S)/P (33)

Although it is possible to determine all three
cross sections v„, o„, and o„,and the phase dif-
ference between f and g by means of scattering of
partially polarized electrons by partially polar-
ized atoms, the analysis is only relatively simple
for the measurement of 0„,. For the measurement
of o, and o„, the cases discussed in Secs. II A (un-

rectly from the up-down asymmetries [Eqs. (23}
and (24)] alone, as is possible with the scattering
of polarized electrons on unpolarized atoms or with

the scattering of unpolarized electrons on polarized
atoms. Ifl and I gI can, however, be determined
if one applies either of the following combinations
of measurements: For a given single-collision
process (assuming that the relation between the
electron and atom scattering is known) one com-
bines the measurement of M, with that of MA and

applies Eqs. (24} and (25). It then follows that

~p MAPA Mepe p I 0 PAPA —Pepe
p'„- p', ' s s

(27)

M~P,™,P„ lg'i o P„P,—P+„
P, —P„' S S P, -Pg

(2s)

polarized electrons on polarized atoms) and II 8
(polarized electrons on unpolarized atoms) appear
to be simpler in the analysis and also more suitable
and more promising from the point of view of ex-
perimental techniques.

IV. EXCITATION PROCESS 2Si/2 2Pl/2 3/2 WITH

POLARIZED ELECTRONS AND POLARIZED ATOMS

We will now analyze the excitation process
'S„2- P,» 3» in terms of excitation amplitudes
when all kinds of collision processes occur, with
polarized or unpolarized electrons and also with
polarized or unpolarized ground-state atoms. We
also assume that the excited atoms return to the
ground state under the emission of resonance light.

In principle we could follow the same scheme of
analysis as discussed for the elastic scattering.
There is, however, one important difference: The
excited P states have a short lifetime which pre-
vents direct observation of the scattered atoms in
the excited states unless one carries out experi-
ments with very fast atoms. In analyzing the spin
of the ground-state atoms that have returned from
the excited state to the ground state by an optical
transition, all the complications resulting from the
fine- and hyperfine-structure splittings, from the
finite width of the excited states, and from the
rules governing the transitions have to be taken
into account. The electron scattering, however,
is unaffected by these complications because the
collision process takes place in times too short to
have set up magnetic and spin-orbit interactions
in the atom or between the atom and the colliding
electron. Accordingly, the observation of electron
scattering gives results in terms of scattering
amplitudes which appear simpler than those ob-
tained from an analysis carried out with the scat-
tering of atoms (e. g. , the partial cross sections
o„, a„, and o„, follow directly from the electron
scattering analysis, but not from the atom scatter-
ing analysis).

Also of interest are the total intensity and the
analysis of circularly and linearly polarized com-
ponents of the P-S resonance-line radiation which
provide some details about the integral excitation
amplitudes. Accordingly, our analysis for excita-
tion amplitudes is restricted to electron scattering
and the observation of the intensity and polarization
of the resonance radiation excited by electron bom-
bardment. We discuss the analysis of the electron
scattering without distinguishing between the fine-
structure states, and we deal also with the analysis
of a few cases in which either the Pggp or the
P3» state is excited.

A. Unpolarized Electrons Exciting Polarized Ground-State
Atoms to 'Pl/2 3/2 States

Given the degree PA of the polarization of the
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t 2 2
Oe( 1/2 1/2, 3/2}

=PA(2 lfo-gol + If1-a'11 + algol + lg11)

+ 2(1 PA) o( Sl/2 P1/2, 3/2} l

os( S1/2 Pl/2 3/2}

= PA(a Ifo I+ I.f1 I ) + 2(1 PA) o( S1/2 P1/2, $/2} .

The up-down asymmetry and the sum of these
cross section are then

&(2 2 zf2 2~el S1/8 P1/2, 3/2 J ~eh Sl/2 P1/2, 3/2l Me

PAIo( S1/2 P1/2 3/2} 2 (3 lfo I
+ If11')I

e = Oe( 1/2 1/2 ~ 3/2} + Oe( 1/2 P1/2, 3/2}
(34)

/2c
O& ~1/2 ~1/zsa/2)

With these last equations and with

Me/o( Sl/2 P1/2, 3/2) Psv

we obtain for the direct excitation cross section

TABLE II. Various characteristics of the excitation
process S&/2- Pi/2 3/2 by excitation with unpolarized
electrons and completely polarized ground-state atoms:
e(tt)+A ('s,», t). '

Spin
direction

of scattered
Transition Excitation amplitude electrons

2 2
S1/2 —P1/2 transitions

+ Ifo I ++ Ifo -go I )or t

II $ Igol

III $ I@11 t

IV /[f11 +Qlf1-Zf )or t

Circular
polarization
of ~m~=+1
deexcitation

transition

IV'

V'

VI'

2 2Sf/'2 P3/2 tranSitiOnS

$ IfP I + Iff}-gl

algol'

+ If I "WIf -g I'

+ Iffl ++ Ift-gll'

+ Ig1I

tort

d'or C

d'or t

One-electron atoms.
Labels of the transitions as in Figs. 1 and 2.

target atoms, the partial differential excitation
cross sections of o( S»z-'P»z „z) specified by the
spin direction of the inelastically scattered elec-
trons can be expressed in terms of the excitation
amplitudes (see Figs. 1 and 2 and Table II which

display the amplitudes for the excitational transi-
tions between the magnetic sublevels for the case
discussed in this section}:

od( S1/2 P1/2, 3/2} = 2 Ifo I
+ lf1l

1/2 1/2, 3/2} (1 Ps/ A ) (35)

In exciting the fine-structure states separately
we obtain the following expressions which relate
od('S«z-'P»2 3/2} to the cross sections of the fine-
structure states:

od( Sl/2 Pl/2, $/2} &o( Sl/2 P3/2} (1 —P,/PA ),
(36)

od( S1/2 P1/2, $/2) 2o( S1/2 P1/2} (1 s/PA }~

We now discuss how the observation of circularly
polarized light emitted by transitions from the

P1/2 or P»2 state can be used to obtain detailed
information on the excitation process. Figures 1

and 2 can also be used to illustrate the excitation
and line-emission processes involved; obviously
the integral excitat'on amplitudes have to be ap-
plied for the analysis of the polarized light compo-
nents.

We first discuss the excitation of the P1/2 state
in detail. It follows from Somrnerfeld's intensity
rules that the total intensity of the circularly
polarized component is twice as large as the lin-
early polarized component of the P„2- S»2 tran-
sition. Accordingly, the total number of transi-
tions with linearly (I') and circularly polarized
light emission (I" and I' }can be expressed in
terms of the integral excitation amplitudes (see
Table II, 'P», -'S»z transitions}:

I'( P„z- s1/a }= 12 I
Fo I

+4 I
F1 I

+ 1$ I Go I

+4 IG1l +1's IFo Gol +4IF1

1/2)= T I F11 + 7 I G1I ++
I
Fo Go I',

I ('P»2-'S1/a}= 3 IF11'++
I

Go I'++ I»- G1I'.

With

I ( P1/2 Sl/2} SQ( S«z- P1/a}

and

I"( Pl/2 Sl/2) HI ( Pl/2 1/2) = SQ( S,/2- P, /2)

we can relate I" and I to the following partial
cross sections:

I ( P,/, - S1/2), @( S1/2 P1/2l //1/ //1/}

= —,(-' IG1I y$ IFol +~ IF —f;
I ),

I0-/2 2 2( P1/a S1/a) = 'Q( S„z- P, /2, m/-m/)

= l(T'IGol'+ 3IF, I'+llF, -f:,I')

(3s}
These two cross sections



2022 HANS KELINPQPPEN

[Q( $i/a- Pi a m/-em/ )]

describe the excitation process by which either the
magnetic quantum number in the P»2 state is equal
to that in the ground state [Eq. (38)] or is changed
to the opposite sign [Eq. (39)] of m, .

Assuming that the degree of the polarization of
the atoms is P„, the number of transitions with

circular polarization is then

I-{'p„, 's„-z) = p.(41Gi I'+W
I Fo I

+I}IIF —G I'&

+ $(1 —P„)Q{ $»z - Pua),

I ('Pua-'Sl/a) =PAR-
I
Gal'+4 IFil'+4 IFi —Gil'&

+ s(1 —PA) q{ Sl/2 Pi/2) ~

Applying Eqs. (38) and (39) it follows that

I"{P -'S„,) =P„[-*,0{Su, -'P„,)
3f& ( $1/2 I/2& m/ mi)]2 2

+ $(I - PA)~( Sua- Pua),

('Pi/2- St/2)= PA[san{ Sua Pl/2 m/ m/)]

+ s(1 —PA)Q( Sua- Pua) &

I"{Pt/2 - Si/2) -I ( Pi/2- Si/2) —PA[sf{ Sua- Pi/2}

4+ $»2- P»a mi--mI'H ~

With the degree of circular polarization P"
=(I" I)/(I" +I-), it follows that

q( Si/2 Pi/2& m/ m/)
2 2

= RQ{ Si/a- Pua) {1—P /PA)

= l IFtl'+W
I
Gol'+ l IFi - Gil' (40&

Q( S,/2 Pi/2, m/-m/)2 2

=at $1/2 Pl/2) Q( Sl/2 Pl/2& m/ ™I)2 2 2

=4 IFol+$1Gtl'+~RIFo-Gol'.

The analysis of the circular polarization from the
excitation process S»2- P»2 is similar to that for
the excitation Sj/2- P, /2. One has, however, to
take into account that the linearly polarized compo-
nent of the P2/2 Sj/2 transition from the magnetic
substates m~=+ 2 is twice as large as the circularly
polarized component (just the reverse of the pre-
vious case). The measurement of the circular
polarization P of the Ps/2- S»2 transition pro-
vides the following terms for the amplitudes:

+ IFil'+ 2 IGol'+ 2 IGil'++ IFi —Gil'

= RQ( $1/2 Ps/2) (1 P~/PA)
& (42)

2 IFol'+ 2 IFil'++ IGil'+ s IFo- Gol'+ 2 IFi- Gil'

= RQ( Si/2- Ps/a) (1 +P /PA) . {43)

Also straightforward is the analysis of the cir-
cular polarization of the P-S transition when both
the line components ( P„z- $«z and 'P„z- S»z}
are observed simultaneously:

(1 —P /P„)q(Si/z- Pua, s/a)

=+IF&i'+IGol'+llGil'++IF -G I'. {44&

q{Si/2 Pl/2, $/2) {I+ P

= IFol'+-'IF t I'++ I
Gil'+ IFo - Go I'+ l IF, —G, I',

(46)

where P is the total circular polarization of both
fine-structure transitions.

Of interest are the limiting cases of threshold
excitation (Ets, ) and infinite energy (E„). It follows
from orbital angular momentum conservation that
for threshold excitation only transitions with 4, =0
are possible and for excitation with infinite energy
only transitions with 4, =+ 1 are possible. Ac-
cordingly, at threshold energy all the amplitudes
with m, =+ 1 should vanish and so should the ampli-
tudes with m, = 0 at infinite energy. That is, e.g. ,

--I I (46)
q{$1/2 pl/2& E the) 2 i PA

RIF, I +QIGtl +RIF, —Gtl 1 P"
q{Si/2- Ps/z, E„) 2 P„

B. Polarized Electrons Exciting Unpolarized Ground-State
Atoms to 'P, /2 3/2 States

Given the degree P, of polarization of the incom-
ing electrons, the partial differential excitation
cross sections specified by the spin direction of
the inelastically scattered electrons are (Table III
shows the amplitudes involved)

t/2 2
Oe t l /2 l /2, 2/2)

=P {'Ifo gal + Ift atl +
'

I/ol + Ifil &

+ 2 (1 pe)o{ $1/2 Pi/2, $/2)

os{ Sua Pi/a, s/2&=p (2 lgol + lg'll &

+ 2{1 pe)t/( Si/2 —Pi/2, $/2)

It follows that

M = o ( $1/2 Pi/2 2/2) —o ( $1/2 Pi/2 2/2}

= P [&{Sua - Pua, s/a&
—2(s Ig'o

I
+

I g t I )] &

(48}
t /2 2 t/2 2

e oet Sl/2 Pl/2 s/2/+Get $1/2 Pl/2 2/2}

/2 2
~ S1/2 P1/2, $/2& y

and from the last two equations and Eq. (16) with
IP, NI, /o( Si/a- Pua, s/z) we have

oes( Sl/2 Pl/2 ~ 2/2) 2 lg'o
I

+ lgl I'
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Transition

Spin
direction

of scattered
electrons

Excitation
amplitude

Sfj2 —P)/2 trans itions

+ lfol'

+ Ia'ol'

+ lf1I'

4 Ifo-ro I'

Circular
polarization
of &m~=+1

deexcitation
transition

TABLE III. Various characteristics of the excitation
process S&q2 —P&/2 3» by excitation with completely
polarized electrons and unpolarized atoms: e(t)
+A('S,», i&). '

to obtain some details about integral excitation am-
plitudes. Again the excitation of the P,» state
gives the simplest results in terms of excitation
amplitudes. For the case of excitation of the P»2
state with completely polarized electron, the num-
ber of transitions associated with the emission of
circularly polarized light is then (see Table III)

I"=+
I Go I'++ IF11'++ IFo - Gol'

I- =y IFol'+y IG1l'+y IF, —G1 I'

Taking a partially polarized beam of electrons
(degree oI polarization P,} to excite the P„a state,
one gets the following expression for the integral
amplitudes:

2 IFol + 2 IG1l + 2 IF1

= ag( Sua - P1/a) (1 —P /P, }, (52)

IV

3I

6'

IV'

V'

VI'

+ lf1-F1I'

S~/2 —Psq2 transitions

+ lfol'

+ 4rol'

+ lg1I

klf1 I'

+ If1I'

+ Is1I'

+ lfo-/rel'

+ If1-gl'

+ If1-r1I'

= 2Q( Sua- Pa/2)(1 —P /P, ),
+ IF1I +3IGol +alG11 + 2 IFo Gol + alF1 —G1l

= aQ( ua- Pa/2) (1+P /P, ) .

{s4)

(ss)

The resultant circular polarization of both fine-
structure components P»2»& - S»2 provides

where P is the circular polarization of the
P)]q - Sq» transition.

With the knowledge of those amplitudes one also
obtains

3 IF1l'++ I Gal'++ IFo- Gol'

2Q( S1/2 —P1/, }(1 + P /P, ) . (53)

The analysis of the circular polarization of the
P»~- S»z transition gives the following result:

t IFol'+ 2 IF11'++ IG1I'++ IF1- G1I'

~One-electron atoms.
Labels of the transitions as in Figs. 1 and 2.

= —o( S, —P „,) (1 —P,'/P, ) . (49)

In exciting the fine-structure states separately,
an analysis similar to the above leads to the follow-
ing relations:

oee( 1/2 1/2, 2/2} ao( S1/2 P1/2} ( e/Pe} e

(so)

ex( 1/2 1/2, 2/2) e&( S1/2 pa/2) (1 —P,/P, ) ~

(sl)
Note that Eqs. (49)-(51) are similar to Eqs. (35)
(3V ).

As in Sec. IVA, one can also use the observation
of the circularly polarized components of the reso-
nance lines, excited by polarized electrons, in order

IFo I'+ '- F1l'++
I
G1I'++

I F1 —G1l'

e)+ S1/2 P1/2, 3/2) e

+ IF11'+ IGol'+-'IG1l'+ IFo-Gol'+-'IF -G11'

+P / e)Q( 1/2 P1/2 2/2} e

where P is the circular polarization of the
Ps» ~»- S,» transition.

The limiting cases of threshold excitation and
excitation with infinite energy give

zlFpl 3 t'

Q( S1/a Pa/ae E,tee) 4 l, P, (ss)

e IF1l ++ IG, I ++ IF, —G11 P
'Q( 1/2 1/2, 3/ae E~) e

(59)

It might be of some interest to follow up a side-
line at this stage. Equations (52)-(59) show that,
when the excitation amplitudes involved and the
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total cross section are known, the measurement
of the polarization of the circularly polarized light
emission can be used to determine the degree of
polarization of the exciting electrons. This sug-
gestion for the measurement of electrons-spin
polarization was first made by Farago, ' who pro-
posed the use of Hg line excitation. It certainly
might be interesting to compare the application of
Farago's proposal by using either the alkali or the
Hg lines. One important factor for giving prefer-
ence to the alkali lines is the fact that at least the
threshold behavior of the polarization of the Li and
Na resonance radiation" is now in very good agree-
ment with theory. '2 In addition, the polarization
curves of these resonance lines do not show any
dramatic behavior, caused by some kind of "struc-
ture, " in a wide energy range above the threshold.
The understanding, however, of the polarization
of Hg lines, the threshold behavior, and possible
structure is still not in a satisfactory state. '

C. Polarized Electrons Exciting Polarized Ground-State
Atoms to 'Pi, g 3 2 States

We need not discuss the details of deriving the
expressions for this case since everything can
easily be obtained from Table IV and the previous
sections. The observation of the intensity (S,) of
the inelastically scattered electrons already gives
the important interference terms:

With

1 S 1 s v 1——P, —— ——P„, (61)2 PA —P, PA ' S p

alamo! +lgsl =o ('Si/a- Pua, s/a)

TABLE IV. Various characteristics of the excitation
process Sf/2 Pf/2 3/2 by excitation with completely
polarized electrons and atoms: e(t) +A( Sf/2 t) or
e()) +A{ Sf/2 I).

Excitation
Transition amplitude

Spin
direction

of scattered
electrons

Circular
polariz ation
of &mg =+ 1

deexcitation
transition

e(t) +A( Sf+ t)

4 ~fo ro~ '-

——p,'-- —-p, . 62
2P, -P„P S P,

The angular orbital momentum components for f
and g separated from each other can be obtained
from the following:

—-~.———-~.)
2 Sp 1 i O 1

A e A 0 A

t/2 2
oe& Sl/a Ps/a&$/a/+os& S1/a Ps/$. $/a) d

we obtain

's.o('S~/a Ps/a, s/a) Ifo gol'+ lfi-gsl'

I2 2ao( S1/a P1/$&$/a)

+ a(1/PAPdKSo o( Sl/a P)/$, $/$)1 (60)

IV

IV'

V'

4 ~f&-e&~'

+ ufo roi'-
+~fi-gi~'

Ifi -g ~'

By separating the scattering process into the two
contributions with different orbital angular momen-
tum components we derive

fo gol =~~,w(S1/a Ps/a&$/a)!
l2 2 2

+(I/P, P„)[So o»&,.o( Sua- Ps/$. $/a)) &

+(IlP» d)[Ss —o~ „,(Ss/a- Pi/$&s/$H &

with Sp+ 2S, = S„where Sp or 2S, are the intensity
contributions with the two possible orbital angular
momentum components (m, = 0 or +1).

The measurement of S„combined with that of
the polarization P, of the scattered electrons, pro-
vides the direct and exchange terms

a l&o I'+ Ifs I' = od( Sl/a Ps/$, $/a)

VI'

IV'

VI'

e(f)+A(S(gs t)

+iform'

+ Ig'ol

III +Ig&I

+if&i'

+~fo~'

III' $ Ig&(a

+ ifii'
V' If, !'

Ig I' t

~One-electron atoms.
Labels of the transitions as in Figs. 1 and 2.



ANALYSIS OF SCATTERING AND EXCITATION AMPLITUDES ~ . . I 2025

—-e.———-e.)
So 1 i a 1

Pe PA Pe 0 e

S, 1 I a 1
Iei I

= — ——e.————e*)Pe PA e 1 e

(64}

Finally, we discuss what information about the
excitation process can be obtained by analyzing the
components of the 'P]/p 3/2 Sg/2 transition. As will

be seen the observation of the total intensity of the
P-S emission directly provides the interference
terms of the cross section. We will discuss in
detail the case for the S»2- P», excitation; the
results for the S»,- P»& and S»&- P«& „~ exci-
tation can then easily be found.

The rate equations for the number of circularly
and linearly polarized optical transitions from the
S~/p - Pq/3 excitation are

I"(Pl/a- Sua} = 3([jul p+

2(jm'+jenny}l

3 lpo Gol + jam'(' I3P I1+ 3 IGol )

+ 2 jz/ (3 I po I
+ 3 I

G'l
I
}+

~any�„'q(

Sl/a p-l/20

I-('pua -'S„,) = 3([jm,'+ —2'(j,'n„'+je'n')] 3 IP, —G, I'+ zl'ne'(3 Ipo I'+ 3 I Gl I'&

+ 2j.nl (3 I pl I
+ 3 I Go I

) + 2 n J'0( S1/a pu-a )I.

We have I'( P Iz- S, /2) = 2(l" +I' ), 2nd with the total number of transitions I( P, /z- S, /z)
=I"+I' +I' we

obtain

I"( Pl/2 1/2) +I ( Pl/2 Sl/2) %( 1/2 Pl/2)+ 3pePA[Q( 1/2 Pl/2)

—2(+
I
pol'+ 3 I

pll'++ I
Gol'+-'I Gll'&]

I( Pl/2 Sl/2) Q( Sl/2 Pl/2) + Pe A[3 I po Go I
+ 3 I pl G1l q( Sl/a - Pua&]

&~l.l(S-P) = ~
I
po —Go I'+

I pl —Gl
I

2(1/PePA)[I( Pl/z Sl/2) + Q( Sl/2 Pl/z) (PePA —1}]

The total intensity I( P«z- S«2) of the emitted radiation determines the interference term of the cross
section. It also follows from the above that the total intensity of the circularly or linearly polarized compo-
nents provides the interference term

Olel(S -P) = (1/pePA)(4 [I ( Pl/2 Sl/2) +I ( Pl/2 Sl/2)1 + 2@( Sl/2 Pl/2) (P,P„—1)&

=(1/PepA}[~I'( P„z- S,/2)+2Q( S„z- Pl/z) (P,P„—1)] . (67)

Obviously, the same kind of information can be obtained either from the fine-structure component
S«p or from the total intensity of both doublet components

@le,(S P) = —', ~ (1/P, P„)[l(Pa/z —Sl/2) + (I ( Sl/2 P3/2) (PePA —1)]

= 2 (1/PePA)[l( Pa/a. l/2- Sl/2)+Q( Sl/a- Pua, a/2) (P, PA —1)]. (68)

Combining an analysis of the circular polarization with that for the total intensity of the circularly polar-
ized components provides detailed information about the excitation cross sections only for special cases.
The intensity difference of the two circularly polarized components for the P, /2- S«z transition is given by

3[l"( Pl/2 Silo) I ( Pl/2 S1/2}l @(Sl/2 Pl/2)(pe+PA) 3(pe+ PA}(lpl-Gll)

—-'P.(-'IP.I" I
G I'&- -'P.(-'IGo I'+ IP I'& (6»

This equation combined with Eq. (65) does not provide excitation amplitudes. Setting, however, p, = P„
and combining Eqs. (65) and (69) lead to the following results:

1 9 I ( Pl/2 Sl/2} +I ( Pl/2 Sl/2} r ed/a 2 i e-rz
P 8 P [I"(Pl/2- Sl/2/ —I'1 Pl/2-'Sl/2-e- e
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+ q-(S . —p.) p. —
p

3 2 2 1

e
(70)

llFol'+ IF I'+ llGoI'+ IG I'=q (s-p)+q.,(s-p)

(l/Pe)(20( Sl/2 Pt/2) f [f ( Pl/2 Sl/2) +I ( Pl/2 Sl/2)]] (7l}

Knowing I F, -G, I from Eq. (70) enables one to determine -', IFo —Go la by means of Eq. (66) and also to
determine the following quantities from Eqs. (65) and (69):

+alGol —a[lfpA(PA —Ps)]Ia[f"( pl/2- Sl/2)+f ( pua- Sua)] —apA[f"( pl/a- Sua) —f ( Pua- Sl/2)]

+ 'q( Sl/2 Pl/2) (+A l) $(pspA+PA) I F1 —Gl I & (72)

IGll + 2 IFol —a[lfpe(ps —PA)]4[f ( pua- Sua)+f ( pua- Sua)] ape[f"( pl/2- Sua) —f ( pl/a- Sua)l

+ q( Sl/2 Pl/2) (Ps l) 2 (PPA + Ps) I Fl Gl I (72)

A similar analysis for the circular polarization of the P,~2- $, ~2 transition provides the following result:

la +
I
F I2

I
G Ia 2[f s(ap 2S ) f (2P 2S )] 1 8/2 1/2 + 8/2 1/2)]

e e

+ $(pe+ PA)l Fl —Gl I'+ q('Sl/2 Ps/2)
e

IF I
~ IG I

~ IG I2 2[f s(ap 2S ) fs (2p S )] s/ — u l+f ps/a- ua)]+ 3 0 + S P, —P„ I 3/2 1/2 2I2 &/2

+ q( Sl/2 Ps/2) PA + $(pe+PA) I F1 —Gl I'2 2 (75)

From observing the circularly polarized intensities of both fine-structure components Pl/as/2 Sl/2 one
obtains

& IGol +$IGll +I IFll — f"( Pua, s/2- Sua) f ~pua, s/2- Sua)Pe-P~,

Ia+(2p 2$""+-—q(S-p)+$(p + p„)IF, - G, I' (76)
Pg 9 P~

0 Fol + 8 IFl I +4 I Gll = f"('Pl/2, $/2 Sl/2) f ( Pl/2, $/2 Sl/2)Pg —P~

8/2 1/2 1/2) +f ( Ps/2. 1/2 Sl/2)+ 4 l p q(S p) +g(p + p )I F G Ia (77)P, '9 P,

The results of all Eqs. (72)-(77) depend upon
knowing the interference term tF, —G, I. The
special case P, = —P„would cancel the interference
term in the above equations. On the other hand,
the interference term lF, —G, I could also be deter-
mined from setting P, =P„ in Eqs. (72)-(77).

V. CONCLUSIONS

It follows from Sec. GI that the analysis of the
spin polarization for elastic scattering of polarized
electrons on atoms provides the magnitude of the
direct (f), exchange (g), and interference (f -g)
amplitudes, and also the phase difference between
f and g.

The analysis of the spin of polarized electrons
which have excited polarized atoms from an 8 to P
state gives the direct, exchange, and interference
cross sections. However, these cross sections
cannot be resolved in terms related to the mag-
netic quantum numbers m, =0 or + 1. In order to
obtain the interference terms of the integral exci-
tation amplitudes distinguished by the magnetic
quantum number m„one can use the analysis of
the total intensity and the circular polarization of
the light emitted from the P state of atoms having
the same degree of polarization as the exciting
electrons. It also follows from Sec. IV that differ-
ent sets of sums for integral excitation amplitudes
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squared can be obtained from all the different types
of collision processes analyzed by observing the
circularly polarized line components. This means,
for example, that combining the results of Eqs.
(40) and (42) enables one to extract the exchange
amplitude IG, I for comparison with theory. Com-
bining Eq. (71) with Eq. (75), Eq. (52) with Eq. (56),
and Eq. (71) with Eq. (74) produces the direct ex-
citation amplitudes IFOI and IF, 1, and also the ex-
change excitation amplitude IG01, which can be
compared with theory. In other words, combining
different types of experiments with polarized elec-
trons and atoms should enable one to have all the
excitation amplitudes separated. Table IV reveals
how coincidence experiments for observing photons

and electrons simultaneously can be used in order
to distinguish the differential excitation amplitudes
labeled by the magnetic quantum number m, =0 or
+ 1.
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