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It is shown that in using the two-frequency technique of Prior et al. for investigation of the
hyperfine structure of atoms with integral J, any resonance observed may arise from a two-
quantum transition (v, + v&=bS/h; v, & vti) rather than from two successive single-quantum
jumps. Although this feature requires that care be used in interpreting the observed reson-
ance frequencies, it appears to extend the usefulness of the technique as a spectroscopic tool.

I. INTRODUCTION

The procedure for conducting atomic-beam mag-
netic- resonance investigations of hyperfine struc-
ture (hfs) in atoms with half-integral J is well es-
tablished. Qne or more DE=0, b3f~ =+1transi-
tions between states for which M~=+& and —

& at
high field are followed in frequency to higher and
higher magnetic fields until the resonance frequen-
cies for the b,~ = + 1, hM ~ = 0, + 1 transitions can
be predicted with sufficient accuracy at low field.
Subsequent observation of these "direct" transi-
tions then completes the measurements. The tran-
sitions observed are all single-quantum magnetic-
dipole ones, and the transition probability is nor-
mally appreciable at modest rf power levels. The
large number of such experiments which have been
successfully performed on radioactive atoms is
evidence of the good signal-to-noise ratio common-
ly attainable for low-lying atomic states.

The situation is basically different for atoms with
integral J, however. This is illustrated in Fig.
1(a), a schematic hyperfine-structure diagram for
an atom with J=1 and a nuclear spinI = 2. The
three levels of particular interest are shown (for
a moderate value of the field) in an expanded scale
in Fig. 1(b) and the appropriate quantum numbers
are indicated. As can be seen, there can be no
4&=0, ~&=+1 transitions between levels that
have equal and opposite values of M~ at high field.

Qne approach to the problem has been to remove
the usual central obstacle in the atomic-beam mag-
netic-resonance apparatus and to work with 4F =0,
~~= +1 "flop-out" transitions (such as v& and v~

in Fig. 1) between states having M~ =0 and M~=+1
or —1 at high field. While these transitions are
single quantum and easy to induce, they can be dif-
ficult to observe because they produce only a very
small decrease in a large background beam (con-
sisting mostly of atoms with Mz = 0). The very
small signal-to-background ratio may not preclude
such observations on beams of stable atoms if a
universal detector is used, but it usually does make
it impossible to use these transitions in work with
radioactive beams using deposition detection tech-
niques.

The technique most commonly used for work on
atoms of integral J, particularly for radioactive
beams for which the flop-out transitions are so
difficult to observe, is to apply sufficient rf power
to induce 0~=0, ~+=2, 4, 6, . . . multiple-quan-
tum transitions' between states having equal and
opposite values of Mz at high field [such as F = —,',
M+ = & F = 2, M~ = —&, illustrated in the center
of Fig. 1(b)]. This technique permits use of a
central obstacle to block undeflected atoms and can
lead to good signal-to-noise ratios. The principal
disadvantage of the technique is that as the magnet-
ic field is increased, the ~~= +1 energy spacings
become more and more unequal, with a rapid resul-
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tant drop in transition probability. Although one
can make corrections for the "frequency pulling"
which may be caused by the high rf power required
to induce the transitions, the situation becomes in-
creasingly troublesome as the field is increased.

A different technique for investigation of the hfs
of an atom with integral J has been used by Prior
et al. to study the P1 metastable atomic state in
several radioactive Sn isotopes. It involves the
simultaneous application of two rf signals vo and vs
to enable the atoms of the beam to make two suc-
cessive single-quantum jumps. The two frequencies
are chosen such that v is the energy difference at
field H between states having M~ =+1 and 0 at high
field, and vz is the energy difference between states
having M ~ = 0 and —1 at high field; i. e. , if the meth-
od were to be used on the atom of Fig. 1, one
would choose v = v, and v~= v, . With this arrange-
ment, a central obstacle can be used, and enough
atoms can make the two-quantum jump (by interact-
ing with the two quanta successively) to produce a
flop-in signal with a good signal-to-noise ratio. An
obvious disadvantage of the scheme is that each of
the two rf frequencies must be very near the appro-
priate single-quantum energy interval if the transi-
tion probability is to be appreciably different from
zero. The great advantage is that the technique is
applicable at arbitrary field and, since it requires
only modest rf power, is less likely to lead to se-
vere pulling.

The purpose of this comment is to point out an
additional feature of the technique, a feature which
can be either an advantage or a disadvantage. It has
beenknownfor some time2' that there can be appre-
ciable transition probability for an atomic multiple-
quantum transition even if several of the quanta have
frequencies which are very different. For the atom
of Fig. 1 in particular, if we simultaneously apply

the two frequencies v = v1 —& and vtI= vp+ &, we can
expect many atoms to undergo the transition (&,—&, —) for a wide range of values of E. Thus, a
resonance observed when two frequencies are ap-
plied is not necessarily due to two successive sin-
gle-quantum jumps as anticipated, and the conclu-
sions concerning the hfs constants and g~ value of
the state being studied must be drawn accordingly.
The implications of this ambiguity will be discussed
in Sec. GI, but first these points will be illustrated
by a very brief report on the results of some mea-
surements performed on the 'P, metastable state of
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II. MEASUREMENTS

The Zeeman's effect and the hyperfine structure
of the 3P, metastable atomic state of Sn" were
studied in detail by Childs and Goodman, ' and the
transition frequency for any transition can be ac-
curately calculated for a given value of the field by
standard techniques. Figure 1(a) indicates the
hyperfine structure schetnatically (I= & for Sn"I)
as a function of the field, and Fig. 1(b) shows the
situation for the levels of interest at H = 100 G, at
which the present observations were made. At
100 G, it is known that

v, =—[E(e, ~) —E(e, —p)]/h= 141.888(V) MHz,

ve =[E(e, -—e) -E(—'„- ~)]/h = 150.458(8) MHz,

from which it follows that the normal double-quan-
tum frequency (the term "normal double-quantum
transition" will be used to denote one for which the
two quanta are identical) is

v2Q 2 [E(2i 2) E(21 2)]/)t ~(vl + vI)

= 146. 173(6) MHz.

An Anzac Electronics model H-a hybrid junction
was arranged to permit simultaneous application
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FIG. l. Schematic hyperfine-
structure diagrams showing trans-
itions of the type discussed. (a)
Magnetic field dependence of the
hyperfine structure of the SPi
metastable atomic state of Sni'~.
|b) Three types of transitions in-
volving the E=I, Mz=$, -$, —$
levels at 100 G, the magnetic field
at which the experiment was per-
formed. The two quanta required
for the change of state M~ = y—+2 can be chosen in any of the three
ways indicated. The mechanisms
at the left and center require well-
specified discrete frequencies. For
the two-quantum scheme at the right,
however, the quantity & can be as
large as 100 linewidths and can be
varied continuously.
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FIG. 2. Results of rf
sweeps in the vicinity
of 146. 173 MHz, the
frequency required for
the normal two-quantum
transition. A second
fixed-frequency signal
was applied at 145.973
MHz for (a) and (b)„and
at 146.373 MHz for (c).
Curve (b) differs from
(a) only in the use of
higher rf power for (b).
The two-frequency re-
sonance at the right in

(a) and (b) and at the
left in (c) is broader
than the normal two-
quantum transition, and
the frequency at which
it occurs is continuously
adjustable and determined
by the choice of the fixed-
frequency signal.

of the two frequencies v and vtt to the same rf loop.
The AM~=+2 transition indicated at the left in Fig.
1(b} was observed to be strong at vz=v~ when v
= v„as expected. It was also found, however, that
a resonance could be observed for any value of v,
within +4 MHz of v& if vz were swept through the
appropriate range. Over the entire 8-MHz range
of v investigated, the requirement for resonance
was found to be that the second signal have the fre-
quency

vr = (v, + vz) —v, = [292. 346(11) MHz]- v, ,

as expected for a two-quantum transition. For the
particular power levels used, no frequency pulling
was observed to within the experimental uncertainty
of + 0. 017 MHz (4 of I", the full width at half-max-
imum).

Figure 2 shows several of the two-frequency
spectra obtained. For each curve, v was held
fixed as noted on the figure and vz was swept as
shown. For the particular spectra displayed, both
v, and v~ are about 4 MHz (more than 50 linewidths)
from the single-quantum resonance frequencies
v& and vz, and even with relatively high rf power
the resonance is weak, as indicated by the poor
signal-to-noise ratio. (The signal becomes much
stronger if v and vz are chosen closer to the sin-
gle-quantum intervals v, and v~. ) Although spec-
trum (a) of Fig. 2 shows the two-quantum transi-
tion for which the quanta are unequal, it fails to
show a resonance at v~+=146. 173(6) MHz, the fre-

quency required for the normal two-quantum tran-
sition. An attempt was then made to induce it by

sweeping v~ at a still higher rf power. Spectrum
(b) of Fig. 2 is the result, and the normal double-
quantum transition can now be seen at the proper
frequency. (It is interesting to note that for the
rf power levels used, the two-quantum transition
with v 4 v& has a greater transition probability than

the normal two-quantum transition. ) A repetition
of this sweep, except that v, was turned off, showed
the normal two-quantum transition as in (b), but

the v vz two-quantum transition at the right in
spectra (a) and (b) of Fig. 2 disappeared as ex-
pected. For spectrum (c), the fixed frequency v,
was held at the frequency of the v w vz resonance
observed in spectra (a) and (b), and vz was again
swept. As can be seen, the v~ 4v~ two-quantum
transition has now moved to the other side of the
normal two-quantum transition in order to keep
v + vz= v&+ v~, as required by energy conservation.
(It can be seen from Fig. 2 that the width of the

normal two-quantum transition is considerably less
than that for the case in which the two frequencies
are different, as predicted by Hack. )

It should be noted that none of the values of v

and v& for which the resonance was observed are
consistent with the known properties of the Sn"
atom (except for the special case in which v, = v,
and vz=v&); only the sum ve+ vs contains any in-
formation about the structure of the atom.

III. CONCLUSIONS

Let us now consider how best to interpret ob-
servations of ~= 0 resonance frequencies made at
larger and larger fields by means of the two-fre-
quency technique. For each transition, we will
have a series of values of vo, v~, and the field 0
at which they were measured. If no hF = +1 inter-
vals are known, A and B (and possibly gr and gr as
well) are known only crudely and hence the AF = 0,
4 M~ = + 1 resonance frequencies are poorly known.
Consequently, it may not be clear whether the ob-
served resonance is due to two single-quantum
jumps or to one two-quantum jump. Without fur-
ther information, we cannot put v and v~ into the
frequency-fitting routine individually; but the sum
v + v& can be put into the routine and will certainly
be useful in reducing the uncertainty in the hfs con-
stants and g~ value.

One can do more, however. One could change
v enough to move decisively off the ~~= a 1 ener-
gy interval (e. g. , increase v by say 5I', where
I' is the observed linewidth) and then repeat the
run. If the observed frequency v~ for resonance
moves about 5I' in the opposite direction, this fact
would indicate that the resonance is indeed a two-
quantum transition. If the resonance disappears,
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the interpretation is unf ortunately ambiguous since
it may show either that single-quantum transitions
were involved (and that v and v are individually
meaningful) or that the run has failed for some other
reason. Runs with v changed by an amount less
than I' were found useful by Prior for identification
of his observed resonances.

The two-frequency transitions seen by Prior et
al. evidently were due to successive single-quan-
tum transitions since the observed frequencies for
resonance not only permitted them to predict and
observe the hF =+1 transitions, but all the data
(both &F = 0 and 4F = + 1) were self-consistent. The
likelihood that two-quantum transitions for which

4 vz would be mistakenly identified as due to suc-
cessive single-quantum transitions is probably
smaller for radioactive detection than for stable-
isotope work with a universal detector.

Although resonances due to two-quantum transi-
tions may be misinterpreted as arisingfrom succes-

sive single-quantum transitions, they may neverthe-
less be more useful in some cases than the latter as
a spectroscopic tool. If the hyperfine interaction
constants A and B and the g values g~ and gr are not

known well enough that frequencies analogous to v,
and vz at a particular value of the field can be pre-
dicted to within a linewidth, the technique of suc-
cessive single-quantum transitions is very difficult
to use since both applied frequencies must be near
resonance to induce a transition. In order to in-
duce the two-quantum transition, however, it is
only necessary to apply one frequency within e of
one deaf„= +1 resonant frequency, and to search a
frequency interval of width 2& around the other
~~= +1 resonant frequency. The technique has
been found useful in investigation of the hfs of
metastable atomic states of Nd' '~'. If a transi-
tion is observed, the sum of the two applied fre-
quencies can be used to obtain quantitative infor-
mation about the hyperfine structure.

*Work performed under the auspices of the U. S.
Atomic Energy Commission.
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A recent statement that significant differences in the structure of a vortex line appear between
the simple Hartree calculation and the variational Jastrow approach is shown to have no basis
in reality.

Ina recent paper, ' Chester, Metz, and Reatto
calculated the structure of vortices in He II using
a Jastrow wave function whose form was determined
variationally. One of the conclusions is that this
calculation may suggest the limit of applicability
of the simple Hartree theory to this type of prob-
lem. "The density distribution in the core region
is markedly different and the core size is some-
what smaller. " To substantiate this statement
and in order to motivate post facto "The obvious
objection to this kind of theory is that by its very

nature it is unlikely to give an accurate description
of phenomena which take place in spatial regions
of the order of a few interatomic spacings, "' Figs.
1 and 2 are presented in Ref. 1.

We have reproduced these two figures below. In
Fig. 1 we have added curve D to Fig. 1 of Ref. 1
to represent the energy versus the parameter a [Eq.
(3.10) of Ref. 2]. Figure 1 shows that the difference
in energy between the Hartree calculation and that
of Chester et a/. is even smaller than indicated by
the dashed curve (which is a wrong representation


