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However, despite the existence of a definite in-
finite time limit, it must still be noted that the final
state depends on the initial condition, a rigorously
demonstrated result in the XY model.

(Riemann-Lebesgue lemma). Such a procedure
then assumes that we are discussing a system of
independent two-level atoms with a given distribu-
tion of level separations.
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All integrals needed to evaluate the wave function of the form
‘I’totza { [I;I Zasj&b,(j)][l +E<‘Zw!, ‘)’I;]} for n=1
s i

and the Hamiltonian given are contained herein. For this form of the wave function,

the integrals needed can be expressed as a product of integrals (involving at most four electrons).
An indication of how to increase or decrease exponents of 7 in steps of one or two is given.
Some indication of how to proceed if the Hamiltonian contains l/r?, terms or if the wave func-
tion is of the form

vt | [0 5 o o[ BT ]

is given. Consideration of all possible types of integrals (using picture-writing graph theory)
involving 7} vy ¥, with a<0, 5>0, ¢>0; | al =15l =|cl =1, is given. Integrals correspond-
ing to the graphs (mumbers next to the individual diagrams indicate the number of the equation)
are given in analytical form. These can be evaluated by numerical-integration routines.

INTRODUCTION the same time. It does not tell us anything about

Much success in ab initio calculations has been
achieved with the use of correlated wave functions
(wave functions that included the distance between
two electrons explicitly). For the He atom, ! the
Li atom, 2 and the H, molecule, ? these wave func-
tions have yielded the most accurate energy levels
and molecular properties.

Constructing the total wave function as a Slater
determinant or antisymmetrized product is tanta-
mount to using the Pauli principle, which excludes
two electrons with identical quantum numbers and
spin from occupying the same volume element at

two electrons with opposite spin, which we would
expect to repel each other electrostatically. By
including terms dependent upon the interelectronic
separation, we cause the probability, calculated
from this wave function, of finding two electrons
at specified regions of space to decrease when the
two electrons approach one another.

A correlated wave function can be an eigenfunc-
tion of spin and angular momentum. If @(F) is an
eigenfunction of the total and z component of spin
and angular momentum, then ¥ is an eigenfunction
of the same. * Using the Nth-order permutation
group, ° all spin states® for the N electron system
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can be included:
¥=Q(FR),
F=F(1,2,3,...,N)=(N1)V28,(1) ,(2) - + - & 4(N),

R=1+EZ (w“’r“+x“rf,+y,,1’,3,+" * ),
i<

and @ is the antisymmetrization operator.

H is the Hamiltonian (in the Born-Oppenheimer
approximation) in atomic units, Z, and Z, are the
nuclear charges, R is the distance between nuclei
a and b, 7;, is the distance between electron ¢ and
nucleus A, 7,; is the distance between electron 7
and electron j:

=—i0Vi-T ﬁ+£'1—>+z:2-i+£“£h
i i \Yia " i< "y R

The coordinate system” used is confocal elliptical.
¢; is the out-of-plane angle and R is the distance

between nuclei a and b. d7; is the volume element
and 7,, the interelectronic distance. We have also

£i=(743+75)/R, M= vy —75)/R,

1<g<o, —1<my<1, 0<¢;<2m,
d7;=sR%&5 - n?)dt, dn,de,,
re=4R¥{td+temiemi—2-2£E,nm,
—2[E3-1) (-1 A -nd) (1 - nY]V2
X cos(¢y - ¢)}. 1)

The basis functions & (j) and the total wave func-
tion are represented in Eqs. (2) and (3):

7,/2 us/z -

(l _ 77?) e agly eﬁ,ﬂj e""s°j,
i=J(-1) (2
‘I’toz=é{[ I;I? agy ®4(4)] [1+ZI><’E w7y ]} (3

®,(j)= £ m (£2-1)

s=(ps) qa, ‘ys’ Vs, as’ ﬁsy ms);

For molecules with more than two nuclei, the
spherical coordinate system and Gaussian trans-
forms® or {-function expansions® can be used for
integral evaluation.

CLASSIFICATION OF INTEGRALS

The classification of types of integrals involving
7%, 78, 7%, can be considered in the notation of “pic-
ture-writing”!® graph theory. ' Figure 1 depicts
the ten distinct integral types, for the case a=b=1,
c=~-1. The small circles are electrons and the
line segments connecting electrons i and j corre-
sponds to the distance 7;;. The dashed line repre-
sents 7i;. The numbers in parentheses next to each
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graph, in Fig. 1, correspond to the integral equa-
tion for that graph. I a line segment has no elec-
tron in common with any other line, it can be fac-
tored out of the integral. For the form of the wave
function given in (3), the integrals needed can be
expressed as a product of primitive integrals (in-
volving at most four electrons). All the integrals
needed to evaluate this wave function involving 7,
to the first power are given.

TWO-ELECTRON INTEGRALS
We have

(75)=(2,(2)73 &,(1))= [ dr 8,(2)r%&,(1)
=& R%%8(m,; 0) 6(m,; 0)
XTI L - e - ) gy agpangan,
X®,(2)®,(1){t2+E2+n2+mi—-2—2E E,m M,
S(E-DE-Da-a -1V, @)

The Neumann'? expansion for 1/7,5 in prolate el-
liptical coordinates is

© 14 2
i=_4_ Z Z} (-1)m 20+1 [(l" Iml)x] P;MI(gl(a)

712 R j20 mat 2 @ +Iml)!

X@P (€55 1) Pi™ (ny) Pi™)(m,) e'm@1-02) (5)

P7(¢) and QT'(¢) are associated Legendre polynomi-
als of the first and second kind in the complex
plane. ™ £, , and ¢,,, mean the smaller and the
larger, respectively, of £, and £,. The PT(£) and
Q7(£) have the range [1, ©]. The P}(n) have the
range [-1,1]. For further details, see Refs.
13-23. We have

2_1)ym/2 lem
P’lﬂ(g)___(glell) d‘Z“m (52_1)1 ’
—m2ym/2 1+m
P}(n)= (lz_,”“_)__ d%n—m (n*-1)*,
QP = (€2~ 1™ 55 ,(0), (®)

Qx(E)=%P,(g)1n(§: i)

(1+1)/2 21—4]""3
L @-D0-jr1) Dum®-

The (1/7y,) [Eq. (10)] can be expressed more con-
cisely, using the definitions of Eqs. (6)-(9),

az(pay qa: Ya’ Va’ aa’ Ba; ma),
b’_‘(pby dbs Vo> Vpy Qp, Bbamb)’
K, ur,a(2)= [" [ dEdn (82— n?) P2 qpa(e? - 1) /2

X (1= n?)a’2 g %at ¢*%" P9 (£) PO, (1),
(7



3
oy —d (Q7(2)) _(=1)°(k+0)!/(1-0)!
Fule)= 2, (Pil"(z)) T [PR)FEE-1) ®)
o _ 4 M 2
Zu==) [(u +|ol)l] ’ ®)

/7y = (@,(1) (1/712) ®,(2)) = 5 72 R® 8(m, + m,; 0)

|

[(n-0)/2] (7g+0)/2 [(u’-0)/2] (v, +0)/2
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x B ez [Tk, oK .
H=0=img 1
(10)

For 3(y,+0) and 3(v, +0) integers, the one-dimen-
sional integral K ,. ,(z) can be evaluated analyti-
cally for each z and inserted in the numerical in-
tegration at the appropriate mesh points:

(2u-2j)! (21’ - 2B)!

K2 ., (Z)=
HikTaa =0 r=0 2=0 t=0

(= )% 2[4, +0)] ! (- 1) (3 +0)]!

x r1z(r+0)=7] 1t [3(v,+ 0) =t] !

So Vz [e'“a - e'aa‘zsﬂ'ﬂ [eﬁd(— 1)” - e-Ba(_ l)va]

2451 (p —j)! (p—o0 - 2j)! 2*°R! (' = R)! (1 - 0 — 2R)!

{s S :‘_3 [e=a - e %a* 75279) [ePe(—1)° - efa(- l)vﬂ

21 Vol 20

$=0 v=0

@Sl (S, - s)! B (Vo—v) !

READID

820 v=0 d:’l (So-s)!

S;=S,+2,

The upper limit of j is 3(u —=0) or 3(u -0 -1),
whichever is an integral. The upper limit of % is
3(u’ =) or 3(u’ —o-1), whichever is an integral.
The upper limit of ¢ is 3(v, + o) and the upper limit
of 7 is 3(%+0); if these are not integrals, the sum-
mations are infinite ones. In practice, the

K3 .,.(2) are evaluated recursively and numerical-
ly. 2% If the &,(j) of Eq. (10) are Slater-type or-
bitals, the integrals can be reexpressed® as a sum
of “charge distributions.” The 7,, expansion is
needed for the evaluation of 7, and for raising the

J

2 u=0 0 =-u

B:ﬂ (Vz -v)!

Vo= 1’ —o+q,— 2k + 2t

}, So=M—-0+p,—2j+27,

Vo= Vo+ 2. (1)

value of # in 7{,. This expansion [Eq. (12)] has
been derived by Harris.?" The partial integration
of Eq. (14) is used in the evaluation of the corres-
ponding integral [Eq. (15)]. In Eq. (14), for z—
and u#0, the first term approaches 0. For p=0,
X,=0;

ou)

denotes interchange of a and b charge distributions.
We have

(282 VR - 2WD QI e ) + TR P e1c) P P ) o0 1702
u 1

o - Puid®) | Pty Py Pugp(ny) . PE(E) PG | By | Py
Eu= P, “ PO, TPl Y Py M BN, TRl T(e,) TP ,) Pl (ny)
(12)
e u=lol+1) (k- 1ol +2) o (u+lal=1)(p+lol)
U= 2 Gu oy i TP § ’
woo o 22u+1) (40%~1) —— (u=loDl 2(2p+1)
BTOR Qu-1F2e+3F 0 T (k+loD! (2u-1)(2p+3)
4 ~—_d 2 - ‘lz o POQ( )
M {[Puz)r} TEEEGED @@ 920z LT -1, (13
£ x Xz - AT fx o
X‘,’,]; ) w(x)dx—rl;:mgf1 P,,(x)w(x)dx-X‘Lj; FOlEE-1J, Pi(&)w(t)dE, (14)
(r12=(8,(1)8,(2) 715) =% R"7%6(m, +m,; 0)
x[1+0w.<z>:| ) dzKS,,q(2) [FERKE,, 4(2)+1X5Go() K3, 4(2)], (15)

uso=im | J1
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u,u,a(z) Uo[Kud‘z.u.u(z) +Ku.u+2,u(z)] H[K:-Z,u,a(z)+K:, u-z,a(z)] +W°K:J,,,u.,a( ) (16)
THREE-ELECTRON INTEGRALS

The three- and four-electron integrals have been formulated in a straightforward manner, using partial
integration. Equation (17) illustrates a technique of partial integration useful in the derivations. Whenever
the product of two or more associated Legendre polynomials occurs, these can be replaced by a sum over
a single associated Legendre polynomial. The coefficients involve products of Clebsch-Gordan coefficients.
Equation (22) is a Clebsch-Gordan series. For further information see Refs. 23 and 28-35. We have

S ray [7 gwat= [T eay [ f0at,  uly)= [ f0at, o(y)= [ g)ds, )

(7ry2713) = (B4(1) 8,(2) 8,(3) 712713)
=135 R\'13 6(m, + my +m,; 0) [1 + O,.,(f)] i' | f}
u=0=lm, w'=g’=imgl

x{f dz [‘&%".u'.c(z) "'X:: ﬁ::. u',c(z)][FZ(Z)&((S:%))M(Z) Ku.u.b(Z)'*F:(Z)Ng:z".a(z) [T ) »(2)
1

+XGGU(Z) u,u ,a(Z)K:,u,b(z)]

f dz 85,4, (@) [FURNDE &) K2, (@) + FS NG, o(2) KL, of2)
1

+X‘,’,Gﬂ(z)I;fff,',"",’”.a(z)K:'u',,(zi} ’ (18)

R, u5(2)= f FJ(2)KS,, . 5(2)dz, (19)

tu.u.b(‘z) f Ga(z)Ku.u.b(z)dzy (20)

88,un(@)= [ " FU KL, 4 p(2)dz, (21)
m l’ ! (mem’)

Pr'(z) P (2) = Z) [m ' (mam )}P, (2), (22)

[jx Je j] _ [jz J1 j]=6(m;m1+mz) I:(j—m)l(j1+m1)!(j2+mz)1 :lllz

my mp m mg; my m (7 +m)! (jy = m ! (Gp = mp)!
x c(jl: ja» j;mls ma, m) C(jls jz, ]; 0; 0’ 0) C(jly .7'2, j;ml,mZ: m)
= 8(m; my+my) (25 +1)M2 Ay, Ja, )

(= 1P [(G+m)L (G = m)! (Gy +m)! (Gy= m1)Wjg+mp)! (j, — my)! ] 12
s PlUGy+da—7 =N Gy—my=p) (G=da+my+p) (Ga+my=p)(F—jo—ma+p)!

’

[@+b=c)lb+c—a)l(c+a-b)]1/?
A(a,b,c)—[ (@a+b+c+1)! ] ’

Nore (2)=Ngs o (2)= f f (82 - n?)dtdn PS(E) PSu(E) PS(n) PSi(n) £%a na(£2 - 1)7e/2

HU-mrtemet - omio ) BT [ 44 T [L 4 T (k) oK),

PN m o o m
(23)
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N o(2) = 80m; o+o')Z)}_'} {U:[#:’Z [T J]+Vg[“'2 o J]}

g’ m o o m

)[B BT 5 @)+ K le)) + WENESel2), 0

O.I

x[#=2 w-2 J +U"V"'[‘l+2 v J]+U°:V° -2 We2 JN) e @
o o m L R o m el oo o' m o o m

w+2 uJ p=-2 J] or [ H W+2 J’] ‘,,[p. w-2 J'])
+(Ug[a o’ m:l+V:|:o o' m Velo o0 ml™"le o m

XK 70,0(2) + Ko 7,a(2)} + WEIN{SOD (2) + WS N, NG a(2) = W WEN S o(2) (25)

=, , ’ ,
g ole) = N8 o) = 60m; 040") D T {(v:v:, [“*2 Wiz J]w:v:.
J J! g m

(1, n?),a (u'.u) a

(1/713) = (B4(1) 8,(2)8.(3) 715/713) =& R°1* 6(m, +my + m; 0) i) Zw; (2u'+ 1)Z,‘,’.'{f1'° dzF3(z)

pmo=imyl p'=0’=Imel

X 8%, r,o(@) (N8, 0@ K2, 0,00 + NS0 a@) K (2] [T d2 FE(2) Ko, e o2)
X M‘ﬁ:‘I‘"),a(Z)fu,u.u(z)*‘Nﬁif'..(z) S.“A,L. u.b(z)] +X7 f: dz Nv'qn'.a(z) [Ku. u'b(z) S?ﬁ".u'.c(Z)GZ(Z)

+ 88, w2 Ko, e (2)FU(2)]},  (26)
(712719/723) = (B4(1) 85(2) 2.(3) 712713/723) =1hg R'%1° 6(m, +my +m,; 0) [1 +our<lc)>]

X 25 QD i) i) 6w’ ;my—w')o(|w’|;0") 6w; my+w’”) 6(|w|;0) 8(|w” |;0"")

8?20 wW'=-u’’ u'so’ pso

x (2u'"+1)Z]1 { f dz N o(2) N3, s R) NS a(2) Gile) X3+ NETSD, 4 (2)NEEUS) (&) FE(2)
1

[T ) (u’ u),a

NG o) N o) FEL)] + f dz[X 2 NG b (2)+ RELD, L@ NS ()N (2)

xG;":(z)X:.+ ((:::‘L’,',(z) ".' ::'a,c(z)F::(z)+NZ:‘L:',(z)M‘:':‘;’,’:’.’,'c(z)Fz:(z)]
(uyu’),a Byn

+J- dZFz::(z) "crv"“',::b(z)Nuc'.:",c(z)[X ‘J?‘(ﬂi‘.’:’)).a(Z)w‘%?-l"""" (2)+3 XGXV g‘?""’1,11(2)]
1

+ f dzFSi(z) N2t y(2) NG9, o(2) [R5, o) + XIS 6 (2)]
1

+ %fl dz F,‘{:i(z)ML”',‘,’:.,,b(z)Né.‘,‘o'.‘,";)) (2)9 P “-,,(z)} , 27
N5 ale) =NGeLa(2)= [T FRS (NS, (Ddx (28)

0,0 Qv(x) o(x) (0,0°) (x) 0,0 -d x
Fn.u'( ) dx [P"(x) f’%:(_x)'] Eu,u (x) dx{ (x) '(x) }’ Gu u'(x)‘ dx {[P:(x)]jz [P::(J:C)]E }’ (29)
R, ofz) = RN, o(2)= [T eesiNge. (x)dx, (30)

Teoiha@)= [ EGI0NDE ()dx,

(31)
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NG ()= [T FES NS o() dx, (32)
m(u.u').a(z) 9?{7{,0,:3),5(2) f (Z’:z))(x)&((::f')).a(x)dx’ (33)
‘R ,a(z) wq ’ua(2)= j,m F::Z (x)Nu.':'.a(x)dx . (34)

FOUR-ELECTRON INTEGRALS
We have

ia¥1a /710 = @ol1) 84(2) B,(3) 84(4) 71713 /710 ) = 5by R 6,y 47y + 1, + 1 0)[1+o,.r(”)]

X i E i (2[.1 +l)Z“,, {f dz M(o,a‘ e'’)
1

peo=imyl w'=g’=lml  wu’’=0’’=Iimyl Curufyuta (2)
X 0G0 e, o(2) [FER K, 4 p(2) RS0 oe a() + 3 F () K0, un,0(2) 05, 4,(2)]

+f dz M5, o(2) 857, ure,a(2) [FE() K 0(2) + XEGH) K, u,0(@)] [XTRE e ol2)
1

f dZF:::(z)M:;ZL"N; ,a(z)K o u".d(z)[ goup2)+X] R —':, w5(2)]
1

x[ﬁz",u'.c(z)"‘x‘?: E::'u,'c(Z)] +] M(u',a,o")

(uyu, u”),a(z)ﬁx:.u‘.c(z) ﬁz::, u",d(z)

[FU(Z)Ku.u b(z)"'Xqu(z)Ku, u.b(z)] +f M((::‘L ,OL::)').a(z) [‘Qu 'u’.c(z)'*Xu' lu’.u',c(z)]
1

+§‘ ::.u'.c(z)]"'

D=

X[ u'u.b(z)\ﬁ“n'“u'd(z F (Z +Ku:: et d(z)ﬁuu,“u'b(z)F”“(z)]} N

M (35)
R OREL (TR D20205 N Lol N N (P N I S
T o o (o+0’) o' (0+0')] (o+0’) o m
J/ ull L'
x[(o+c') o’ ]{KL 14,a(2)+ K[ 1 o(2)}, (36)
M08 0, o(2) = MEEATY (2) =8(m; 040" +0"") LY X
L L7 I
x Jye[H+2 weod +VS =2y J wou g ][ J #"L]
1l o o' (c+0") 1l o o' (o+0') o ¢ (6+0')] L(e+0") o' m
JI n LI "
X [(0+0') I:.nmJ{KZ"n,L',a(z)'*'KI’?’.L,a(Z)} +W0M71-’,”u.'?u." (z), (37)

. , 2u'+2 J
M(z'.ou'ou").a(z) M(u ,L:‘.’u)")a(z) 6(m;0+0'+0") ZZ:'Z Z’{( ve [“; g ]

o’ (o+0’)

Ju=-2pu'-2 g :l .[u+2 uw-2 J ]
vive. oy
* “[ o o’ (oc+0') +ULVL o o' (c+0')

. -2 u'+2 J [TTR A4 +2u" J -2u J
Uy [ﬁ‘ ])[ o[u+2u ofr-2u
MR o (@+0)] /oo’ (0+0)]"\" L ¢ o (c+0") al o o (c+0”)
><< o [# w2 g Ly wu'=2 J > [ J I.L"L] [ J' o ou'L’
“lo ¢ (o+0) “lo o (o+0) (c+0) o'’ md Llo+0") "' m
AR, 1102 + K1 02D} + WM G000

(u,u'.u").a(z)"' WZME‘:S";?:)")'“(Z) W°'W°MZ'.°;'.L ,a(z)s (38)
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(723714/712) = ( ,(1)2,(2),(3)2,(4) Y3¥14/V12) = ﬁz RBr%(0"; lmc| )6(a?; | ma‘ ) 8(o; l mp+ mcl )

X 8(mg+my+mg+my; 0) Z Z Z (2u+1)Z°f dz FS(2)[NZ2S o(2) R, 4 o(2) X5+ NG5 (2R, 0, o(2)

k=0 p'=c’ u''=g"

N: ;zvb(z)ﬁ“ Y 'C(Z) + Xo f}(q .au)) c,b(z) +@ (u .M).C.b(z)] [Na ,u,a )?\u",u",d(z)

XX+ NI, (2) R na(2) 4 NEXS ()R s o(2) + XD Q1D 4 o(2)+ 89D, 000(D)], (39)
éé:’:’.ou)).d,q(z) f dxf" " (x) [Ka ‘s u".d(x) ‘V(a ’,qu)),a(x) + I.(:;:,u“,d(x)Nz’k.au.a(x)] ’ (40)

- , 2
357.',"»)';,4,4(Z) = fl deZ (x)K:,y,a(x)N;,qu ,n(x) ’ (41)

(712¥23/714) = (‘I’a(l)4’»(2)4’::(3)‘1’4(4)712723/”14)= 3%'2 Rl3”45 lmc‘ o(a’’; ‘mal )8(a; ‘mb+mc|)
X 8(mg+my+m +my; 0) i i i (2;1 +1)Z°"(f dz{x%G2(2) [3(519),4,4(2)

+N?:.',°:",a(z)'ﬁ Z::.u“,d(z)]+F7;(Z)[Stz',z )') d,a(z) +N(u,u"),a(z “u g " ,d(z }{Nu ,u,b(z)

X u b ,o(2) +N .n).b(z W u.c(z) +X:n"Nz,,a;’.b(z)“ﬁ”.u'-c(z)+Xz' S(M ."“)'c,b(z)

+& 10,002 f dz F%(z) [3(19)),4,4(2) + N5 (2) 050, 4o, o] [N (250, 0 (2) RY o, o(2)
N°'° p(2) R ue(2) + X5 Nﬁi’:’u") a(z)fti",w.c( )+ X5 /\zzﬂu)’),c,b(z) +éii'.";">.c.b(2)]) ) (42)
3481%0,00) = [ F UK, (0N, (), (43)
541 0,42)= [ GLOKS (N (13, o(x)ax, (49)

& ien(@)= [ F LK, 4 (DN 2% (0)
+ K3 0N, (0)]dx, (45)

£ " "
3 u),d,a(z fl F?L"(x)KZ".u".d(x N:".u.a(x)dx‘ (48)

KINETIC ENERGY INTEGRAL

Essentially no new basic integrals are involved in the evaluation of the kinetic energy, nuclear attraction
and overlap integrals. In some cases, a modified K}, ,. ;(2) integral is used. The modified integral
Hi, . s(2) is defined in Eq. (47); it differs in that the £ - 7% term is not included:

HY, . ,6(2)= fx' ﬁ EPsmas(£2 — 1)75/%(1 — n?)*s/? et PP (8PS, (n)dEdn , (47)

>

- % fdr &,(1)8,(2)®,(3)r}; v [r},8,(1)8,(2)8,(3)] = - % l(l+1)fd7'<1>,(1)d>,(2)<b,(3)

Xr“ri"’a_ﬁ_afd P_gz(_l)igﬂ_) (202,337, - /d y“(zrl'zﬂ)fg“* 0,(2),3)riy71z* , (48)

B,(18,(1)=8,(1), 3,(2)0,(2)=2,(2), ,(3)2,(3)=d,(3)
Dy(1)=p2+pg+2a Yy +Yq — @2 — g2 — gy — 2q,, — va+35— Zaail(i)a+n+1>

_ ba=bf | G-d, , 290, 2r2 , a5 _ goya , VAL | mE(R-ED
234771(Q¢+V,,+1)+—2—"€l +——2"‘n1 51 T’l +a¢£1 gz = B+ 17ﬁ+(£1—1)(1 772)’
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Va(ly 2) = qa(l - ’7?) +P¢(§? - 1) + aagzngnl(gi - 1) - V.nf +B¢7)1(1 -

- a,ﬁ;(gf -

1)" q.&zﬂzﬁl(l - Tlf)/'fh + V,ﬁzﬂzﬁl”h -

E. V. ROTHSTEIN 3

UHES R EgMay (83— 1)/8, = vk ki,

Babalab (1 =13 + 7,£2

e“01-02) + e‘{(O 1-92)

2 2
+ (aa§1+ﬁ¢771+q.—i>a - ;)—1;1:)‘2' ’gg_%:‘y‘i [
1 1

X [(E2 -1 -m)EE - 1)1 -nD)]Y2 + m (£ -

For I=1'=0, the kinetic energy integral [Eq. (48)]
over electron 1 is the sum of - 7RH , ,(=)
terms. For I=0 and I'=1, the integral is a sum
of {r,) terms [Eq. (15)], evaluated using Hj, . .(2)
[Eq. (47)] for electron 1 and the usual K9 . ,(2)
[Eq. (7)] for electron 2. For I=0and I'=2, use
Eq. (4) for (r%,) with HS, . (2) for electron 1.

For I=1 and /' =0, use the usual (1/7,5) [Eq. (10)]
and (r,,) [Eq. (15)] with Eq. (47) instead of Eq. (7)
for electron 1. For I=1'=1, use (7,3/7;,) [Eq.
(26)] and (7,5 713) [Eq. (18)] with Eq. (47) instead
of Eq. (7) for electron 1. For [=2and I'=0, Eq.
(48) is a sum of

-1 ﬂRs(4ﬂRs)2Ku. u.e( )K:l’.u' ,I(w)K:’: .u"'t(w)

terms,

—3TRKG (o)1)
terms, and

=3TRYG AR |, (KT, o (KT o, ()
terms. The <"12> are evaluated using Eq. (47)

instead of Eq. (7) for electron 1. The case of the
kinetic energy integral in which the Laplacian
operates on 7,, and this is multiplied by »,, is
represented in Eq. (50):

-3[ a7 ()8, (21}, virl,e,(1)8,(2)] .

For I=1'=1, (50) equals

(50)

GTR®)26 (my +my 5 0)6(my +my; 0)K, g J(0)K ¢ 4()

- % / ar 227D, (1) + D, (1)]#,(1)

GRP(E2-n?)
NUCLEAR-ELECTRON ATTRACTION AND OVERLAP
INTEGRALS

We have
2 [ [Zar 2k + (2, -
R/ ‘”[ =)

For I=1' = 0, the integral over electron 1 is
= 3R (my; O)(Z, + Zy) HY 4 o() +(Z, - Z,) H{ o]

For I'’=0and I=1, use {r;,) [Eq. (15)] and Eq. (47)
instead of Eq. (7) for electron 1. For I’ =0 and

Zb)nl]q, (1)8,(2)8,(30r}, 715 .
(51)

)

(E2- 1)1 =1D) Y% [ ioy-02) _ -i(e1-02) .

[< s ng]’ [eftee - e I g
M
1=2, use (r%,) [Eq. (4)] without the (£2-1?) term.

For I'=1=1, use (ry,7,3) [Eq. (18)] with Eq. (47)
instead of Eq. (7) for electron 1. The nuclear-nu-
clear repulsion integral is Z,Z, /R times the over-
lap integral:

(rlarly) = [ dra,(1)8,(2)8, (31,7, .
For I'=1=0, the integral over electron 1 is
1TR%6(m,; 0)K § o ,(=). For I'=0and I=1, the inte-
gral is (r},) [Eq. (15)]. For I’=0and /=2, the
integral is (»%,) [Eq. (4)]. For I’=1=1, the over-
lap is (r,7,3) [Eq. (18)].

ADDITIONAL INTEGRALS

(52)

Some integrals can be generated from previously
given integrals by raising or lowering the r,, index
in even or odd steps [Eqs. (53) and (54)], using
Egs. (1), (5), (12), and (59). I the Hamiltonian con-
tains the term l/r?,, for the evaluation of spin-
spin magnetic coupling or the relativistic effects
of an external electric field, then (1/7},) [Eq. (55)]
and (1/7%,) [Eq. (56)] are some of the integrals
needed. These results are based on a generaliza-
tion of the Neumann expansion [Eq. (59)]. 23313637
The Ci(x) [Eq. (58)] are Gegenbauer polynomials.
For I=4, the Gegenbauer polynomials are the same
as Legendre polynomials. If the wave function
[Eq. (3)] is modified to be

(15)

(10} o-o ol V. .en
(26) [': I N :(ss)

(10)
ae [o0 02 lan
o 12 6w

o o (15)°
Q.. ¢l
oo g0 0P

]

4 e o (4) o o

FIG. 1. Graphs for 7;;74} 7pp,. Numbers in parentheses

correspond to the integral for that graph.
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then terms (1/7,,75) [Eq. (60)] will occur in the

kinetic energy integrals:

@3 = [ d18,(1)&,(20r}, = TR [(®), sz, .- (171284 (2)) +(By_ g 12,000 (1)71,24(2))

-2 <¢5(1)712¢f(2)> + <¢.(1)112¢’f‘3'..-(2)>+<é.(1)7’12‘1’h"¢f,3'u. (2))

- 2<¢".1'qe¢1'--- (1)712‘I’pfb1,q,01,---(2)> _< ¢¢’(1))r12 é‘f_(Z)) - <‘I>._(1)7’12 d’fQ(Z)) ] 3

e,= (pe, ey Vet 1, V¢+1: g, Be; me+ 1),

e.=(P¢’ 4o 7|+1; Vc+ly Qg ﬁmma_l) (53)

27 = f d78,(1)8,(2)®, (372715 = ’i—z (2430 (s, g, (1(1/718,(2))

+ <‘I’p¢,q.¢a,-- . (1)(1/712) @,(2» - <¢¢(1 )(1/"12)¢,(2)>] +< Qa(l)(l/rlz)‘b,(z) >

% (B atyees (31 + (B qputyees (3)) = (@3]~ (&, (3))

X (g (1)(1/715)8,(2)) = (& (3)) (@, (1)(1/715) 84(2))
= 2@ 1,qp01,00 (3)) (Bpyutyagen,ee- 1(1/712)2,2) }, (54)

(1/7d) =/d‘f ®,(1) ®,(2) 1/73, = 12R3 6(m, + m,; 0)
. 1
X2 X

120 msaimgl +1

L (= 1)ma*ts (= )™ m (2L +1)
XZ;"[ FT(Z)K{?,.J(Z)KT,;,I,(Z)dz, (55)
1
Q/rdy= f dT ®,(1)8,(2) 1/r%)=5m*R*

SR L1+ (1)t

x"Z-(}) t-al 8(my+my; 0)[ 5 ]

y I =-D1+1) 2 +1) (I -m)! (I +m,)!
o+ DA - m) [ {30+ m)]1 )

x[” dz
(22_ 1)!4-3/2 [c’zl:%(z)]z

1
xL'll:},n-l.aU)(z)Lr’l:},n-hb(’)(Z)’
a(l)=(pa’ 9a> 7a+l} Va+l> Q,, ﬁa, ma),

(56)
b(l)=(pb’ Y 7b+l: Vb+l’ ay, Bb’ mb),

L"l.n'.s(z) = f1‘ f_i dtdn EPsns (£2-1)7s/2
x (1 12)*s/2 st BsnCl(g) CL(m),  (57)

oy R 2B 1) Qe —j=1)
C..(x)—ji_lz fa-2ia-nt

(58)

The upper limit of the sum over j is 3nor 3 (n-1),

[

36,37

whichever is integral. We have

-2 © n
(3’_’11) "L aup) (-

R n=0 1=0
x(1-n8) (£5-1) (65— 1)]*/2 Di%(£50)
X Chti(E2er) Ch2i(ny) CRZY(my)
xCi2[cos(p,- ¢2)], $>0, p#3

-22 (2 -1)[T(p+ )P
[T(p)]? T(2p +n +1)

dnl(P)'-'

Xm=-0)!m+p)(2p+21-1),

D;(E)--C‘i-(i’fe [CAT? ’
d [DaE)]  (E2-1)v-1/2 59
dt [c:(s)]" [Ca(®)] ’ o

(1/715713) = J d12,(1)2,(2) &.(3)1/71,714
=& 1*R"6(m, +m, +m,; 0)
X[1+Om.<gjﬁ(a; |m,|)6(0’; |m,])

X2 2 (2+1)(25+1)23 Z3
j=a

=0

~

Xf:dzN‘,';j'.,(z)K‘;',,,,(z)Stf_,'c(z) F§(z) .
(60)
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