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(Riemann-Lebesgue lemma). Such a procedure
then assumes that we are discussing a system of
independent two-level atoms with a given distribu-
tion of level separations.

However, despite the existence of a definite in-
finite time limit, it must still be noted that the final
state depends on the initial condition, a rigorously
demonstrated result in the XY model.
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All integrals needed to evaluate the wave function of the form

for n=1

and the Hamiltonian given are contained herein. For this form of the wave function,
the integrals needed can be expressed as a product of integrals (involving at most four electrons).
An indication of how to increase or decrease exponents of r&& in steps of one or two is given.
Some indication of how to proceed if the Hamiltonian contains 1/r&& terms or if the wave func-
tion is of the form

is given. Consideration of all possible types of integrals (using picture-writing graph theory)
involving r&'& rz~& H~ with a& 0, b &0, c&0; I al =

I b I = I cl =1, is given. Integrals correspond-
ing to the graphs (numbers next to the individual diagrams indicate the number of the equation)

are given in analytical form. These can be evaluated by numerical-integration routines.

INTRODUCTION

Much success in ab initio calculations has been
achieved with the use of correlated wave functions
(wave functions that included the distance between
two electrons explicitly). For the He atom, ' the
Li atom, and the H2 molecule, these wave func-
tions have yielded the most accurate energy levels
and molecular properties.

Constructing the total wave function as a Slater
determinant or antisymmetrized product is tanta-
mount to using the Pauli principle, which excludes
two electrons with identical quantum numbers and
spin from occupying the same volume element at

the same time. It does not tell us anything about
two electrons with opposite spin, which we would
expect to repel each other electrostatically. By
including terms dependent upon the interelectronic
separation, we cause the probability, calculated
from this wave function, of finding two electrons
at specified regions of space to decrease when the
two electrons approach one another.

A correlated wave function can be an eigenfunc-
tion of spin and angular momentum. If +(F) is an
eigenfunction of the total and z component of spin
and angular momentum, then 4 is an eigenfunction
of the same. Using the Nth-order permutation
group, all spin states for the N electron system
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can be included:

C(= 8(FR),

F = F (1& 2, 3, . .. , N) = (N! ) C) g(1) C) p(2) ~ ~ ~
Cpgg(N))

2 3R = 1+ZZ (gg)/g r/g + x/g r/g+$/g r/g+ ' ' ' )
g&l

and 8 is the antisymmetrization operator.
H is the Hamiltonian (in the Born-Oppenheimer

approximation) in atomic units, Z, and Z, are the
nuclear charges, R is the distance between nuclei
a and b, r&„ is the distance between electron i and
nucleus X, r, &

is the distance between electron i
and electron j:

H=--,'ZV'g-Z —'+ ' +ZQ +
f' rcp2 rjtp ccf rfg R

The coordinate system' used is confocal elliptical.
f& is the out-of-plane angle and R is the distance
between nuclei a and b. d7'& is the volume element
and r» the interelectronic distance. We have also

$ g
= (r„+r„)/R, g!

g
= (r„—r„)/R,

1& $,&'0, —1& q] &1, 0& /&2'

dr g
= a R ($, —

p/g ) d $ g
dg!g

d gt) g,

rgs aR {$g+$z+ g+)gg)s 2-2)g)sg)gg)s

—2[($ g
—1) (ks —1) (1 —g!g) (1 —p/2)]"'

~ - (C -C.)].
The basis functions C,(j) and the total wave func-
tion are represented in Egls. (2) and (3):

4 (j)=&"n"(&'-1)"' (1 ~')"'

s = (P„q„y„g(„gg(„P„m,), i =)('(-1) (2)

C'g. g
= gt {[II+ gg, / C',(j)] [1+ ZZ (d/ r/", ]]. (3)

S

For molecules with more than two nuclei, the
spherical coordinate system and Gaussian trans-
forms or f-function expansions can be used for
integral evaluation.

CLASSIFICATION OF INTEGRALS

The classification of types of integrals involving
r&& ~» r'„„can be considered in the notation of "pic-
ture-writing"' graph theory. " Figure 1 depicts
the ten distinct integral types, for the case a = b = 1,
c = —1. The small circles are electrons and the
line segments connecting electrons i and j corre-
sponds to the distance r&&. The dashed line repre-
sents r&&. The numbers in parentheses next to each

We have

TWO-ELECTRON INTEGRALS

(rg', )=(4,(2)r»'Cg(l))= f dr O,(2)rg', Cg(1)

= (It R'gg'5(m„O) 5(m„O)

"f, f, f, f ((g —p)g)($2- r/2)dkgdhmdp(gdp)2

C a(2) C g(1){(1+52+ qg+ 72 2 251 '(2 Ug Us

—[($g —1) ((I —1) (1 —p)g) (1 —7)2)]
' ). (4)

The Neumann' expansion for 1/rgs in prolate el-
liptical coordinates is

1 4 g ~g
(

)„2l+1 (l —(m()!
R ,.0 „., 2 (l + I m I )!

XQla)l(~ )Pla(l(~ )PILI(~ )ega((ag am) (5)

Pg($) and Qg ($) are associated Legendre polynomi-
als of the first and second kind in the complex
plane. ' $,&z and (z» mean the smaller and the
larger, respectively, of $g and $2. The P, ($) and

Q, (() have the range [1, ~]. The P, (p!) have the
range [-1,1]. For further details, see Refs.
13-23. We have

($2 1)m/2 dg~w

P, ($) —
2g l! d~gaa( ($ —1)',

(1 ~2)a)/s dga)a
Pg(r/)= 2gl! d g, (pp —1)',

dg

Qg ($) = ($' —1)"
~] Q, (t'), (6)

a (g)=l&, (g)(
(g (j

+(1+1)/2 @ 4 -+ 3
(2j —1) (l -j+1)

The (1/r, m) [E(l. (10)] can be expressed more con-
cisely, using the definitions of Egls. (6)-(9),

=(Pa~ qa~ Ya) ga) gpa) P ma))a)

(Pa qgrg)i v)a)) oP(gg)))r ma))

R: . .(.)= f f «dn(&'-~')&"n"(&'-1)""

x (1 p! )aa/2 e-aag e+aaaPa ($)Pa (p!)

(7)

graph, in Fig. 1, correspond to the integral equa-
tion for that graph. If a line segment has no elec-
tron in common with any other line, it can be fac-
tored out of the integral. For the form of the wave
function given in (3), the integrals needed can be
expressed as a product of primitive integrals (in-
volving at most four electrons). All the integrals
needed to evaluate this wave function involving r,&

to the first power are given.
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a ( )e (!l !o'!)!
(!&+Iol)! i

(I/r, g} = (C,(l) (I/x, z) 4&,(2)) = —,
' «R' 5(m, + m» 0)

(2!&+1)Z„! F„~(z)K„„„(z) K„' „~(z)dz .
fz =0&

Etta ) dg

(10)

For —,'(y, +o) and g(v, +o) integers, the one-dimen-
sional integral K„',„.„(z) can be evaluated analyti-
cally for each z and inserted in the numerical in-
tegration at the appropriate mesh points:

«&-&)lzl &v+o&lg «&'-o)l23 &v «il2 (2!& 2j) i (2!&i 2k)!
2"j!(}&-j)!(!i,—o —2j)! 2" k! (&&' —k)! (!&' —o' —2k)!

(-1) "&' ' "[—'(y +o)]!(-1)'[g(v +cr)]! sz
g» [e ~' —e ~&'z '] [e '(-1)"—e '(-1) 1

v![—'(y+o) y]!f![—'(v +o) $]! g 0 n,' (S2 —s)! P ( 0

g
[ -ag -ags 80-8] [e g( 1)" e ( 1) g]

Vg

a,"' (S&i- s)!

S,=S,+2, Vo= p —0+q, —2k+ 2t, Vg= Vo+ 2.

The upper limit of j is g(p, —cr) or 2(p, —o —1),
whichever is an integral. The upper limit of k is
g(!&' —o) or &(p' —o —1), whichever is an integral.
The upper limit of t is —,(v, + o) and the upper limit
of r is —,'(y, +o); if these are not integrals, the sum-
mations are infinite ones. In practice, the
K'. .. ,(z) are evaluated recursively and numerical-
ly. ' ' If the e,(j) of Eq. (10}are Slater-type or-
bitals, the integrals can be reexpressed~ as a sum
of "charge distributions. " The r&z expansion is
needed for the evaluation of r&& and for raising the

value of n in rig. This expansion [Eq. (12)] has
been derived by Harris. ' The partial integration
of Eq. (14} is used in the evaluation of the corres-
ponding integral [Eq. (15)]. In Eq. (14), for z- ~
and p. 0, the first term approaches 0. For p, =0,
X'=0;

Oper
b

denotes interchange of a and b charge distributions.
We have

'v&g=
2

Z & (U'„g'„V+„'h' ~+&2)~Q'„'($ g)) &+ i", i
"' P„"($&(g)P„('6&)P'„'(i!g) e"' i

g=O a =-y

P.' (5 ),P.' (5 ), P,' (i!),P.", (n )
P"'(5 ) P" (( ) P"'(rl ) P"'(n )

' n Pu 2(4) Pu 2($2) Pu 2(61) Pia 2(!2)
lP Ple&($ ) Pltr&($ )

+ Pie i(q )
+

pier(7/ )

!&+!e!—1) (
la 9 (2!&+3)g 5 0 (2)& I}g

2(2!&+1) (4o'g - 1) ~ (!& —Io l)1 2(2!&+1)
(2!&—1}g(2!&+3)g ' " (!&+!o!)!(2i& —1) (2p+ 3) '

—d g —L'„
~de}

d [~( )]g
= [~( )]g( g 1}& I'„(z)=(2!&+3)z —2(!& —v+1)z P",' -1,

(12)

(13)

P'„(x) &v(x) dx —X'„) [,(")),(~ ) ) P„'(g) &e(()d$,
l'„(x)dx

(r,g} = (C,(1)eii(2) r~g) =*R'&& 5(m, + m„0)

a
&si

&& 1+0„, Z ! dz K„' „,(g) [F„'(z)K„' „~(z)+—X'„g(Gz) „K„~( )],zg~e~ m~ ~1

(14)

(15)
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(z)= U [E z (z) +if „,z (z)] + ~»Ã»-z, »,a(z)+ (16)

THREE-ELECTRON INTEGRALS

The three- and four-electron integrals have been formulated in a straightforward manner, using partial
integration. Equation (1'1) illustrates a technique of partial integration useful in the derivations. Whenever
the product of two or more associated Legendre polynomials occurs, these can be replaced by a sum over
a single associated Legendre polynomial. The coefficients involve products of Clebsch-Gordan coefficients.
Equation (22) is a Clebsch-Gordan series. For further information see Hefs. 23 and 28-35. We have

f f(y)dyf ~(&)«=j ~(y)dyf' j(&)«,

(r»r„) = (C,(1)C,(2) 4,(3)r,zr„)

u(y)= f f(~)df, v(y)= f'g(s)ds,

b
CO CO

=+qq R 'v 5(m, +m~+m„'0) 1+0,„Z
I

~ ' w-" I )I y. '= '=I I

d [it„', „,,( ) +X„"ft„': „.,(z) ][8„'(z)&,'„',"„",,(z) K„',„,, (z) +P'( )zN„"'„', ,( )zIP„„,(z)

+X„' &;(z)N'„';„.„(z)X„',„,,(z)]

+ dz ft »», »(z) [E»(z) N»', », (»z) Q (z) + j'»(z)+&», ») (z) fi» (g)
Jf

+X'„G„'(z)brI'„', '„'& .(z) Z„' „,(z), (18)

u'„, „,(z) = f F„'(z)Z'„„,(z) dz,

.!t'„„,,(z) = f 6„'( )zE„' „,(g)dg,

ft„', „,,(z) = f"P„'(z)iC„' „,(z)dz,

(20)

(21)

P (z)P'(z)=E ' ' ' P'-'(. ),
s m m' (m+ m') (22)

ji iz j jz i j j 5( . ) (j m)t(j, +m—,)t(jz+mz)t
m2 m1 m ' ' (j +m)! (ji —m|)!(jz —mz)!

C(j&, jz,j;m„mz, m) C(j„jz, j;0, 0, 0) C(j„jz, j;m„mz, m)

= b(m; m, +mz)(2j+1)' &(j|,jz, j)

g (-1) [(j+m)!(j —m)! (j,+m, )! (j,-m|)t(jz+mz)! (jz —mz)t] '

p! (ji+j z
-j-p)! (j& —m| —p) ! (j jz+ m i+p) I (jz+ mz - p-) t (j -j z

—ms+ p)!

&(a, b, c)= (a+ b —c)!(b+ c —a)!(c+a —b)!
(a+b+c+1)!

s p1
N„,'„.„(z)= N„, ' „„(z)= J !! ($z —g )d$ dzq P„(k)P„($)P»('g ) P»' (r!)$» q'»($ —1)"'

1 ~-1

x(1 —rt')".~'e-»»fez" = &5(m a+y) gg & & d & & ~
~&m ( ) &m

J' J' J', J'', a Z + J' ~, J',a 8

(23)
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N'""', „(z)= t)(m; &&+o'') Z Z pa ~+ ~ '
ya0' m " o o' m.

(a4)

o' g m

+ U
p+2 p J p —2 p J ge' ~ ~ +2 ya' ~ & —2 J

+V gt +
o o' m " o o' 0' o' m o o m

)&(K, „,(z)+K, , ~ .(z)}+W„",N&&„";;,&, ,(z) + W'„N&'„"."„'&,(z) —W„'. W„'N„"„'.,(g) (as}

&r)iris) =&4.(1}4s(a}4.(a}ridris&=kR'z'&)(m. +ms+m-'o) Z Z (a) '+1)Z„".(f"dzF„'(z)
p~a~lssgl p'~a' ~ lssgl

u~, a(z) [N&u', u'& a(z)Ku u, s&z}+Nulu', a(z} K„' »(z)]+ f dzF„'.(z)IP„'r ur (g)

)& [N«u,"u.))„(z)ftu „,(z)+N:"„'.,(z) gi'u u, ,(z)] +X„' f, dz N'„"„,.(z) [K„' „,(z) g'u. , „.„(z)G„'(z)

+5i„' „,(z)K'„': „,„(z)F„'.(z)]], (ae)

&r»r, s&'rss) = &@,(1)e,(a) e,(3)risr, s/rss) =+)R w 5(m, +ms+m„O) 1, +Q b

ao

x Q
p s&Q gp g g $k a+ peg

x (ap" +1)Zu'"
J

dz 9t'„;,'„..„(z)[N'u", u", s(z) N&'„'. "„'&„(z)G„'(z) Xu+N&'u,"u-'), s(z) N&'„' '„')',,(z)F„'(z)
1

+N ';„",s(z)N„",;,,(z)F„'(z))+ t dz[X„' %«'„"„.', (z)+ 9t,'"' .' (g)] [Na" (z)N' "" ( )

x G„",(z) X„".+N«„", '„', .(z)N„„',",„(z)F„".(z) +N„' '„'...(z) N&'„".,
"„".,', ,(z)F„",(z)]

+ dz F„".(z)N„„',,(z)N„";„',,(z) [Xu': 9t,'„",'„'&„(z)+ s'9t&«„"„'l),(—z)+-s'X'„X'„',Pq„' '„', ,(z)]

+
i

dzF„'"(z)N„"„'"s(z)N&'u. "u.2) a(z) [9t&„'u ) (z)+Xu 9l&u', u &,a(z)]

dg a; :(z)ul'„'"„'i,&zlN'( ";7'.)tz&9t ,;. ',„(z)'I, ,. „"„,.
1 (av}

9tu,'u'„(z) =9t'„"„'„(z)= f F„"'„.(») N„"„., (»)d» (a8)

F... ( )
-d 0:(») 0::(») E&a.a)( )

— » Q (») ... d-
u. (*) a."&*&. ' '"'"'* «&t".(*&r u::(x& ' '" '*=a*

p (*&)' &a".(,))'I
e a'

9tu, u ,a(z)=9t„i', „'a(z)= f G ' (»)Na a' (»)d»0 ~ Q Vs e, &a
+ (ao)

(e e') r»
%&«u', u'), a(z)= f E&«u' ui)(»)Nu '„'. ,(»)d»,



1586 E. V. ROTH STEIN

%a „;„",,.(z) = j Z„",„',(»)~&„":&, .(x) d», (32)

'j)('„",„"&„(z)= 9)«'„, »„(z)= E('„". »(x) N«„"'„''» .(x)dx, (33)

)3t „',„~, (z)=')t z) „(z)=f p««, (»)~& d', (x)d» (34)

FOU R-ELECTRON INTEGRALS

We have

(rur„/rm)=(@, (()@,(Z)z, (Z)t (4)rzr„/rf4)=QR z 5(m, +m +m, +;Q) ( g „)
P,=a= )m|33 gs'=a '= I m IC

(zz' 1}z'„,.
I

( dr M'"" I ()
4 1

x &&'„' „,(z) [&„'(z)K„' „«(z)&t„"'„",(z) + 2+ (z)K (3(z)~ «(z)]

d M„"'„"'„",,(z)$&'„'~ „" ( ) [F„'(z)K„' „,,( ) +X„'G„'( )K„' „(z)][X„"ft„':„,(z).
1

+5j „'. „.„(z)]+— dzE ()zz)M )sz '„)z"„(z)K„'" „.~ (3(z) [R „',„,,(z)+X„' R„' „,«(z)]
1

(35)

i('(„',.( )+zX, „".i„"./„. ,(*)]+f Mt'„"."„'„".I&.(z)d„"., „...(z)d„'.". „.. .(*)
1 r-

&&[E„'(z)K„'„,(z)+X„'G„'(z)K„„(z)]+, I dzM'„"'„'' „"',,(z) [g„': „. (z)+X„"f&„:„,(z)]

z (d:...,(z)d;-, (Ir;( ,\-, d„'. ', „"*,,(z) Z:", (z)d;-(*)]I,

M„"„;„':~,.(z ) = -,' 6(m; o.a"a" ) Z Z Z Z
L' L J' J'

J' J p,
" L

o a' (a+a') g a' (&r+g') (g+g') a" m

Jl ~II LIx (,)
„[Kl,~. ,(z) + K~', ~ „(z)), (36)

M&"„'„.'„',„(z)™&"„"„3.'„',&,(z) = 5(m; a + e'+ a") Z g p p
L L' J J'

0
g o' (o+ o') " o a' (o'+o') o s' (o+ o') (a+ o') o" m

I tt I

d) d/ &Kl, g «(Z) +Kg g ()(Z)) + W(zilch~ )z }z «(Z) z
(37)

I
M&'„"„"„'.&,(z) = M&'„3'„"„'.,&,(z) = 5(m; o +g'+ o") g g p p U~U~ . /

( d)

—2 p, —2 J ~ ~«p + 2 p, —2 J
o a' (o+ a') " " s g' (g+ o')

z ' (z+z') zz'( +z') " z z'( z')) " z z'(z+z'). j

s e' (@+a') "' e g' (a+a') (&3+a') o" m (s+o') s" m)

r, ,s', (d(z)+~g', g, ()(z)) + W(z M&)z, )z", «&,«(z)+ W~M(~3 « ~.
&

(z) —W'„',W'„M„"„'z.'„'„,(z), (36)
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&rgb» 2» )=&4.(I)4 (2&4.(3&4'a(4}rbbr(/»»& ~5' II "x'6(o' Im. l}«o"' lmal) «o'1mb+m. l)

x6(ma+ mb+ m, +ma; 0) p p p (2)&+1)Z'„f dzF;(z)[N„',"„b(z) I'('„. „,a(z)X'„+N&'„",a';b(z)Q'„, „,a(z)
P=O 0 =O 0 =0

+N„."„b(z)f(„.„.,(z)+X .3Ia)'„'& b(z) +p (!'I,„.).ab(z)][N ),„,,(z)St„-,„-,a(z)

I "+N&I 'I & a( }III" I "a(g) +N -' (Z)IIa- a-a(g}+XI "~~( '
I ) a a(g)+&&i "I ) a a(g})2 (3S)

8('„",, '„', a,&z) = f, dxI"„"., (x) [K', - „-,a(x)N&'„.", „'),(x)+K,'„,„,(x)N'„"., '„,(x)], (40)

Q(a", a') a,(z) = f dxG', (x}K„' a a(x)N'„"~. ,(x), (41)

&r&grgbf'»(a&=&@o(I)@b(2&@' (3)@a(4&r(brgbf'r)a&= mb' +""'6{&)'' Im I}6(&)"'Imal)5(()' Imb™al}

&& 5(m, + mb+ m, + ma; 0) p p p (2]),"+1)Z„-(f dz{&X„Ga'(z) [3~&„),„&a,a z)
PO 0 s+ 0 =0

+ N:; -,.(z).« '.-,.-,a(z)]+ F:(z)[3"„„"&,,„(z) + N,"„'„"'.),(z),&('."„„„,(g)]}]N'„'('„~,(z)

XII'„,(z)+N(„t'„)) b(g) ft' a a(z) + X'„Na' a. b(z), (ta, (a. a(z}+X„. a} &'„)'„& a b(z)

+p(a')'a')
~ a b(z) }+f dzF'„(z) P(a)'a) a, (z)+Na,'a-, (z&(t'a-, a-, a(z}][N(a'",a') b(z)ita, a, a(z)

2 2 ~ I
+ N'„".'. b(z) II '„'. „.,(z} + X'„'.N('„",'.) b(z) ft'„'. „.,(z) + X'„',q,"„".'. ..(z) + (=I:"„'...(z)1), (42)

q ('„),'„'),,„(z)= f F '„(x)K'„„,(x)N(''„"„"„'),(x)dx, (43)

(44)

g ('„"',)~, (z) = f F'„,(x}[K'„, „,,(x)5"„"„.(x)

+K (x)N& ) b(x)]dx (45)

')](&„"., „') a (g) = f F'„„(x)K'„„.a(x)N, „.
",'„, (x)dx, (46)

KINETIC ENERGY INTEGRAL

Essentially no new basic integrals are involved in the evaluation of the kinetic energy, nuclear attraction,
and overlap integrals. In some cases, a modified K', „, ,(z) integral is used. The modified integral
H' „, ,(z) is defined in E(I. (47); it differs in that the $ -)} term is not included:

H', (z) = f f $b )} ($a' aaIP"'{I —)}-')"~' e "'e a"F"($)F' ()})d&d)], (47)

1 2 a, (1!e,(2)e (3! '„V', [ '„a,(1)e,(2)e, (3)] = ——IIl ~ 1)fa e,(I)ea(2)e, (3)

I b 2 Da(1) qea(1) ) ) Va(1, 2)4a(1)x r)3»)g gg J
dT

]Q b 4f(2)4 (3)rar»(b—I d7
~b

'
g
' 4f(2)Ca(3) »Ib»Ib', (46)

1 ~1

@a(I~@a(I}= @a(1', 4'&{2)@a(2]= 4&f(2), 4)„(3)4,(3) = 4a(3)

D,(l)=p,'+p, +2p, r, +r, —&a', q,
' —q, -2q, )2, -—),+p,' —2n, )({p,+r, +I)

2

2p )) (q + & + I) + pa pa + qa 'qa + apa }aIa &g~b a~1 (22)I2 anal a(ql ~2}
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Vz(1, 2) = qz(1 —lg) +Pz($g —1)+ +z(z02 ly(tg —1) —&c )~+ Ps'g&(1 —ll Pahz 1z l1(hz —1)/$g —yztz lz(g )g

—of,),(f', —1)-q,(zrlz(, (1 —rig)/rig+ &&(zrlz5qrl, —P,&zrlz(, (1 —rP)+y, (,
q2 p )3~ ~ j(@i-4 2) + g- j(01 42i &e t ~a+ + ~~+P ~~+

2 2 ()~R 1)(1 )2) I elt01 Ozl e ~~+1 +2~]x [(( 1)(1—rl )($', —1)(1 —rl, )] + m, (5, —&1) ((z ) )(1 ~z) (49)

terms,

--,'zRK'„, ,( )(rf, )

terms, and

', &R'(-,'vR-')-'H', „,( )Z. , „.,( )Z.,'. „„„()

terms. The (r z) are evaluated using Eq. (47)
instead of Eq. (7) for electron 1. The case of the
kinetic energy integral in which the Laplacian
operates on r» and this is multiplied by r» is
represented in Eq. (50):

--,'f dec, (1)4,(2)r,', v', [r',,4.(1)4,(2)] . (5o)

For l = l' = 1, (50) equals

(-,'zR')'5(m. +m. ; 0)5(m, +m„; 0)z', „.( )Z„'„,( )

1 er(2)r~~2[D, (1)+ D,(1)]4,(1)

NUCLEAR-ELECTRON ATTRACTION AND OVERLAP
INTEGRALS

We have

For 1= l' = 0, the kinetic energy integral [Eq. (48)]
over electron 1 is the sum of --2rrRH'. ..(~)
terms. For l=0 and E'=1, the integral is a sum
of (r,z) terms [Eq. (15)], evaluated using H'„„, ~ (z)
Eq. (47)] for electron 1 and the usual K', „.I(z)

[Eq. (7)] for electron 2. For l = 0 and f' = 2, use
Eq. (4) for (r zz) with H'„...(z) for electron 1.
For f = 1 and l' = 0, use the usual (1/r, z) [Eq. (10)]
and(r, z) [Eq. (15)]with Eq. (47) instead of Eq. (V)
for electron 1. For f=l'=1, use (r,wr, z) [Eq.
(26)] and (r,z r,a) [Eq. (18)] with Eq. (4V) instead
of Eq. (7) for electron 1. For f=2 and f'=0, Eq.
(48) is a sum of

—f wR (—,'vR') K', „,(~)K'„, „.y(~)K„'„„,(~..)

l = 2, use (r») [Eq. (4)] without the ($, -ri, ) term
For l' = l = 1, use (r,zr„) [Eq. (18)]with Eq. (47)
instead of Eq. (V) for electron 1. The nuclear-nu-
clear repulsion integral is Z, Z, /R times the over-
lap integral:

(r', 2r'„) = f dr4, (1)4»(2)4~(3)r',zrIz . (52)

For l' =l= 0, the integral over electron 1 is
—,'zR'6(m„O)zo&&, (~). For f' =0 and l =1, the inte-
gral is (r,z) [Eq. (15)]. For l' =0 and l =, 2, the
integral is (r', z) [Eq. (4)]. For f' = l = 1, the over-
lap is (r,zr») [Eq. (18)].

ADDITIONAL INTEGRALS

Some integrals can be generated from previously
given integrals by raising or lowering the r» index
in even or odd steps [Eqs. (53) and (54)], using
Eqs. (1), (5), (12), and (59). )f the Hamiltonian con-
tains the term 1/r, z, for the evaluation of spin-
spin magnetic coupling or the relativistic effects
of an external electric field, then (1/r&&) [Eq. (55)]
and (1/r, ~) [Eq. (56)] are some of the integrals
needed. These results are based on a generaliza-
tion of the Neumann expansion [Eq. (59)].
The C'„(x) [Eq. (58)] are Gegenbauer polynomials.
For l = ~, the Gegenbauer polynomials are the same
as Legendre polynomials. If the wave function
[Eq. (3)] is modified to be

(15)(10) o- o
(&&)

O 0

fu) ['J Q gs)

f$o)
()g) f, ~ (48

' 4 (1)4 (2)4 (3)r' r'
(~2 2) ~ I c 12» '

(51)
For l = l' = 0, the integral over electron 1 is

,'vR5(m„o)[—(Z,+ Z~) H, a, (~)+ (Z, —Z~) H a(~)]

For f' =0 and f =1, use (r,z) [Eq. (15)] and Eq. (4V)
instead of Eq. (7) for electron 1. For l' =0 and

(1g)
(15) Ot

64) g
FIG. 1. Graphs for rj&r&& r~. Numbers in parentheses

correspond to the integra1 for that graph.
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essa =(1 II Easf4's(j} 1+++8 avf, arf",r (ss~,
then terms &1/r, ar„) [Eq. (60}]will occur in the
kinetic energy integrals:

(raa) = f dr 4)s(1)4)f(2)r, a
= RR [&4)() .2, ...(1}r(24)f(2)&+&4)3),s,a, ...(1)r(24)f(2}&

—2 &4, (1}r,24»(2}) + &4, (1)r,242, 2, ...(2})+(4,(1)r,242, ,2, ...(2)&

-2&4, „, , (1)r»4, ,1„,( ~
...(2)& -(4. (1)r124f (2}& —(4, (1)r»4 f (2))

e. = (P„q„ys + 1, v, + 1, as, P„ms + 1), e.= (p„q„y, + 1, v, + 1, a„p„m, —1) (s3)

R2
(r',Jr„)=fd 2, ((13,(2)2, (3)r',gr„= —((2,(3))((s ., (1)(1/ „ls(2))

+ &4», s, ,2. ..(1)(1/rla) 42,(2)& —&4) (l)(1/r, a)4), (2)&]+& O, (1)(1/rla)(b, (2) )

x [&42,.2, ".(3)&+ &4'2. ~..,2, " (3}&-&4 (3)&]-&4 (3)&

x &42, (1)(1/r(2)dies(2)) -
& 4, (3)) (4, (1)(1/r, a) 4,(2))

" (3)& &4'o,.„.. ~
-(1)(1/r )4'.(2)) }, (s4)

( /(r' )2fdrs, (=1)3,(2)1/r,', = 'R'3(m, ~ „3)

xZ Z —, ~(-1)"'+(-1) ~m(21+1)
l 220 m~ lm~ I +t

whichever is integral. We have

( = ~ & d.l(p) [(1—1}1)
n220 l220

l l l l, c l, l 5

1

&1//r 3'2& = )t dr 4,(1)4,(2) (1/raa) = —,
' 112R'

co n
( 1)' ~

X Z Z 6(m, +m„0)
n220 lnlmtl I

(ss}
X (1 —1)2) (],—1) ($2 —1)]'

Dn-l(~1&2)

x Cn 1($2(1)Cn, (2!,) Cn 3(2}a)-

"Cl [cos(lt)i (Pa)l) P 02 P~ 2

—2"' r(2p -1) [r(p+l)]'
[r(P)]' r(2P+n+ l)

(l!) (n —l )!(n + 1) (2l + 1) (l —m, )!(l + m, )!
(n+ l)!([-,'(l —m.))!}'([-,'(l+ m. )]!}'

dz
( 2 1)123/2 [C(21( )]2

x (n —l}!(n+p) (2p+ 2 l —1),

!"(x' 1) " '"d
D (5}= —C" ((}„

C

XLn 1 n 1 s(l)(z) L l, lna ln)(zr),(

(2(l) = (P, , q„y, +l, v, +l, a, , P„m,),

b(l)=(pa qa ys+1, vs+i, as, ps, ms),

(2) = fl f 1
dgdf! $ sl! ($ 1)"s

(ss)

L)v (() (ta

c."((} [c."([}]'

& 1/r, ar»& = f dr@,(1}4,(2}4', (3}1/r, ar„
=

12 31 R 6 (ms + ms + ms; 0)

(sg}

x(1-&')""e "e""C'(h)C' (n) (»)

'g' 2" (- 1) (l + n —j- 1)!
j!(n —2j)!(l —1)! (st!)

The upper limit of the sum over j is ,'n or —,
'

(n —1), —

1+O~r c 5 o; m~ 5 o'; mc )

x 8 5 (2l+1) (2j+1}Z;Zf
isa a f=a'

"f, dz&", f„(z)R;, ,(z)Q",(z) J, (z) .
(so)
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