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jority of the experiments done on laterally diffused
light could be redone: Hanle effect of odd isotopes,
double resonance in weak or strong magnetic field,
level crossing in strong field, and study of the true
resonance levels (some results were recently ob-
tained'4 on the 5'P, level of Cd). We are continuing
these experiments on the combined effect of multi-
ple diffusion, collisions between mercury atoms,
and collisions of excited atoms on the wall of the
cell. On the other hand, the systematic study of
the signals observed directly from the light emitted
by a discharge lamp could give information on the

radiative transfer in the lamp, resonant and non-
resonant collisions and possibly information on the
parameters associated with the discharge. It is
certainly possible to appreciably improve the ex-
perimental setup to test in detail more elaborate
theories which will eventually appear.
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Nonrelativistic Auger Rates, X-Ray Rates, and Fluorescence Yields for the K Shell
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The Auger rates, x-ray rates, and fluorescence yields are presented for elements Z =4-54
when a vacancy is in the K shell. Numerical ca1culations have been performed using the
Hartree-Fock-Slater approach with Kohn-Sham and Gaspar exchange. Comparisons of dif-
ferent exchange approximations on the Auger and x-ray total transition rates and the fluores-
cence yields are reported. The differences are found to be = 10-20%%up at low Zand to decrease
with increasing &.

I. INTRODUCTION

There have been several nonrelativistic theoreti-
cal computations of the Auger transition rates. '
Among these, a variety of atomic models have been
utilized. The hydrogenic approximation has been
used by Burhop, Asia~ and Burhop, and quite ex-
tensively by Callan. Rubenstein has performed
Hartree-Fock calculations for three elements:
argon, krypton, and silver.

More recently, McGuire ' has presented compu-
tations for 27 elements in the range 4 ~ Z ~ 54 using

the Hartree- Fock- Slater (HFS) model. Consider-
able local structure exists in the Z dependence of
the K-LL Auger transition rates. ' Generally,
little structure would be expected in a process like
the K-shell Auger effect which is predominantly
concerned with core electrons. This would suggest
that independent calculations be performed to verify
whether the theoretical results of McGuire are cor-
rect. We have recently reported a brief summary
of our independent calculations, which shows no
local structure in the K-LL Auger rates.

Theoretical relative intensities calculated with
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a pure coupling scheme such as L-S or J-J coupling
do not generally compare very well with experi-
ment. It is usually necessary to include configura-
tion interaction and intermediate coupling in the
interactions. ' Regardless of the coupling scheme
chosen, all such calculations require the same
radial matrix elements. The accuracy of these
matrix elements depends on the atomic model
chosen. These matrix elements have not been
available for a realistic atomic model.

The Hartree-Fock model would be preferable;
however, the inherent complexity prohibits its use
in extensive Auger calculations. The recent works of
Slater et al. ,

"Herman, Van Dyke, andprtenburger'~
(HVO), and others show that the HFS model can be
made to yield wave functions essentially equivalent
to the Hartree-Fock results (in terms of the total
energy) when the proper exchange approximation
is made. Folland has shown that the Kohn and
Sham and Gaspar" (KSG) exchange approximation
gives a free-electron exchange density which is
quite close to the true Hartree-Fock exchange den-
sity, and that the HVO refinement is a justifiable
improvement. No extensive comparison of the vari-
ous approximations on the x-ray, Auger, and fluo-
rescence yields has previously been attempted.

It is the purpose of this paper to present K-shell
Auger matrix elements, Auger transition rates,
x-ray transition rates, and fluorescence yields for
all atoms from Z=4 to Z= 54. We have employed
the HFS model with the KSG exchange approxima-
tion. The effects of the exchange approximations
on the various rates are also presented.

Section II contains the calculational procedure
followed by the numerical results in Sec. III. A
discussion and the conclusion are given in Sec. IV.

II. METHOD OF CALCULATION

der tail correction was used.
The continuum-electron solutions P~, (described

by the wave vector k and the angular momentum l)
were determined by numerically solving

The potential V(r} was the appropriate potential
developed in the HFS solution for the bound elec-
trons. A power-series expansion for I'» was em-
ployed for small values of r and then Numerov in-
tegration was applied and continued until the solu-
tion had become quite asymptotic.

The asymptotic solution is known and, using en-

ergy normalization, is given by'

P~, (r)= (2/vk) ~ cos[kr+2k ' ln2kr ——,'v(1+1) —6,] .

Using the derivative of (3) we can write

pp PP, (r) 2

(1+2/kr)' vk
(4)

B. Auger Transitions

which is true for all large r. Similarly, the nu-
merical solution, Eq. (2), can be normalized by
requiring Eqs. (3) and (4) to hold at large r Also, .
since Eq. (4) is independent of r for large r, we
have a convenient test for indicating when the nu-
merical solutions have become asymptotic.

We use atomic units throughout this paper (e = m,
=6 = 1}. The units for energy and time are 2 Ry
(27. 2 eV} and 2. 43 && 10 "sec, respectively.

A. Bound-State and Continuum Wave Functions

In order to calculate Auger transition rates
T(a -b), we use the expression (in atomic units)

T„(a-b)=2v (b
~

(1/r, &)~a)
~ pr (5)

The bound-state radial wave functions were ob-
tained from a nonrelativistic HFS program. ' The
exchange approximation used in this program has
the form

(r) = —» [(3/«)
~
p (r) I]'"

Slater exchange' corresponds to & = 1 and KSG ex-
change occurs when o. = 3. Both the initial and final
electron wave functions used in Auger and x-ray
calculations were HFS solutions corresponding to
an atom with an initial K-shell vacancy. The Lad-

where pF represents the density of final states
which is equal to unity for energy normalization of
the continuum-electron wave function.

The matrix element of Eq. (5) has an initial state
(a) containing two bound-electron wave functions
designated by n, l~ and ne(2. The final state (b) is
composed of a bound-state wave function n3l3 and
a continuum-electron wave function kl4. The wave
function may be separated into a radial part P„,/,
r, and an angular part Y, ' (8, 0). Using antisym-
metrized product wave functions, the matrix ele-
ment in Eq. (5) can be written in LSZM coupling in
terms of 3-J and 6-J symbols by
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(h ~1/~„~&&=r(-I)"&'"Z R.(1, 2, 3, 4)(), llc" llf, &(), llc" III, &

+ (-)"R.(I, 2, 4, 3) (I5 II
c" llf g & (I4 II

c"
II ~1 &

&a
(6a)

where

(I II
c"

II & ') = [(2) + 1)(2l'+ I )j'" (- I)'
0 0 0 (6b)

R„(1,2, 3, 4) = f f p„,(i) p„,(j) (~,"/r,"'}p„,, (i) p„,(j) dr, dv, (6c)

In Eqs. (6), the angular and radial dependence have
been separated. Both direct and exchange contri-
butions occur. Normally, v=1, but if nylyandn2l,
are equivalent electrons,

Since magnetic states are not normally observed,
it is necessary to average Eq. (1) over the initial
states and sum over the final states. For a par-
ticular J, one form for the Auger transition rate
is then

Equations (6) and (7) are equivalent to the expres-
sions given by Asaad and Burhop and are correct
when the final vacancies (n, f& and nally) are produced
from closed shells. When this is not the case, the
angular dependence becomes complex. If we are
interested in the total Auger transition rate involv-
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FIG. 1. Comparison of the theo-

retical K-LL intensities in the L-S
coupling scheme with the experi-
mental data (Refs. 25-45) versus
atomic number (relative to the total
E:-LL transition rates). The solid
lines represent the present results,
the triangles indicate the calcula-
tions of Ref. 5, and the solid points
are the experimental values. The
results of Ref. 7 differ from the
present by showing considerable
structure (= 50%) in the X-I.&L&

line.
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TABLE I. Theoretical K-shell x-ray and Auger rates
per atomic time unit and K-shell fluorescence yield (W&).

X-ray rate
Auger rate

(units of 10 )

5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54

9.984 (-7)
4. 864 (-6)
1, 517 (-5)
3.686 (-5)
V. V51 (-5)
1.475 (-4)
2. 464 (-4)
3. 834 (-4)
5. 736 (-4)
8. 308 (-4)
1. 170 (-3)
1.61O (-3)
2. 1V1 (-3)
2. sv4 (-3)
3. V2S (-3)
4. 760 (-3)
5. 963 (-3)
7. 301 (-3)
9. 035 (-3)
1.O93 (-2)
1.316 (-2)
1.569 (-2)
1. s5v {-2)
2. 183 (-2)
2. 54V (-2)
2, 964 (-2)
3.435 (-2)
3. 965 {-2)
4. 559 (-2)
5. 221 (—2)
5. 959 {-2)
6. 781 (-2)
v. 6v9 (-2)
S. 668 (-2)
9. v5o (-2)
1.093 (- 1)
1.222 (-1)
1.362 (-1)
1.515 (-1)
1.681 (-1)
1.s6o (-1)
2. 054 (-1)
2. 264 (- 1)
2. 491 (-1)
2. V36 (-1)
3. oo1 (-1)
3.2S6 (—1)
3. 592 (-1)
3. 921 (-1)
4. 276 (- 1)

0. 1237
0. 2059
0.3221
0.4777
0. 6646
0. 8869
1.076
1.234
1.384
1 ~ 532
1.676
1.807
1.945
2. 079
2. 201
2. 311
2. 399
2. 482
2. 561
2. 626
2. 701
2. 760
2. 812
2. 860
2. 898
2. 948
3. 000
3. 053
3. 107
3. 160
3.211
3.260
3.306
3.351
3.393
3.433
3. 472
3. 510
3.571
3.599
3.625
3.650
3. 674
3. 698
3. 721
3.745
3. 768
3. 793
3. 816
3. 844

0.0008
0. 0024
0. 0047
0. 0077
0. 0115
0. 0164
0. 0224
0. 0301
0. 0398
O. 0514
0. 0653
0. 0818
0. 1004
0. 1215
0. 1448
0. 1708
0. 1S91
0.2273
0. 2608
O. 2939
0. 3276
0. 3624
0. 3977
0. 4329
0. 4678
O. 5014
0. 5338
O. 5650
0. 5947
0. 6230
0. 6498
0. 6754
0. 6987
0. 7211
0. 7420
0. 7611
0. 7788
0. 7951
0. 8093
O. 8236
0. 8367
0. 8491
0. 8605
0. 8707
0. 8803
0. 8889
0. 8971
0. 9046
0. 9112
O. 9176

The numbers in parentheses after an entry are the
powers of 10 to be multiplied by it.

ing a nonfilled shell, simplifications occur. 2 When
the final vacancies occur in different shells, and
one of the shells initially has n electrons when it
could have m, then the full shell rate is reduced

00 2

T„(i-f)=fk ' P„... P„~, r dr
~+ 0

(6)

where l& is the greater of l, and lf.
The magnitude of the x-ray wave vector k is

determined from the electron binding energies,
k = (E, —E&)/c. Two bound-state radial wave func-
tions P„... and P„,f occur in the radial integral of
Eq. (6). The x-ray intensities depend strongly on

k, we therefore used the experimentally measured
energies of Bearden and Burr in calculating k.
If the shell in which the final vacancy nft f occurs
is not full but contains m electrons when it could
hold mo, the full-shell rate is reduced by m/mo.

D. Fluorescence Yield

The K-shell fluorescence yield W~ is calculated
from the total K-shell x-ray rate T„and the total
K-shell Auger transition rate TA..

yi'r = T*/(T'*+ T~)

III. NUMERICAL RESULTS

The Auger and the x-ray transition rates were
calculated with the HFS model, as described in
Sec. II. The KSG exchange approximation was used
for every Z. All the present calculations correspond
to a single K-shell vacancy.

The K-shell Auger radial matrix elements and
transition rates for the K-LL, K-LM„K-LM2 3,
and the K-M& 2,3 M, 2 3 transitions are presented
elsewhere. The radial matrix elements are de-
fined in Eq. (6). Energy normalization of the Auger
electron has been used. The transition rates are

by n/m .If the final vacancies are both in the same
shell, the full-shell rate is reduced by n (n —I)/
m (m —1).

The Auger electron energies E were found by
subtracting the appropriate electron binding ener-
gies obtained from the HFS neutral atom calcula-
tions (with Slater exchange). These calculated
Auger electron energies generally agree (& 0. 5/c)
with the experimentally measured energies. The
effect of such an error in the Auger electron ener-
gies on the transition rates is of similar magnitude.

The radial integrals in Eqs. (6) were computed
using five-point Newton-Codes quadrature. The
three bound-state wave functions were first con-
verted to the continuum wave function mesh by using
Lagrange interpolation. The integration was con-
tinued until one of the bound wave functions reached
its practical infinity.

C. X-Ray Transitions

The total x-ray transition rate in the electric
dipole approximation for an initial vacancy n, l,
and a final vacancy ngz is given in atomic units by
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FIG. 2. Nonrelativistic total E-shell
x-ray and Auger transition rates and

their sums versus atomic number. The
triangles indicate the relativistic results
of Hefs. 46 and 47, and the solid points
represent the calculations of Ref. 7.

O
O

O
Le

I

'Dc
D

lO

lO'
IO

l

20
I

30
I

40
I

60

in atomic time units. Table I contains the total
x-ray and total Auger transition rates along with
the calculated fluorescence yields.

In Fig. 1, the K-I.I intensities, relative to the
total K LL trans-ition rates (in the L-S coupling
scheme}, are compared with the experimental data.
The total x-ray and Auger transition rates are
plotted as a function of Z in Fig. 2. We have in-
cluded for comparison the relativistic HFS results
of Bhalla and Ramsdale, 6 Rosner and Bhalla, and
the nonrelativistic Auger rates of McGuire. In
Fig. 3, the fluorescence yields are presented along
with the experimental values. ~'49

The effects of different exchange approximations
used in the HFS model on the x-ray and Auger total
transition rates and on the fluorescence yields were
calculated. In Fig. 4, the results for Slater ex-
change (a = 1) are compared with those for KSG ex
change (a = f). Relative to the KSG results, Slater

exchange increases the Auger and the x-ray yields
while decreasing the fluorescence yields.

Herman, Van Dyke, and Ortenburger (HVO)
'

have included an inhomogenity term in the free-
electron exchange approximation. In the notation
of HVO, we have performed calculations using
n= 3 and P =0. 004. Figure 5 compares computa-
tions for the HVO exchange to those with KSG ex-
change. Relative to the KSG exchange results,
HVO exchange decreases all three yields.

IV. DISCUSSION AND CONCLUSION

It is convenient to separate the discussion into
two sections. Section IVA is concerned with the
results for Z&10, and Sec. IVB considers Z &10.

A. Low Z ((lo)

For Z & 10, the L shells (2p} are being filled.
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FIG. 3. Comparison of the theoreti-
cal K-shell fluorescence yield WIt (solid
line) with the experimental data (Refs.
48 and 49) versus atomic number.

IO

IO I

10

I

20 50 60

This accounts for the structure in the K-LL rel-
ative intensities. Comparison with experiment is
difficult since these electrons are involved in chem-
ical bonds of the solids used in most measurements.
The theoretical transition rates are for free atoms,
and such chemical effects would be expected to
have an influence on the experimental results.

Some comparisons can be made for the fluores-
cence yields. The theoretical fluorescence yields
are generally larger (= 50%) than the experimental
values. These measurements were made on
solids and it appears that the chemical bonding
reduces the x-ray transition rates more than the
corresponding Auger rates. The theoretical re-
sults of McGuire are similar to the present al-
though they are about 20-30%%ug larger.

The choice of exchange approximation has a very
pronounced effect on the theoretical calculations

for Z&10. The Slater exchange leads to Auger
transition rates 15-25% larger than the KSG ex-
change. The x-ray rates are also larger by 5-10%.
The fluorescence yield is reduced by 9-14% as
compared to the results for KSG exchange.

The difference between KSG and HVO exchange
is also rather pronounced, especially for very
low Z. The x-ray rates are affected the most and
are smaller than the KSG results by 4-15%. The
Auger rates are decreased by 2-9%, while the
fluorescence yields are lowered by 1-V%.

B. Moderate Z (10~&Z~&54)

With the L shells filled, the theoretical relative
intensities change smoothly with increasing Z.
The hydrogenic results of Callan show the same
behavior, but McGuire reports some structure,
especially in the K-L,L, line. The agreement of
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FIG. 4. Percentage
difference between the
theoretical results us-
ing Slater exchange
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exchange {n =3) versus2

atomic number. Com-
parisons are made for
the total Auger and x-
ray transition rates and

the fluorescence yields.
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the present results with the Hartree-Fock calcu-
lations of Rubenstein is excellent.

Comparison of relative intensities with experi-
ment is complicated by configuration interaction.

The K L,L, ('So) tra-nsition is strongly perturbed
by the K L2L2 ( So) tra-nsition, as has been demon-
strated by the semiempirical calculations of
Asaad. ' The effect of this interaction is to in-
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FIG. 5. Percentage
difference between the
theoretical results us-
ing HVO exchange {a =;.~,
P = 0.004) and those wit. h

KSG exchange {u =-&)

versus atomic number.
Colnparisors are made
for the total Auger and
x- ra; transition rates
and &he fluorescence

„yields.
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crease the K-L~L, intensity at the expense of the
K LgLy line. Configuration interaction appears
to be predominant in the region 10 &Z & 25. Never-
theless, the agreement of the present relative in-
tensities and experiment improves and is excellent
for Z=38. At higher atomic numbers, the L-S
coupling becomes inadequate and relativistic ef-
fects become important.

In the present calculations the total Auger
transition rates increases very smoothly with in-
creasing Z. The agreement with the results of
Rubenstein are (=2'%%uo) for Z=36 and 47. Rubenstein
predicts a rate 20% lower for Z= 18; however, this
is probably a result of computational errors:
"There is evidence that we have overestimated the
effects of screening in argon. " The agreement
with McGuire is rather poor. The results of
McGuire show considerable fluctuations vs Z, and
for higher Z these calculations differ from the
present by =22%. The total x-ray transition rates
of McGuire are larger than the present by 20%
(Z= 10). This difference slowly decreases to =4%
(Z = 54).

The agreement of the Auger rates with the rel-
ativistic results'6'" is good (=3%). The nonrel-
ativistic total x-ray rates are larger than those
predicted relativistically, especially for high
Z (=12%). This probably results from the neglect
of retardation in the nonrelativistic calculations.

Up to about 2 =40, the theoretical fluorescence
yields agree to within the limits of uncertainty for
most of the experimental values (especially for
those measurements with small experimental un-
certainties ). For higher Z, relativistic effects
become significant. This is primarily the result
of the overestimation in the x-ray rates. The
agreement of the fluorescence yields with those of
McGuire ranges from =12%% (Z =10) to 1% (Z = 54).
This agreement for high Z is somewhat surprising
considering the large discrepancy in the Auger
rates.

The choice of exchange approximations has less
influence on the calculations for these atomic num-
bers. The K-LL relative intensities are quite

insensitive to the differences in exchange. Both
the Slater and the HVO exchange approximations
result in relative intensities which differ from the
KSG results by less than 5/0 for neon and the dif-
ference becomes small (&0. 5/o) at large Z.

The Auger rates with the Slater exchange ap-
proximation are larger than those for the KSG ex-
change and the differences range from 15 to 2/0

with increasing Z. Also, for Slater exchange, the
differences in the fluorescence yields and the x-ray
rates decline from 9 and 5%, respectively, to
about 0. 3% for both yields. The results for HVO

and KSG exchange are very similar and the dif-
ferences become negligible at high Z: =4% (Z = 10)-
= 0. 2% (Z = 54).

From independent evidence, " ' the HVO ex-
change approximation should be preferred. How-

ever, there is little difference between the HVO

results and those for the KSG exchange except at
very low Z. It is questionable whether the HVO

scheme. or even the HFS process is applicable for
such low-Z (& 10) atomic systems. It is possible
that the small differences resulting from the choice
of exchange approximation could have a significant
effect on configuration-interactionand intermediate-
coupling calculations.

In conclusion we note that the nonrelativistic
K-LL relative intensities and the K-shell Auger,
x-ray, and fluorescence yields show very little
structure with Z. The theoretical fluorescence
yields agree with experiment except at very-low-Z
values (&10) and at high Z (&40) where additional
effects become important. The choice of exchange
approximation in the HFS model has a significant
effect on the calculations for low Z and becomes
less important for high Z. We believe that the
results presented with the KSG exchange provide
an accurate, consistent set of radial matrix ele-
ments for the K-shell Auger process.
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A measurement of the low-velocity moderation of Z hyperons inhydrogenhasbeenperformed
in a bubble-chamber experiment. The technique employed determines very accurately the Z

velocityatdecay, ~=+0.004, by using Z ~+n decays accompanied by neutron scatters with
visible proton recoils. The results of the study, based on 23 200 Z leading to 151 events with
recoils in the region P~ &0.10, indicate that the Z moderation time for P &0.02 agrees withthe
predictions of energy-loss theory using the first-order Born approximation and with experi-
mental energy-loss data for protons. However, for the region 0.01&p& 0.02, the moderation-
time data for Z (and ~) in hydrogen no longer agree with calculations hased on the Bornapproxi-
mation or with experimental data for protons. The results for hydrogen are discussed and in-
terpreted as being related to an "excess-range" effect previously observed for negative parti-
cles in emulsion.

I. INTRODUCTION AND BACKGROUND

This paper is a description of a study of the low-
velocity moderation of charged particles in a region
where there have been few experimental data. The
theoretical treatment of the energy-loss phenomena
of charged particles in matter originated with the
work of Bethe, ' which resulted in a Born-approxi-

mation expression for the energy loss per unit
path length

dE 4gz e 2mvXZ ln
dx mv I

In this expression, ez is the charge of the incident
particle, v is its velocity, m is the electron mass,
Z and X are the atomic number and density of the


