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A local formulation of the Boltzmann H theorem associated with the revised Enskog equation is
presented. For weak spatial gradients, one can prove that the entropy production is positive. If we
further restrict ourselves to near local equilibrium states, the entropy production takes the form of
products of thermodynamic forces by fluxes, i.e., the Gibbs relation, and the entropy flux reduces to

the heat flux divided by the temperature.

I. INTRODUCTION

The Boltzmann kinetic equation has proved successful
in giving a microscopic foundation to transport properties
in dilute gases. In particular, the H theorem associated
with the Boltzmann equation extends the definition of
thermodynamic entropy to nonequilibrium states.

A successful attempt to extend the Boltzmann kinetic
theory to the case of dense gases has been made by En-

1

skog! who postulated the fbllowing equation for the time
evolution of the one-particle distribution function of a
fluid composed of hard spheres:
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where
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€ is a unit vector, d is the hard-sphere diameter, ®(x) is
the Heaviside unit step function and g,(T,,7, | n(#)) is the
equilibrium pair correlation function with the density re-
placed by the nonequilibrium density n(T;¢)
= [ d¥.f1(F1,75;0) evaluated at (F)+T,)/2. Finally, the
postcollisional velocities are given by

4)

This equation takes into account two effects which be-
come important when the density is increased: the col-
lisional transfer, i.e., the instantaneous transport of
momentum from position T to T, at collision, and the
change of collision frequency due to the covolume correla-
tions. Transport coefficients calculated from this equa-
tion compare favorably with experimental results® for
moderately dense fluids.

The original choice of Enskog for g, has since been
modified by van Beijeren and Ernst® in order to make the
equation compatible with irreversible thermodynamics.
For instance, in a fluid mixture Enskog’s original choice
leads to a violation of Onsager’s reciprocity relation.* The
origin of this discrepency can be traced back to the fact
that the nonequilibrium state is inhomogeneous and there-
fore g, should not only depend on n((T;+71,)/2;t) but
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[
also on its derivatives. By replacing g, by the pair corre-
lation function for a fluid in an inhomogeneous equilibri-
um state, with the density replaced by the nonequilibrium
density, the equation, now called the revised Enskog equa-
tion (REE) has been shown to be compatible with irrever-
sible thermodynamics.

Taking advantage of the analogy of an out-of-
equilibrium Enskog fluid and an equilibrium fluid in an
external field,” Résibois® was able to derive an H theorem
for the REE. Indeed, Résibois defined the entropy as the
sum of Boltzmann entropy and of a correlated part which
is precisely the equilibrium correlation entropy but which
depends on time through the density.

The H theorem derived in Ref. 6 is, however, a global
result, valid for a finite system, as use has been made of
periodic boundary conditions. The extension of this result
to a local balance equation for the entropy density,

dlns) =
ot +v

is necessary when we consider infinite systems. When in-
tegrating Eq. (5) on a volume V, we identify the true pro-
duction Vd T o(T,t)=d;S/dt and the entropy exchange

d?ﬁ'(nsﬁ+?s)=de,$’/dt. This paper concerns the
derivation of Eq. (5), which has not been done up until
now. It is well known that the collisional transfer is re-
sponsible for the appearance of potential fluxes’” in the
equations for the conserved quantities. Although in the
case of entropy the transported quantity Inf; depends on
space, a procedure similar to that used to define the poten-
tial fluxes of momentum and energy can be set up. More-

(nds +J,)=0(T)0), (5)

926 ©1984 The American Physical Society



29 LOCAL ENTROPY PRODUCTION AND GIBBS RELATION FROM . .. 927

over, the entropy production so defined is positive provid-
ed we restrict ourselves to states with small variations of
macroscopic density n(T,#) and velocity U(T,?) on molec-
ular scales. More precisely, expanding the entropy density
production, a nonlocal functional of n(T,?) and U(T,?),
around any point leads to a positive quantity when we
neglect third-order terms in the gradients.

In irreversible thermodynamics the Gibbs relation!® for
the entropy production is obtained from the hypothesis
that local entropy has the same dependence on local inter-
nal energy and density as in equilibrium. For the entropy
production associated with the Boltzmann equation, one
derives the Gibbs formula provided one replaces f; by its
Chapman-Enskog solution and neglects second-order
terms in the deviations from local equilibrium.!! We can
prove that the same is true for the entropy production as-
sociated with the REE, extending then the microscopic
derivation of Gibbs formula to a strongly coupled case.

This article is organized as follows. Section II is devot-
ed to basic definitions needed for Enskog theory. We then
define the local entropy density by analogy with the defi-
nition of local thermodynamic potentials for inhomogene-
ous fluids. Section III is devoted to the proof of the local
H theorem obtained when neglecting third-order terms in
the spatial gradients expansions. A short version of this
result appeared in Ref. 12. Next, the Chapman-Enskog
solution of the REE is introduced and entropy production
and flux are calculated up to first order in the deviation
from local equilibrium. Finally, we make some remarks
about related works!>!* and possible extensions of our re-
sults.

II. REVISED ENSKOG THEORY
AND LOCAL ENTROPY

A simple way of presenting the REE is to start with the
following nonequilibrium grand-canonical ensemble:

and

== 3 -+ [dar¥ I
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N
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where ©;; =0 for |T;—T;| <d, 1 otherwise; x; =(T;,V;),
dTM=dxdx, - - dx,, and W(x;;t) is a one-particle
function related to the more familiar reduced distribution
functions through the relation

d N!
cxgitl= S o [dx, .y dxypy(D) .
Snlxq, » Xpst) 2 N—n) f Xp 41 dxypy(1)

(8)

The distribution given by Eq. (6) is, of course, very
similar to the equilibrium distribution!® for a hard-sphere
fluid in an external field. It is quite remarkable that the
single assumption that the exact distribution function
pn(t) may be approximated by py(z) leads to the REE for
f1(x;;8).>% Of course the assumption can hardly be justi-
fied except for short times,*® before velocity correlations
have been built up in the system for instance. One knows
that these correlations are quite important for dense
fluids'S; however, there is a range of densities where En-
skog theory is quite satisfactory and results obtained for
transport coefficients compare well with experimental
data.’

The assumption made by approximating the N-particle
distribution function by Eq. (6) permits us to express
fa(x1,x5;t) as a functional of f(x;t) and then to obtain

a closed equation for f, which turns out to be the REE.

To be more explicit, let us define the time-dependent

“fugacity” z,(T,t) by

- N N
UIL@’J H Wi(x;;t) z(Tht)= de W, (7,V;t) 9)
i<i i=1
ﬁN(t)=% = .:( ) ’
: =iz and the time-dependent one-particle potential Q(T;t) by
N=0,1,2,... (6) (n=1)
|
&
Jar'='\ 1 ©; || TI wixs0
ij=1 i=I+1
(T o oo, Tyst)= =<
OnlTy Tait) E,, (N —IIE(p) (10)

From Egs. (8), (9), and (10) one has

n(F,0= [ dv f1(F,¥;0=0,(F;0)z,(T;1)

(11)

which is the equivalent for nonequilibrium states of the equilibrium expansion of the density in terms of z;(r;¢). This
relation can be inverted leading, in particular, to the expansion in the nonequilibrium density of z(T;?); 15 more general-
ly, this permits us to derive for any quantity which depends on time through z,(T;#), or equivalently n (T;#), a nonequili-
brium expansion in z,(z) or n(T;t). For instance, for In=(), one has (see Eq. 19 of Ref. 18)
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InE()= [ dfn(t,0 [1— ) % Jdty- - duSi (1,2, .., Dn(Fs0 - n(T0) |, (12)
1=2 M

where Sj(1,...,1) is the set of all irreducible Mayer graphs which connect, at least doubly, / particles (biconnected

graphs) (S;=1).
For InQ(2) one obtains

b 1

anl(r;t)=I§2 T

[dt, - dEn (T - n(T08(1, ..., D . (13)

The time-dependent direct correlation function may then be obtained simply

C(T, T | {n(T:0})=3 TIZ)' fd"r}- cedTmm (Tt n(T508,(1,2,...,0) (14)

=2

one also easily obtains that the pair correlation function g,(7’}, T, | {n (T,2)}) defined by

Q, (T, Tyt)

(T ;)0 (Tt)

82T, T | {n(T50)})=

(15)

is linked to C(T},T, | {n(T,t)}) by an Ornstein-Zernike relation. The definition of g, permits to obtain the following
density expansion (the value of g, when |} —T,| =d is indeterminate because of ®,; as usual it should be understood

as the limit »,—d from nonoverlapping configurations):

1

&(TLT | (n(TD))=0y, |1+ 3 ——— [dFy- - dTn(Ts0) - n(F0Vi(1,2]3,...,D |, (16)
1

< (1—2)

where now V;(1,2]3,...,1) is the set of all / labeled par-
ticle Mayer graphs which are biconnected when adding
the bond f,, the Mayer factor (V,=1).

From Egs. (8), (10), and (15) one can deduce that the
approximation made on the N-particle distribution func-
tion leads, for the reduced two-particle distribution func-
tion f,, to the following functional dependence:

ST, V1,12, V550)

=g:(T, T2 | {n (T, 0 )f1(T1, V1500 1(F2,V30) 17

which is assumed true for all times.

!

and replacing py(?) by its value gives
S()=85n+s"1) (19)
with a Boltzmann part
SEt)=—k [ dT1dV . f1(T,9,,0)
X[Inf (T}, V50)—1] (20)
and a correlation part
SUO=k [ dFn(F0[InQ,(F;0—1]+k InZ(®) . Q1)

The definition of entropy density is then straightforward:

The time-dependent entropy of the system may then be n(T;0)s (T30 =n(T0[s XT3 +s"(T;0)] (22)
written as® with
- n(F0sB(T0=—k [ dV,fi(T,V00nf1(F, V50 —1]
S(=—k 3 [ drV%y(0{In[py(ON1]} (18)
N=0 (23)
I
and [see Egs. (12), (13), and (21)]
n(F0s (F0=kn (B0 3 % [ e, drn(Esn - n (@08, ..., D) (24)
=2t

We refer to Appendix A for a definition of ns " independent of the virial expansion.
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III. BALANCE EQUATION A(ns?B)

ar +V'(nﬁs3+ffsx)

A. Boltzmann entropy

=—k [ dV¥[Inf (T, V;) WE(f1,.f1)  (26)
We shall now turn to the question of the balance equa- f [Inf: VA uhi
tion for ns =n(T:t)s(T;t). Let us first consider the with the usual definitions of the velocity density

Boltzmann entropy density. From Egs. (23) and (1) one N
has Py ¥ 1 n(T;0)U(r:t)= f dV Vfi(T,V;t) 27
and of the kinetic part of the entropy flux
B —
M) — —k [ avinfi(E Vi Tsx=—k [ dVIV—u(Fn]
d X[Inf (T, V;)1f (T, V;2) . (28)
X | =V = 1TV +T 5 f1.f1) . )
oF The right-hand side of Eq. (26) contains two parts; one
associated with the collisional transfer or the potential
(25) oo
contribution to the flux, and the other which can be iden-
tified with a source term. This separation is most easily
and, after integrating by parts, done if one applies the identity®
]
F(T,T+d¥¢)
ol
= HFFF+dO+F(F—d&P)] +57- [ daeF(T—ader+(1-a)e) . (29)

Applications of Eq. (29) to a conserved quantity ¥(V) gives® [du=(€"V,)O(€V,)d€-dV dV,]
J av G DIE L) =75 [ duld(V )+ (V) — T =9 )]
XLf2(F1,V 1, F1—d &V 350 — (1, V1, T1+d EV31)] =V T yp (30)
where the potential flux of ¢ is
5 d3 1 - - - - = = - —>
J¢P=——2—fd,u foda[¢(v1)—¢(vl)lfz(rl—ade,vl,r1+(1—a)de,vz;t). 31)

We have written the collision operator in terms of f, simply to shorten the formula but whenever we shall meet f,, from
now on, it means the factorized form given by Eq. (3). The expression given by Eq. (31), when expanded in a Taylor
series around T, is identical to the usual expressions for the potential fluxes.>’

From Egs. (2) and (26) we have

T=—k [ dVJEf 1, flInfi(F,V;0] (32)
kd? (T, Vy31) o o e o
:_—%— fdﬂln FAUTNI N LT,V 1, T1—d €,V 350) = fo(T,V, T1 +d €,V y51)] . 33

STV 350

To go from Eq. (32) to Eq. (33) we have taken V|,V ) and €'= — € as new integration variables and then taken half of
the sum. We now apply Eq. (29) to the expression in Eq. (33) with the correspondence F<In[f(T,V)/f (T, V D]
X fo2(T, V1, T1—dE,V,); we get

T = Tdiv + Tsource (34)
with
kd? (T, V1) (T1+dE,Vy;t)
e _ K 1 4l in STLVED e 91 F—d v 40 +1n [ L1 LY | o (7 4+d &7, T,V 3t)
4 = — — =
ST,V 150) f1(F1+dEVi;e) .
(T, Vy31) N N (fy—dE, V1)
SR EAILULELN PAT R R ar B EAR LA LI PAPRENEAS SR
I o 2(T 1T, V2
STV 150) fi1(T=d&V ;1)

(35)
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and

fl(?l +ad€',71;t)

. 3, 1
Td'V=+k—Z—V-fo da [dp€|ln

fi(T1—ad&Vy;

f1(T1+ad€Vi;t)

=2 = - =

fo(T1+ad€ vV, T1—(1—a)dE,Vist)

t)
foFi—ad& v, Ti+(1—a)d &V 5t) | . (36)

+In

f1(T1—ad§€,Vi;t)

In the second and fourth terms of the right-hand side of Eq. (35) we use the symmetry property f3(x,X2)=/2(x2,x1)
and change integration variables V,V,, € to V,,V, — € so that it becomes

F1TL V0 f1(T1—d €, Vy50)

Tvsource::_kj2 fd,u

[T,V (T —d €,V 551)

—In

F1TL V) f((T14+dE,Vy0)
E

fz(?l,vl,f’l—}-dg,_\?z;t) 37

fi(r, v O f (T +dE,V5;t)

or, changing integration variables V|,V,, € to V 1,V 3, — € in the second term, we have

[1TL V) f1(T1—dE,Va50)

2
Tsourcez__klzi_‘ fd‘u fz(f’ljr”,,f’l—dé’,V'z;t)ln

Equation (38) contains a term of the form —y In(x /y)

so that, if we apply the inequality (x,y >0)

x

—yln >y —x (39)

to Eq. (38) we obtain
2
reovees M5 [ aul £, 91, F1—d€ 30
—fz(f’l,Vl,?l—d?,Vz;t)] (40)

which can be put in the form
TSOurCCZI(f’;t) (41)

with

-

(38)
ST,V 5 f (T —dEV);t)
I
- kd? . o
I(r,t)=—2— fden(r,t)n(r~de,t)
X gy(T,T—d€| {n(T,0)})
X E[W(T—deEN—u(T;0] . (42)

Equation (42) has been obtained by changing variables
Vi1,V5,€to V|, V,, — € in the first terms of the right-hand
side of the inequality (40) and then integration over veloci-
ties has been performed. Collecting now Egs. (41), (42),
(36), and (26) we obtain

B — —
%-w-(nsﬂmr Tk + 7 sp)=0B(T,0) 43)
with
oB(F,t) =T3¢ > [ (T,t) (44)
and

3 1 o
Top=20 [ ap [, daeiinlf\(Fi—ad& V0] —Inlf)(Fi—ad€i0])

sz(?l—ad?,vl,?l—l—(l—a)dé’,Vz;t) (45)

is our definition of the potential flow of entropy. We have
obtained this expression from Eq. (36) by a change of in-
tegration variables V|,V,,€ to V{,V5,—¢€ in the first
terms of the right-hand side of the equation. Let us point
out that Eq. (45) is quite similar to the definition of poten-

-

tial fluxes of conserved quantities, Eq. (31), except for the
fact that the transported quantity —k Inf; depends on the
space variable T.

Before turning to the question of the time evolution of
ns? let us point out that integrating Eqgs. (43) and (44)
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over T leaves us with the basic inequality needed for the through n (T;t) which of course satisfies the continuity re-
global H theorem [see Eq. (40) of Ref. 6]. lation

on (7t)

B. Correlation entropy 3
t

+ V- [n(F;0U(F;0]=0. (46)
The time dependence of ns” is somewhat easier to ob-

tain as the correlation entropy depends on time only From Eq. (24) one has

|

a( 14 . . N © 1 N .
—%“;——)—+V-(nsVu)=kn(r;t)I§2ﬁ f dt, - -dT;
X | n(Tyt) - n(f’;;t)ﬁ(?l;t)'iSl(l, R )
JT,
=1 |2 @] |n (Bt - nEnSIL .. LD | . 4D
I
We replace 35, /9T, by its value
as a
=L f”V,<12|3 D+ f13V1(1,3|2,4,...,l)+-- + f”V,11|23 LI=1) 48)
8r1 8r12 I'13 I'”

so that Eq. (47) becomes

d(ns”) ")

V=
Y +V (ns"U)

f 12 = (I—
= kn(F0)U(Fy;0) [ dTon (Tyt )a{” ’ ” [ dty - dfin(F50 - n(F0V(1,2]3,...,1)
1) I

+kn ( rl,t)fdrzn(rz,t)u(rz,t) iz i ll_l) fdr3 codTin (Tt - - n(Tp)Vi(L,2]3,...,10)
Tip I=2 :
3
+kn(Fy,0) [ dTd Ton (T30 (Fy0W(Fy0) /s
a7y
ﬁ‘, U=DU=2) g, i (Fan) - n(E0Vi2,3] L4 D). 49)

Let us remember the definitions of g,, Eq. (16), and of I (T;?), Eq. (42), to give Eq. (49) the following form:

V
a(gi s ) 4 Go(nits" )= —I(FD+R (T =0" (50)
where
-, 3

R(50=— 2200 [ ardr (wom (T a]:lz[ﬁ(f’l;t)-—ﬁ(f’z;t)]F(1,2;3)
I
K
f2s [W(Fyt)— (T30 ]F(2,3;1) (51)
3

The function F(1,2;3) is a symmetric function under interchange of T and T, variables (but not of 173),

F(1,23)= 2 U=DU=2) [ gm,e e damm (Tt - n@0ViL2 ]34, D). (52)
[
C. Balance equation o(F,0) =[0B(F, 1)+ "(F,)] > R (1) . (54)
Collecting Egs. (42), (43), and (50) we obtain that

However, R (T;t) has no definite sign. From Eq. (51) it is

9d(ns) - clear that R (T;t) is a difference between an average quan-
v 3, 1), (53) cear’ ; ged

ot Tor TVinus+I)=o(n0) tity times n(T;t) [the part with F(2,3;1)] and a local
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property [with F(1,2;3)]. It is only when we integrate
over r; that both terms cancel so that we recover the glob-
al H theorem. In general, there is no definite sign to the
local entropy production. But we shall now show the im-
portant property that, when expanded in powers of spatial
gradients of n and U, R (T’;t) vanishes up to second-order

o Ofnn o

kn3(T,t
kn (100 )(V‘ﬁ):fdf’zdf’3 T

2

R(l)(?l,t)=—

-

2

The overbar in F(1,2;3) means that all local densities are
evaluated at T;. A simple change of variables will make
clear that both terms in Eq. (56) give the same result, thus
canceling each other. Therefore, because of this compen-
sation between the local and average contribution, the
first-order term vanishes:

RY(T,0=0. (57)

The second-order term also vanishes but for different
reasons. Indeed, as it is shown in Appendix B, all the
terms involved in R ?(¥,t) vanish separately for symme-
try reasons and therefore

R(t,1)=0. (58)

If we similarly make such an expansion for the local en-
tropy production

o(F,0)=0' T, )+ o' (T, 1)+ - -+, (59

o'™(T,t) being the local entropy production of order (V"),
one has that o'” is of course vanishing, and Eq. (58) to-
gether with (54) tells us that

o V(T >0, oHT,1)>0 (60)

which proves that when spatial gradients of density and of
velocity are sufficiently weak the local entropy production
is positive. No such property seems to hold for higher-
order terms, ¢'*)(T,¢) and so on, and therefore our local H
theorem is limited to states with density profiles which
vary slowly on molecular scales.

IV. CHAPMAN-ENSKOG SOLUTION

The question we want to examine now is whether or not
the entropy flux and the entropy production have the
form postulated by Gibbs.!® The first microscopic foun-
dation of Gibbs formula has been given by Prigogine in
1949 (Ref. 11). Inserting the Chapman-Enskog solution
of the Boltzmann equation in the entropy associated with
that equation, he obtained that, up to first order in the
gradient expansion, entropy flux was equal to the heat
flux divided by T, the temperature, and the entropy pro-
duction was the product of forces by fluxes. That proper-
ty is not true any more for second-order terms. Since
then, this result has been extended to systems other than a
dilute gas.'®?° However, no H theorem has been proven
for a kinetic equation describing a strongly coupled sys-
tem except for the REE. In this case, a recent result!?

F(1,2;3)—Th;3

terms. Let us expand in Eq. (51) the density and velocity
around r’;; we have

R(F,)=RV(T,t) + RP(Fy;0)+ -+, (55)
where
Af 2 —
f23F(3,2;1) ) (56)

-

I3

r
seems to suggest that the Gibbs relation could possibly be
not true; however, the entropy density defined in this last
work [see especially Eq. (77b) of Ref. 13] is different from
ours in that the logarithm of the time-dependent sum over
state InZ(z) was localized by taking N ~!n(T,t)InZ(¢)
which gives the same result as ours when we integrate
over T but which is not a true local quantity. There is no
unique way of localizing a global quantity; however, an
argument in favor of our choice is that we succeeded in
proving a local H theorem and that, as it will be seen
below, we recover the Gibbs relation.

A. Chapman-Enskog solution

We shall consider the simplest possible case of a one-
component system. For this system it is known® that the
Chapman-Enskog solution of the REE does not differ
from that of the original Enskog equation®’ up to
second-order terms in the gradient expansion. The
Chapman-Enskog procedure starts by expanding all local
quantities around T in JE(f1,f,); using

af

fl(?l+dé’,V1;t)=f1(f’1,71;t>+dé’3—;+0(v2) (61)
r
and
82(T, T, | {n(T,0)})
I T,
=g [T, T2 |n ;1| [+0(v?) (62)
_ . 1 98, 2
=Z,(ry | n(T,0))+———40(V?) (63)
2 31,
one obtains
JELLFD)=T O L ) +HT DS )+ (64)

Equation (62) is the expansion of the local density around
+(T+T,) in g, which is known to give a vanishing first-
order contribution,® g, is the homogeneous pair correla-
tion function (depending then only on the absolute value
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of the relative distance r,). Equation (63) is then the usu-
al expansion of g, around T;.> We then write f; in the
form

FIUETD=FOF [ +6DF V041, (65

where ¢™\(T,¥V;t) is of order n in the thermodynamic gra-
dients which are assumed weak.

The zeroth-order term f{¥ is the local-equilibrium one-
particle distribution function which solves the equation

nAT0g(d) s (V)= — FO(F))

[

where E:V—Ti(?,t) and

1+%n (F:)dg,(d)

4 ll+il’51n(?;t)gz(d)d3

JOf1,f1)=0 (66)
and
3/2
FOF, V)= n(Tit) | — 22—
27kT (Tt)

Xexp | — (67)

m[v —u(F;)]?
2kT (T't)

with T(T;t) being the local temperature.
The first-order term ¢‘!) satisfies the integral equation

mg
2kT

N}u-

(EE—LET)(ve) |, (68)

m
kT

nAENF(F)=—d? [ dV, [ de@V,)0@ V) (T, Vi, D (FL V0 (V) +F(V3)—F(V)—F(¥)] . (69)

We have dropped most of the 1" and ¢ dependence to sim-
plify an involved notation. (As much as possible we fol-
low the notation of Ref. 2—see their Secs. 12.4 and 12.5
for more details.)

An important property of the first-order solution is that
it should satisfy the subsidiary conditions

[ av 0 (v )=0 (70a)
[ @920 () =0 (70b)
[ avwif? )¢ V() =0 (70¢)

which imply that the exact partlcle, velocity, and energy
densities are the moments of £,

A word of explanation is necessary before we proceed
with the evaluation of the fluxes at different orders of the
Chapman-Enskog solution. Indeed, here, as for the global
H theorem,® the only state with no entropy production is
the absolute equtlzbrtum state. Therefore, the local equ111-
brium solution f , unlike in the Boltzmann case, is re-
sponsible for an entropy increase. Indeed, when we calcu-
late the potential fluxes, we use the following expansions:

$P=d3‘§(1)+d4*13(2)+ e
JQP___d3J(1)+d4J(

(71a)
(71b)

These expressions are obtained from Eq. (31) by ex-
panding the corresponding functions around T; and in-
tegrating over a. The first term is proportional to d*, the
second to d*, and so on. When we insert the local equ111-
brium solution F1=/2 in the series (71) we obtain?

d’P (pl)—p(Pf-f, (72a)

3

d*J gh=o0, (72b)
d*PP ~(VH)20, (72¢)
d*T B~ VTT 40, (12d)

i.e., at local equilibrium, the potential fluxes are respon-
sible for the dissipative transport.

Therefore, as usual, we must define the zeroth order of
the Chapman-Enskog solution as the local equilibrium
with, for the potential fluxes, the first terms of the expan-
sion (71), i.e., those proportional to d°. This approxima-
tion leads to the exact equation of state for the hard-
sphere fluid, together with the Euler equations. The next
approximation contains the kinetic fluxes and the part of
the potential fluxes proportional to d3, evaluated with
F1=7¢', together with the part of the potentlal fluxes
proportlonal to d*, evaluated with £, =f*. This approxi-
mation leads to the Navier-Stokes-Fourier equations.

B. The entropy flux

The kinetic part of the entropy flux is easy to treat.
Indeed, from its definition, Eq. (28), at zero order

TR=—k [dvEFO@ )] (73)
which becomes, with the help of Eq. (67),

‘J’g‘;g=—1T- JavE [—i At (74)
Tf(O)
= ]?K =0, (75)
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where J (3}( is the zeroth-order contribution to the kinetic =~ where we have used Egs. (67), (70), (71), and (72).

part of the heat flux. The next order gives The potential flux requires more care. Indeed, its defi-
X R nition, Eq. (45), is not a local quantity and we first have to
7(5}12=L f dv € mé FOF)6 (V)= I ox , expand it iround T and iptegrate over a. Th.e result is (we
T 2 drop the T dependence in the notation), using Egs. (45),
(76)  (61), and (62),
|
= } . -\ SAY ¢ NN Vo)
Top= 2 [ dp egy(@)f\(9)f1(3)In L1V )| kd? [ dpgad)f,(¥)f1(32)€ |&Lin S
2 l(vl 4 a? fl(Vll)
4 R I i) ] (V2)
R f eg a3 of o | | e 8 NG 7
4 f](V]) ar fl(Vl)
Inserting the solution f= © we have
- 1d3 L|mgl mg? | R -
Jg‘;z=7—2—fdye S~ [Bd) RCATAECH (78)
=1lio- (79)
T
as the potential heat flux vanishes at zeroth order. To the next order,
=w_1|d’ _|m& m&? | =\ oD
T@=7 15 [dne | ——— |R@r" G )
2 ) (0
d* | m m _ - I (V)
+ [due —?~% £ PE)) oL | L0 (80)
dr f1 (V)
ig
= . 81
T (81)

Collecting results of Egs. (81), (79), and (76), we conclude that Tfs=79 /T up to first-order terms. This relation is
violated in the next-order approximation as it is in the case of the Boltzmann equation.'!!°

C. Entropy production

The entropy production is given by [see Egs. (38), (53), and (54)]

(F1, Vis)f (T —d &V 550)
o(B)=—""— [ du fo(F;,V,F1—d€ V50 Ju(ry VAT 2 | —I@ED+R(T0) (82)
FTLV 5O 1(Th—dEV 550)

Here again, we first expand around T and, neglecting second-order terms in the gradients, we obtain

R(F:)=0(V?) , (83)
kg, (d)nX(T,t) 3
f=—t— [ dt;iy /2 v)+0(v) (84)
T2
3 —
- 2’3"’ kn(%,08,(d)V - 8(F,1)+0 (V) . (85)

As for R (F,t) the second-order term in the gradient expansion of I(T,?) is vanishing. Therefore the neglected term in
Eq. (85) is at least of order three in the gradient. We rewrite Eq. (85) as

P,
I(ﬁz):-”Tn(\m (86)
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with p'? the potential contribution to the hydrostatic pressure and I the unit second-rank tensor. We then rewrite o(T’:t)

as
PL.vH kd?* L1V )f1(V2)
o(ti)= -8 dp gy d)f (¥ )f1(F I | L1072
T > s @nene; FEDAFS)
kd? amd) (Vf1(V2)
4 Jdue—=——f3)f1F 3 f;_,‘l‘f‘l‘%
ar L1V D1V 2)
3 a k12 v,
kd fd f1(V f,(V'l)g_z(d)ln S1(V)f1(Vy)
aF FIF VAT
_———fdpgzu)fl(vl)fl(v;)zi LT e (87)

At zero order, one has

(P)Y. 3
oOe =YW M [ g a0 s
PO (PT
_co.g|1| (Pr—p I):(Vd) —0

as, in local equlibrium, 7
o V(E0=k [ dVnXT;0g(d)e V(7 ,)s(6")

kd? af
+ 5 8(d) [ au

_ 3 l [f‘ﬁ’rv*'z)
—€— |1In

or

@)

f(O = f(o) V'Z

The evaluation of these terms is made in Appendix C and
the result reads

o (T = —(T Y+ T G- YD)

T

_(‘fﬂ,g’ﬁ‘,})):ﬂ o1
T
so that, collecting Egs. (89) and (91), one has

Jo-V(nD)  Tiqve)

m__ @ _ u
o= T T (92)

with TI=P —pT. As for the Boltzmann case, this form is
not satisfied at larger orders.!*1°

vye-n (88)

fO)(—-»r )[¢(1

> 0 1)
€e—I
or ¢

SO
or f(10)(72)

g), =0and P D=pP 1. At first order, we obtain

(89)
+¢ (Vz)—d’(l d’(l)(
]]f(lm(v'x)f(lm(V'z)[¢‘”(Vi)+¢(”(V'2)]
V5 —¢(¥y)] ] (90)

V. CONCLUSIONS

Because of the involved technical aspect of this paper,
let us summarize our results. We expect the REE to apply
to an infinite system and, therefore, the global aspect of
the H theorem known up until now is quite restrictive.
Our first result is to show that the extension to a local for-
mulation is, although not trivial, possible. We can write a
balance equation with a positive source term provided we
expand the particle and velocity densities in Taylor series
around any one point and neglect third-order terms in the
expansion. This is important because it permits one to ob-
tain a balance equation for the entropy of any subvolume
V in an infinite volume as

(93)

dSy _d.Sy  dSy
at - dt T ar
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with
4eSv _ [ 45 (s +73,) (94)
dt 14
and
d;Sy N
g _—_dero(r,t)20~ (95)

The distinction between entropy production and entropy
flux is crucial in making any inequality like (60) meaning-
ful. Once the entropy has been localized one has been able
to derive a balance equation with a positive entropy pro-
duction. The restriction on this result lies in that we had
to neglect third-order terms in the gradients. The failure
in obtaining a general (i.e., valid to all orders in the gra-
dients) local entropy production can be traced back in the
change of the correlation entropy when time evolves. This
means that, although the total entropy will monotonically
tend towards its equilibrium value, there may be changes
in the configurations of the hard spheres which result in a
local diminution of correlation entropy. However, this
only happens if the density varies strongly on molecular
scale.

When we moreover restrict ourselves to a near-local-
equilibrium state, we recover the well-known Gibbs rela-
tion. This result should not be surprising. Indeed, the en-
tropy density defined here has an expansion with the
Chapman-Enskog series

ns =ns'O4ns Vg oo

As in the Boltzmann case ns'’=0: This comes out of the
subsidiary conditions for ns?, and because the correlation
entropy depends on time though the density, i.e.,
ns¥=ns"®. The argument applies then that, if only
terms linear in ¢'! are retained, ns depends on time and
space only through the local density, velocity, and tem-
perature, and its evolution can be calculated with the
first-order expressions for the irreversible fluxes. Our re-
sult is in agreement with a previous result of Hubert,'*
and it should also dispel doubts recently raised!* about the
validity of the Gibbs relation for an Enskog fluid. The
failure in obtaining a local positive entropy production as
well as the Gibbs form of entropy production and flux is
due to an inappropriate choice of the entropy density, i.e.,
the density times the logarithm of the sum over states per
particles instead of a true local density as given by Eq.
(24).

Even if the approximate REE permits one to bypass
very difficult problems (for instance, what is the entropy
associated with velocity correlations necessary to describe
very dense fluids?), this work completes the description
started in Ref. 6 of the approach to equilibrium of a par-
ticular strongly coupled system.

Let us also mention some problems which can now be
studied. What is the entropy exchange between an Enskog
fluid its enclosing solid surface? What is the entropy pro-
duction in a mixture or in a chemically reacting Enskog
fluid?® We hope to present results on these questions in
the future.

Note added in proof. Since this article was submitted,
Professor J. Piasecki suggested to me a proof, independent
of the gradient expansion, for the positivity of the entropy
production. The result described here can therefore be ex-
tended to the general case of strong spatial gradients.
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APPENDIX A

In this appendix we present the definition of local ther-
modynamic state functions using a variational formal-
ism.2'!1> The starting point is the time-dependent sum
over states =(¢) given by Eq. (7), and used here as a gen-
erating functional. We then define

8=(1)

—_—. (A1)
821(?;”

1
(Tyt)=—=—
Qi =0
At equilibrium InQ,(T) is a one-body effective potential
which determines in a self-consistent way the density pro-
file. We define the direct correlation function by

81InQ,(T,¢
C(1,2)=C(7,1, | {n(f’,t)})zn—Qlﬂ—i . (A2)
8”(?2,t)
The pair correlation function is defined by
(1,7, (r,0})
£:(1,2)=g,(F1, 55 | {n(F0]) = 2201 2’{"ﬁ D (a3
Ql(f)lyt)Ql(rZ’t)
with
2z
0x(T1 T3 | (n(F,0)) = — &°=(0) (A4)

T E(D) §z,(Fy30)82,(Fyyt)

and, as in equilibrium, these two functions are related by
an Ornstein-Zernike relation: let G(1,2)=g,(1,2)—1,
then

G(1,2;6)= C(1,2;2)

+ [drn(E0C,306 (2,30 . (AS)

In order to get a local expression for the sum over states (a
time-dependent local pressure), we proceed as usual.?! Let
ny(7,t) be a function which reduces to n(7,7) for a=1
and a constant ny for a=0; let us take, for instance,
ne(T,t)=an(71,t),

1 . 8InE Ong(T,?)
InZE(t)=In=(ny)+ da | dT .
o+ fyda [ Sng(T,r) Oa
(A6)
From Egs. (A1), (A2), and (11) one obtains
SInZ(¢r) N
—————=1— | dTHn(1,,t)C(1,2;t) . (A7)
Sn(T,1) f e

As InZ(ny)=0, from Egs. (A7) and (A6) one has



937

LOCAL ENTROPY PRODUCTION AND GIBBS RELATION FROM
(A8)

1
(0= [ drn(E0 [ da [1-a [ dFm(@,0CE,5 a0 |
(A9)

From Eqgs. (21) and (A8) one can then write
"=k [ drn(n [InQy(F0+ [ daa [ din(m0CE,5 a0 |
’ 1V 0 2 2 112
which is the variational formulation of the local correlation entropy. Using Eq. (12) for the virial expansion expression
of InZ(¢) and the definitions given by Egs. (A1) and (A2), one obtains Eq. (24) for the virial expansion of the correlation

part of the entropy density.
APPENDIX B
In this appendix we analyze the first two terms appearing in the expansion of R (T,¢) [Eq. (55)]. The first-order term
is
37, )
ROF=— 2D [ e v |7, /12 1,253 7 B 2, 31) (BI)
2 aT, 0723
with
) T
fo_Tug, (B2)
ar, 49
The first integral becomes
a . 0 -1 -3 1-3= t . . . )
fdr21 S 1§ U=D) l')” LD [z, dvv(1,2(3,...,0 |= [dFy f” EpV (r12) (B3)
21 =3 : 21
while the second integral of (B1) is
() ® )
fdf’B%FB 2 (I—1)(1—3 5,0 [dfy - dT V3,2 14,0 |= [ diy; /23 T3V (r23) . (B4)
0Ty =3 013
Indeed, to any graph appearing in (B3) corresponds a graph in (B4) with particles 1 and 3 interchanged. Integrating

over | —2 relative distances keeping T,; fixed in the first graph gives the same function of r;, as that of r,; obtained

when integrating while keeping 153 fixed in the second graph

The second-order term is
7 . 9 _
RON(T,1) =  Kn2(E0) 3n(F,0) (VE) [ dFdF5(Fyy+ o) Ji2 2 F1,2]3)
2 or 9T,
knd(T,t) 3 9 . 1 f12 =
+——————U(Tt): | dTod T35 T F(1,213)
2 or o7 f 20 T35 21218?12 |
3= - 3
kn(t,1) an(i,t)(vﬁ) fdl'zdl‘sdl'4r12f41 /12
2 or ar12
© . _ _ 1 —4/ >
3 (-1 2)(11' 3’ ~HT,e) fd?s"'df'1V1(1,213,--~,1)
1=4 '
k Y, T, “«>\° — 1= > — =,
nALD (80 vy [ aid Ty T+ Py £F(3,2| 1)
2 oF dty;
kn(T,t) | 0 9 df 1
— | ——1(7 dr,dT —-—(r Ty — T3 T3)F (3,2 1)
2 OF ar f 2 36r23 21T21— 3113 |
kn3(t,t) 3n(T)1) , v 23
2= (V) | dThdT3dT4———T>»;T.
D) - f 2d Ty 48?23 23T4;
I=DU=2DU=3) piazy) [ aws- - deVi2,3]14, .., D)

(
2 I
(B5)

=4
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All these terms vanish for symmetry reasons. Indeed, one has, in general, that

[dfy- - dTTu V1,23, ..., D=5y [dFs - dE V1,23, D) (B6)
(see, for instance, Ref. 3). The first integral in (BS) reduces then to
9
3 fd721?21?21 Ut Viry) (B7)
or’,

which obviously vanishes. For the same reasons the second and the third terms of (B5) vanish.
In the fourth term one has to evaluate

3
[ty a’:” [ dts - dT(En+T)Vi2,3] 1,4, ..., D) (B8)
I3

but for any graph, the average (1, + T'3;) when integrating over T3 to T} is zero due to the spherical symmetry of the po-
tential. The same is true for the sixth term.
Finally, the fifth term vanishes because the average of T,;T5; and of T’3;T3; are the same. So that

R(T,1)=0. (B9)

APPENDIX C

We have to calculate Eq. (90) using Egs. (68)—(72) and the definitions for the fluxes, i.e.,

(”=T1+T2+T3+T4 , (C1)
T\ =kn¥T,08,(d) [ dv,¢'VF s, (C2)
V(¥ Y)
Tz'_k—gz(d)fd [ _fiz_ f(O) —>')[¢(l(v1)+¢(1) VZ)_¢ ”(V'l)—d)“)(V'z)] , (C3)
T
d3 (0)(
T3=—5—g2<d>fdu€;f: In f«)( | I D+, (4
r V2

kd?

Ty=—"2-5d) [ dp GG ©

g—'._%[(ﬁ(l)(vlz)_(ﬁ(l)(vz)]
or

The first term in (C1) is readily evaluated, see Eq. (68):

T ok V(InT) T :ve)
Ti=— 1+ Zn@odigd) | —E22 e maga) |~ (C6)
T 15 T
The second term can be written
3 © (511 £0(5.)
T,— kd 22 [ dufOFDFOF ) VT,) &9 | f__710 (vz)flo (V2 (cn
2 aF | | OO
replacing the logarithm by its value, derivating with respect to T and using the subsidiary conditions one has
i (0) N pO) oy g (= y= mé’% m§'22
T,=d’gd) | V | |- [ dufP 0P e e | = ——=
— 0. [ dpetmE—mEnr O 0 G | (8

If we integrate over Vv, V5, and €, after some long but not difficult manipulations,
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L N i B Puve)
Ty=n(EOR@d T G-V | | = Ta(F 05 dd —— . (C9)
The third term is easier to obtain, as
kd3g,(d) d
Tae— — 25277 d (1)(~'» (= 2. 9 m 12 g2
3 et K ANIVARGAL ped Ere o Ga 2L (C10)
this simply reduces to
- =11 TSP(VTI’)
T.=7F W R T A0
3=Jgp'V T T (C11)
Finally, the last termx can be written as
3¢'V(¥,)
Ty=kd’g,(d) [ du f‘”(Vl)f‘o’(Vz)é’-—%Xl— (C12)
T
we integrate (C12) over € to
3 3¢ (V)
1, =2 g a) [ aviav, f3°><v1>f§°’<v2>vu~——¢aq : (13
T
or
2mkd? o o - -
T,=2" g‘z(d)fdvldvzv12¢(1)(v2)-—£fj[f(1°)(vl)f(lm(vz)] (C14)
the integration is then straightforward,
2 (FNA5d) |~ <1 ] PRV
— — T T . —_ —_—— 15
T, 3 Jok'V T T (C15)
Collecting Eqgs. (C6), (C9), (C11), and (C15) we have
S S () (D
(Jox+Top)V(nT) (Pg +Pp ):(VH)
oV(F, = — & -tk : (C16)
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