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Relative intensities of L x rays emitted during the radiative decay of L, and L3 subshell
vacancies are investigated by Si(Li) x-ray detectors, over a range of 65 < Z < 94. Intensities
of transitions involving N, O, ...electrons compared to those involving M-shell electrons are
found to be slightly underestimated in Scofield’s theoretical calculations. L; subshell yields
for Z =82 are measured by a high-resolution study of the Pb L-x-ray spectrum from the de-
cay of "Bi with the following results: w;=0.09£0.02, f;,=0.17+0.05, f;3=0.61+0.08, and

§4=0.353£0.053.

I. INTRODUCTION

Interest has developed recently in the measure-
ment of relative intensities of x rays resulting
from the filling of inner-shell atomic vacancies.
The major impetus for this interest is the avail-
ability of high-resolution and high-efficiency semi-
conductor x-ray detectors. In addition, refined
theoretical calculations of the radiative decay rates
of atomic-shell vacancies are available from the
works of Scofield! and Rosner and Bhalla.? The
experimental results available, however, have
been confined to the K-shell vacancy decay rates,®~’
apparently because of the basic simplicity of the
K-series x-ray spectrum. In the present work,
the experimental study is extended to the L sub-
shells. Using both singles and coincidence tech-
niques, relative intensities of L x rays from L,
and L; subshells in high-Z elements are measured.
Information has also been obtained on the L, sub-
shell for Z=82.

The difficulty with the study of L-x-ray spectra

tween the subshell edges is very small even at
high Z (e.g., 4.6 keV between L, and Ly subshell
edges at Z=92). Furthermore the binding ener-
gies of the outer-shell electrons that jump in to
fill the L-shell vacancies are also of the order of
a few keV or less. Consequently, several L x
rays of closely spaced energies fall under one
photopeak even with the best resolution semicon-
ductor detectors available. Within the present
limits of resolution, L-x-ray spectra can be re-
solved into three main groups, La, LB, and Ly in
most of the middle- and high-Z region. The weak
lines LI and L7 will also be resolved at higher Z,
while the LB and Ly groups will exhibit structure
and even resolve into separate components in the
transuranium region, Typical L-x-ray spectra
taken at two Z values bordering the region of the
present study are presented in Fig. 1.

A summary of the most prominent L x rays
from each of the three L subshells is given by
Bearden.® In order to facilitate the analysis of the
present work, we define the radiative decay

is the simultaneous presence of x rays character- branching ratios s; for each subshell L;. For the
istic of all three L subshells. The separation be- L, subshell, we define
J
s =I(L1 ~N)+I(L; -0)+--- _Intensity of Ly x rays originating from L, vacancies ,
! I(L, - M) " Intensity of LB x rays originating from L, vacancies (1)

where I (L, - X) is the intensity of radiative transitions by X-shell electrons filling the L, vacancies.

Similarly, we have

___I(Lz-N)+I(L2-O)+- (R

Intensity of Ly x rays originating from L, vacancies

S2 (L, - M)

=I(L3 ~N)+I(Lg=0)+--+

~ Intensity of Ln and LB x rays originating from L, vacancies ~ ()]

Intensity of LB x rays originating from L, vacancies

53 I(Ly = M)

It should be emphasized that the definition of these
branching ratios takes into account the fact that the
semiconductor x-ray detectors currently available
have limited resolution. Obviously, the studies of
L-x-ray spectra based on work with bent-crystal-

3

~Intensity of LI and La x rays originating from L, vacancies (3)

[

diffraction spectrometers capable of finer resolu-
tion need not be confined to the use of such gross
ratios of groups of x rays.

The present work is confined to the use of radio-
active isotopes, in which electron capture and in-
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ternal conversion produce L vacancies in all the
subshells. However, an examination of Fig. 2 re-
veals the fact that the two lowest-energy photo-
peaks (Ll and La) are entirely characteristic of the
Lg subshell; thus a singles spectrum analysis is all
that is necessary to obtain the relative intensities
of LI and La x rays arising from the L; subshell.

In order to study the x-ray emission from each
subshell separately, we need to use coincidence
techniques to isolate events leading to the formation
of vacancies in one subshell only. The general
principles for the application of coincidence tech-
niques to study the individual L subshells were de-
scribed earlier by one of the authors.® These tech-
niques have already been used advantageously to
measure both the fluorescence and Coster-Kronig
yields of L shells using radioactive sources of L
vacancies. 1°7'® The procedure is to signal the for-
mation of L,- or Lg-subshell vacancies by detecting
Ka,or Kay x rays that are emitted during K-L, and
K-Lg4 x-ray transitions, respectively. Thus, L-x-
ray spectra observed in coincidence with Ka; x rays
are characteristic of the L3 subshell and those ob-
served in coincidence with K@, x rays are character-
istic of the L, subshell. In the latter case, the
L,-L;X Coster-Kronig transitions have to be taken
into account as demonstrated first by Rao and Crase-
mann. V' Unfortunately, there is no way of signaling

the formation of individual L, vacancies by K x rays
because the K-L, transition is forbidden. But the
high-energy end of the L-x-ray spectra should be
purely characteristic of the L, subshell and it should
be possible to study the shape and intensity of Ly-
x-ray peaks arising from the L, subshell if sufficient
resolution is available. A state of the art resolu-
tion study of the Pb L-x-ray spectrum from 2*'Bi
decay is made and the branching ratio s,, the fluo-
rescence yield w,, and Coster-Kronig yields f;;, for
the L, subshell at Z =82, are determined.

II. EXPERIMENTAL

Radioactive isotopes, carrier free when available,
were used as sources of atomic-shell vacancies.
Thin sources were made by evaporating a drop of
radioactive solution on Mylar film with the following
isotopes: 19Dy, ™'Tm, !®'w, 1%10s, !%Re, 2'Bj,
and 2°Pb. Sources of transuranium isotopes 2Py,
#1Am, and #**Cm were prepared by electroplating
on thin stainless-steel disks.

The singles L-x-ray spectra were taken with three
different Si(Li) detectors of different resolution.

All these have almost flat response for photopeak
detection in the energy range of interest, i.e.,
6—-22 keV, thus ideally suited for measurement of
relative L-x-ray intensities. A KeVex Si(Li) spec-
trometer, having a resolution of 260 eV full width
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at half-maximum (FWHM) at 6. 4 keV (depletion using a fast coincidence system having a resolving
depth 4 mm and active area 30 mm?) and enclosed time of 27=80 nsec. The L x rays were observed
in a housing having a 2-mil Be window, was used to with the 260-eV FWHM detector described above
study most of the singles spectra. The photopeak while the K x rays were detected with a Ge(Li) de-
detection efficiency of this detector was carefully tector having a resolution of 470 eV FWHM at
measured using calibrated sources using the method 6.4 keV.?® The analysis of coincidence spectra
described elsewhere.!® A second KeVex Si(Li) was carried out according to the procedure outlined
x-ray detector with a resolution of 220 eV FWHM in Refs. 10 and 11. Care was taken to correct for

at 6.4 keV was employed when better resolution was  the effect of the L,-L; Coster-Kronig transitions
desired to separate Ll and L @ photopeaks. Typical in determining the branching ratio s, for the radia-

L-x-ray spectra taken with this 220-eV FWHM de- tive decay of L,-subshell vacancies in the L-x-ray—
tector are presented in Fig. 1. The photopeak of Koa,-x-ray coincidence measurements. In the pre-
the LI x rays stands clearly on a flat continuum in sent work, L, and Ly vacancies at Z="76 and 77 were
the high-Z spectrum but at low Z it rests on the investigated from the decays of **Re and !*'Os,
slightly sloping low-energy tail of the L @ photopeak. respectively.
The shape of this tail is experimentally determined The relative intensities of L x rays in singles as
and subtracted to obtain the true photopeak intensity well as coincidence spectra were obtained by cor-
of L1 x rays. recting the counting rates in the appropriate photo-
The Pb L-x-ray spectrum from the electron cap- peaks for the photopeak detection efficiency of the
ture decay of 2"Bi (Fig. 2) was taken with a KeVex detectors, attenuation in air, and other absorbers
Si(Li) detector of 10 mm? active area and 3 mm present. In cases where large accompanying 8 radi-

thickness having a 2-mil Be window. The spectrum ation is present, a thin lucite plate had to be used
was taken at a counting rate of 200 counts/sec using to stop the B’s from flooding the detector. An addi-

a KeVex 2002 preamplifier and a KeVex 4000-P tional quantity I, the total number of L x rays
amplifier incorporating a pulse optical feedback emitted per decay of szi, was also determined by
feature. !® The detector system has a resolution of measuring the ratio of intensities of L x rays to
155 eV FWHM for Mn Ka x rays (5. 9 keV) from the K x rays with the Si(Li) detector and the ratio of
decay of **Fe. intensities of K x rays to 570-keV ¥ rays with the
L-x-ray-K-x-ray coincidences were measured Ge(Li) detector. With the aid of the decay scheme
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FIG. 3. Ratio of the intensities of La and LI x rays
(I,o/I;) vs Z. Solid line represents Scofield’s theory.
Point X is from Ref. 21,

information available from Ref. 10, we obtain a
value of I;=0. 364+0. 036.

III. RESULTS AND DISCUSSION
A. L, and L; Subshells

The ratio I;,/I;; of the intensities of La to Ll
X rays was measured for Z values ranging from
65 to 94 and is presented in Table I and Fig. 3.
The branching ratios s, obtained from the measure-
ment of L-x-ray-Ka,-x-ray coincidences are pre-
sented in Table II. Figure 4 illustrates the com-
parison between Scofield’ s theoryl and experiment
by plotting s,(exp)/s,(theor) vs Z. The branching

TABLE I. Ratio (Iy/I;) of the intensities of
La-to-Ll x rays originating from the filling of Ls-sub-
shell vacancies.

Theo
ry Rosner and Bhalla

Z  Experiment Scofield (Ref. 1) (Ref. 2)
60 25.0

63 24.4
65 26.2+1.8 23.9

70 23.3+1.5 22.7 22.5
73 22,7+1.0 21.8

74 21.3

77 23.8+2.0

78 20.8+1.0 20.2

79 19.9

80 19.6 19.5
81 21.7+1.1 19.2

82 20.5%+0.5 18.8

83 20.0+0.5

90 16.6

92 16.3+0.5 16.1

93 16.4+0.5 16.0

94 16.3+0.5
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TABLE II. Comparison of experimental and theoretical
values for the radiative branching ratio s, for the L,
subshell.

Radioactive

source of Expt
z X rays Experiment Ref. Theory Theory
65 159 0.204 0. 024 16 0.177 1.15%0.12
67 165py 0.226 0. 055 15 0.178 1.24%0.30
68 166Ho 0.202+0.090 15 0.179 1.10%0.50
70 10, 1l 0.192+0. 010 13 0.181 1.06%0.05
73 181y 0.196 0. 010 14 0.191 1.03+0.05
76 186Re 0.23040. 023 2 0.203 1.15+0.12
77 1¥10g 0.232 +0.023 2 0.208 1.12+0.11
80 2041 0.243+0.012 12 0.222 1.09%0.06
81 203 yg 0.238+0.012 11 0.228 1.04%0.06
82 207Tj 0.248+0.019 10 0.231 1.07+0.08

2Present work.

ratios s; obtained from the coincidences between
L x rays and Ko, x rays are presented in a similar
fashion in Table III and Fig. 5.

The theoretical values for s, and s; are taken
from the work of Scofield. The estimated error
in these theoretical branching ratios is at most 1. 5%
at Z=80. Calculations by Lasker and Raffray®
were available for Z = 82 and are included for com-
parison. Rosner and Bhalla® calculated relative
intensities but did not include all prominent transi-
tions from higher shells. Hence only I;,/I;, values
were available from their work. It should be noted
that the theoretical values for I;,/I;; by Scofield!
and Rosner and Bhalla? agree with each other, while
those of Lasker and Raffray?® deviate considerably.

The agreement between the present experimental
work and theory is reasonable, especially in the
case of s; (see Fig. 5). However, it is obvious that
the majority of the experimental branching ratios
tend to lie above the theoretical values by a few per-
cent (see Figs. 3 and 4), It is reasonable to con-
clude that the theoretical estimates of transition
rates involving N, O, ...-shell electrons relative
to those of M-shell electrons are consistently small-
er than what the experiments indicate. The theo-
retical transition rate is essentially a measure of
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FIG. 4. Ratio of experimental value of s, to the theoretical
value from Scofield’s work is plotted against Z.
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FIG. 5. Ratioof experimental value of s3to the theoretical
value from Scofield’s work is plotted against Z.

the overlap of the initial and final bound-state radial
wave functions, and hence we may say that the over-
lap of the wave function is underestimated in theory
in the case of electrons in outer shells compared to
that of an electron in an inner shell. One might
suspect that the effect of screening has not been
properly taken into account. Similarly, this trend
in the experimental branching ratios is observed in
the work on the K shell, where the ratio Iz /I, of
intensities of KB x rays involving M, N, O, ...-
shell electrons and K« x rays involving L-shell
electrons is found to be higher than theoretical pre-
dictions. The present results are in qualitative
agreement with the work of Goldberg, 22 who mea-
sured relative intensities of individual L-x-ray
lines with a diffraction spectrometer in the range
73 <Z £92. The ratios for the most prominent
transitions filling L, and L4 vacancies are calculated
from Goldberg’s results and are compared with the
ratios calculated from the theoretical estimates by
Scofield! in Fig. 6. It should be pointed out that the
disagreement between theory and experiment is not
noticed in the case of I;,4/I;,; even though the elec-
trons involved are from two different shells, O and
N, respectively.

The situation concerning the relative intensities

TABLE II. Comparison of experimental and theoretical
values for the radiative decay branching ratio s3 for the
L3 subshell.

Radioactive

source of Theory Expt

z X rays Experiment Ref.  (Ref. 1) Theory

65 159 0.170 +0. 024 16 0.1728 0.98+0.14
67 185py 0.170 0. 043 15 0.1735  0.96+0.25
68 1660 0.186 +0.068 15  0.174 1.03 0. 30
70 11Ty 0.165 +0.009 13 0.175 0.94+0.07
73 18y 0.185+0.010 14 0.183 1.01+0.05
76 18Re 0.217 0. 020 2 0.195 1.11+0.11
7 Blos 0.233+0.023 2 0.200 1.17+0.12
80 04Ty 1%8Ay  0.217+0.011 12 0.212 1.02+0. 05
81 203Hg 0.239+0.012 11 0.216 1.11+0.05
82 20'g; 0.223 +0.017 10 0.221 1.00+0. 08

2Present work.
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of transitions which involve electrons from the
same outer shell is not very clear. The present
results on I;,/I;, involving only electrons from

the M shell show a trend similar to that observed
above in the case of s, and s;3. Goldberg’s results
clearly show that the agreement between Scofield’s
work and experiment is reasonable when the va-
cancy-filling electrons arise from the same shell.
The agreement is particularly good when the elec-
trons are from neighboring subshells, as in the case
of I,,/I,, involving Mg and M, electrons. But
slight deviations from theory in the case of
Igs/Iggy involving My and M, subshell electrons
were reported by Salem ef al.’ who attributed them
to the electron screening effect. A careful and ex-
tensive study of the relative intensities is obviously
necessary.

B. L, Subshell

Direct determination of the branching ratio s, is
not feasible by methods similar to those applied in
the case of s, and s3, for the following two reasons:
(i) It is not possible to isolate L, vacancies by co-
incidence techniques unless one can use L, conver-
sion electrons to signal the L, vacancies. Even
when such isolation is accomplished, the Coster-
Kronig transitions transfer the majority of the va-
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FIG. 6. Ratios of individual transition rates for L,and
L; subshells calculated from Goldberg’s experimental
work. Solid lines represent the theoretical ratios from
Scofield’s work.
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cancies to the L, and Ly subshells. (ii) The alter-
native is to study the L-x-ray spectra at very high
resolution where L, characteristic x rays can be
well separated. But the semiconductor detector
does not possess high enough resolution.

Since the branching ratio s; enters into the deter-
mination of L,-subshell yields (see Refs. 10 and 11),
an evaluation of the theoretical values calculated
from Scofield’s work is very desirable. An indirect
procedure is described in the present work to obtain
s, by analyzing the singles Pb L-x-ray spectrum
from the decay of 2*'Bi (see Fig. 2). The high-
energy end of this spectrum is completely charac-
teristic of the L, subshell because it contains trans-
itions (Ly—~N, O) of highest energy. The Ly group
contains two parts: (i) the L x rays arising from
the filling of an L, vacancy by N, O, ...-shell
electrons, i.e., L%, and (ii) the L x rays arising
from the L,~N, O, ... transitions, i.e., L'y.
Figure 7 illustrates the analysis of the Ly spectrum
into its components L% and L'y. The energies of
the prominent transitions comprising the L% and
L'y peaks were taken from Bearden’s tables.® Al-
lowance has been made for the small change in the
FWHM of the photopeaks with energy. A Hewlett
Packard 9100A calculator was used to construct the
theoretical shapes assuming Gaussian shapes for
the photopeaks. The relative intensities of the tran-
sitions within each of the two groups L2y and L'y
were taken from Scofield. The relative intensities
of the two groups were adjusted to give the best fit
to the experimental data. And the agreement was
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FIG. 7. Analysis of the Pb LY spectrum from the decay
of "Bi into its components L'y and L2y from L, and L,
subshells, respectively. Solid curves represent the shapes
of the photopeaks calculated from Scofield’s theory. Prom-
inent transitions constituting the LY peak and the cor-
responding energies in keV are included.
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FIG. 8. Ratios of prominent individual transition rates
for the L; subshell calculated from Goldberg’s experi-
mental work. Solid lines represent the theoretical ratios
from Scofield’s work.

reasonable. Since it is evident from Goldberg’s
work that the relative intensities of the main tran-
sitions comprising the L2y group agree with Sco-
field’s theory [see Figs. 6(b) and 6(c)], the small
deviations observed could only be attributed to the
L'y group, except at the low-energy end where a
slight excess of Ly; x rays from the L, subshell can
be noticed.

We have plotted, in Fig. 8, the ratios of the in-
tensities of prominent transitions comprising the
L'y group from the experimental work of Goldberg
and compared them with Scofield’s theory. Devia-
tions are indeed substantial, unlike the ratios in the
case of the L, and L4 subshells, and thus support
the above conclusion that agreement between theory
and experiment in the case of Ly is approximate.

The analysis of the Ly peak together with the mea-
surement of the relative intensities of the LI, Lo,

Ln, LB, and Ly groups yields s; from the following
relation:
Su Cr1,
Y Clne=55Cri,a- Cr2y (1455)/5,, (4)

where C1, is the number of counts in the L'y peak,
Cr2, is the number of counts in the L2y peak, C, 4
is the total number of counts in the L7 and LB peaks,
and C,;, , is the total number of counts in LI and

La peaks. All the counting rates C are corrected
for the photopeak efficiency and attenuation effects.
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Experimental values for s, and sy are previously
available (Tables IT and III). The value obtained
for s, at Z =82 from the present work is 0. 353

+ 0.053. The theoretical estimate by Scofield is
0. 315.

With the knowledge of s; we proceed now to de-
termine the L,-subshell yields. If the number of
L ,-subshell vacancies created per decay is given
by a;, and I is the total number of L x rays emitted
from all the subshells per decay and C;=C;;+C;,
+Cra+Cyrs +Cy,, the following relations can be es-
tablished to obtain L ;-subshell yields:

1 1+s,\ I 5
“’1-;1 [Cle( S ) c, | (5)

1 I
“’1+f12“’2=z ([CL-CLt,a(l'*‘ss)]C_I;—asz) , (6)

(1+s,) I

1
f13+flzfzs=a (CLl.a @, CL-aafas-as)~ (7)

The a, are calculated from the knowledge of the

TABLE IV. Summary of the measured quantities on
Pb L-shell yields from 2'"Bi decay.

Ref. 10

§,=0.248+0, 019
§3=0.223£0. 017
w,=0.364%0. 015
w3=0.3150. 013
f23 =0.164£0. 016

Present work

sy =0.353+0.053

I, =0.364+0.036
Cpl,/CL =0.020+0.004
Cri,a/CL =0.478£0. 020

wy 0.09:£0. 02 0.07+0. 02
Sz 0.17%0.05 0.15%0. 04
Fis 0.61%0.08 0.57+0. 03

the number of L x rays per decay of 2''Bi. Arrow indicates
the present work.

decay scheme of 2'Bi and the procedure for the
calculation was explained in Ref. 10. Experimental
values of s,, s;, w, and w; are also available from
Ref. 10. A summary of the quantities obtained
from the literature and the values of L, yields ob-
tained in the present work are given in Table IV.
The agreement between L, yields of the present
work and the previous values obtained from coinci-
dence measurements is reasonable. The interrela-
tionship between the two experimental quantities

s, and I; and the L;-subshell yields is presented in
Figs. 9 and 10. It is obvious that changes in the
three L, yields accompany variations in s; or I,

in a distinctly different manner, while only f,3 is
independent of large errors in s;.

One serious limitation to the application of this
method for the study of L,-subshell vacancies is
the effect of Coster-Kronig transitions that depopu-
late L, vacancies, thus yielding a relatively small
number of L; x rays. However, in the middle-Z
region (50-73) L,—L,X transitions are fewer in
number because X =M shell electrons cannot partic-
ipate in the transition and a high-resolution study
of singles spectra can yield results on the L, sub-
shell in this region.

IV. SUMMARY

Experimental relative intensities of L x rays
from individual L subshells are compared with
theoretical calculations by Scofield and Rosner
and Bhalla. There is reasonable evidence to sug-
gest that transitions involving outer-shell (¥, 0,...)
electrons compared to inner-shell (M) electrons are
underestimated in the theory.
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Exact, formal, and usable solutions of the Liouville equation corresponding to the problem
of independent two-level atoms in an external field are presented. Two examples are worked
out: calculation of the polarization, and a model of pumping or population inversion by a -
function external field. The relation of the solutions to other problems in statistical mech-

anics is also discussed.

I. INTRODUCTION

In the past few years, exact solutions of the Liou-
ville equation or the von Neumann equation have be-

come available.!'? The mathematical structure of
these model-dependent solutions is such that the
techniques used could be applied to solutions of
simpler, but also important, problems. The tech-
niques vary somewhat, but because of the use of
2X 2 matrices, a direct technique employing pro-

jection operators is particularly direct and straight-

forward.
The basic physical problem considered is a sys-

tem of noninteracting two-level atoms. Transitions

between the two levels of an atom occur only be-

cause of the presence of an external field. This
kind of interaction is expressed by a Hamiltonian
of the form

w, -pE
H= ) (1)
-pE w,

where E(¢) is a time-dependent external field. If
E is constant, the problem is trivial, *

There are two ways of solving the problem. The
Schridinger equation may be solved, ® or we may
solve the Liouville equation. The two approaches
are of course related, but we shall use the latter
approach because of some possible applications in
the construction of laser models.



