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The radiometric force (photothermal) on a sphere is investigated theoretically in the surface-mode
region (—1>e> —2). Closed-form expressions obtained for this force in the transition regime
(K, ~1) reveal a quasi-double-resonant character, with contributions from both dipole and quadru-
pole surface modes. Full Mie calculations verify these asymptotic expressions and extend the range
of the calculations to an optical size (the ratio of the circumference to the wavelength) near 1. Ap-
plications of the theory to surface plasmons in Ag and surface phonons in SiC show that excitation
of the quadrupole mode causes a reversal in the radiometric force with a factor-of-10* increase in
magnitude. The overall force (radiometric plus radiation pressure) is evaluated, and photophoretic

spectra are presented.

I. INTRODUCTION

Recently, there has been a great deal of interest in phe-
nomena associated with the huge fields which can be pro-
duced on the surface of small particles from the stimula-
tion of surface modes. Thus Raman scattering from ad-
sorbed molecules on rough surfaces? and photoemission
from small aerosol particles are found® to be enhanced by
orders of magnitude in materials which demonstrate sur-
face modes in the visible and near uv. Silver apparently
shows the largest effects. Years ago, a number of interest-
ing phenomena were discovered associated with photo-
phoresis on silver.*

In experiments on light-induced motion of Ag particles
of ~1000 A radius in a N, atmosphere, a fraction of the
particles was observed to move backward toward the light
source. The experimenters® reasoned that this behavior
was anomalous since photophoresis was thought to be due
to increased momentum transport into the external gas as
a result of surface heating; they could not understand how
the most highly reflecting material could be heated most
at its back surface. In what follows, we theoretically in-
vestigate the internal field distribution of a small particle
near a surface-mode resonance. We will show in apparent
contradiction to common sense that the electromagnetic
field may be greatest at the back surface when the stimu-
lating radiation is in the region of a surface-mode reso-
nance, and that under these conditions, although the parti-
cle is small compared to the wavelength, the Rayleigh
theory is not applicable. The electric response near the
surface plasmon and phonon modes in Ag and SiC,
respectively, are used as examples, and their respective ra-
diometric forces are calculated.

II. THEORY

The history of theories of photophoresis is extensive.’

For the most part up until 1982,° calculations for specific
materials were not made. The lack of interest almost cer-
tainly stems from the lack of experiments on well-
characterized particles and the difficulty associated with
doing extensive numerical calculations. With the inven-
tion of a photophoretic spectrometer”® this trend has re-
versed. Recently Pluchino® has shown that photophoretic
spectra of glycerol'® may be modeled and although his
calculations only appear to give the magnitude of the
force within a factor of ~2, they do reveal the sign of the
force and specific structure which is seen in the size spec-
trum. The particular model from which Pluchino calcu-
lated was that of Yalamov et al.!! It is a model which
deals with photophoresis at low Knudsen number (gas
mean free path A is much less than the particle radius R).
As the Knudsen number is increased corrections for the
breakdown of continuum hydrodynamics must be includ-
ed. Recently this Knudsen number dependence was incor-
porated in the calculations of Pluchino, resulting in a
comprehensive theory'? that reproduces the experimental
data to within the experimental error of 5%.

In the limit of low Knudsen number, a surface tempera-
ture gradient VT causes molecules at the surface to un-
dergo a motion in the direction of the gradient known as
“Maxwellian creep.”’> At the surface of a sphere, this
creep velocity is given by

Kn, 9T
" RT,p, 30 °

where K is the coefficient of thermal slip'* (a number be-

(1)
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tween 0.7 and 1.5), T is the surface temperature, R is the
particle radius, p, is the density of the external gas, 7, is
the gas viscosity, and angle 6 is defined in Fig. 1. The
stress imparted to the gas by the unevenly heated surface
produces a reaction on the surface which is the origin of
the radiometric force (photothermal) in the small Knud-
sen number regime. Yalamov et al.!' have shown by ap-
plying such a stress to the surface that the resulting force
ﬁ, is
P
ﬁ, _ 47R1n,JK 1 , @
pg TK;

where K; is the interior thermal conductivity, T is the in-
cident intensity, and J is a measure of the asymmetry of
the internal heat sources. This asymmetry factor is actu-
ally a composite of two dimensionless factors, the well-
known absorption efficiency Q, and an anisotropy factor
A, J = %QaAz. 10 This anisotropy factor which provides a
measure for the distribution of the absorbed energy is
given by

1 LN : B ' 2
B fo dx'x fo d0sin(20) | E;(x",60) |
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A, (3)

where x' is the dimensionless length /R and | E;(x’,0) |2
is the square modulus of the internal electric field strength
averaged over the azimuthal angle ¢. It is A, which con-
trols the sign of the force; with 4, positive, the back sur-
face is heated most effectively and the particle moves back
toward the light source (negative photophoresis). In what
follows we will investigate the internal field for optically
small particles. Our description follows that of Van de
Hulst."
The components of E and H are written as
E=M,+iN, , @
H=m(—M, +iN,),

———
I

FIG. 1. Coordinate system used in evaluating Eq. (3).

where m is the refractive index (m =n,+ik) and where
the derived vector fields M and N are defined by

My=V X(F¥),
mkﬁ\pZVXM‘y N

with W (u or v) a solution of the scalar wave equation.
Within the sphere u and v are given by

(5)

u =e'“cosd ngl me,( —i)"’(l—z(%ll—))P,’;(cose)j,,(mkr) ,
(6)
e & @nal) o
v=e'“cos¢ ¥, md,(—i) n(n+1)Pn(cos(9)]n(mkr) ,

n=1
where P, is the associated Legendre polynomial, j, is the
spherical Bessel function, kK =27 /A, and ¢, and d,, which
are determined by matching boundary conditions at the
surface of the sphere, are given by

cn =i[W, ()6 (x)—m ¥, (»)6, (x)] !
and (7)
dy =i [mW,(P)En(x) =¥, (), (x)]7T,

with x =kR, y=mx, V¥,(z)=(7mz/2)""%J,,1,(2), and
Cn(2)=(mz /2 *HH 1 y(2).  Tpi1,, and H?,, are
the Bessel functions of the first and second kind, respec-
tively. In the limit of small optical size, x <<1 and
|y | <<1, the functions ¥,, ¥,, §{,, and §, may be
represented using series expansions. This approach pro-
vides us with the following expressions for ¢, and d, to
first order in x,

(2n +1)e™

Cn= 3 (1—ix),
m*m*n 4+n+1)
(8)
e™ )
dn=7n—n-+—1(1——lx) .

It is important to note that although d, is well behaved as
a function of m, c, has resonances at frequencies @, such
that

m2+(n+1)/n=0, n=1,23,.... (9)

The lowest-order mode m?= —2 corresponds to the well-
known electric dipole surface-mode resonance which is ap-
parent in extinction in Ag at 355 nm (see Ref. 16) and in
SiC at 10.72 um.!” The higher-order surface-mode reso-
nance (n =2) is an electric quadrupole. This mode which
resonates in Ag at 347 nm (see Ref. 16) and in SiC at
10.63 um (see Ref. 17) is not seen in small-particle extinc-
tion experiments but will be of principle importance in
controlling the anisotropy [Eq. (3)] in photophoresis. The
contribution of higher-order modes to the internal field
structure is muted in Eq. (6), by the rapid falloff with size
demonstrated by j,(mkr). Since this function falls off as
(mkr)", for arguments considerably less than 1, terms
higher than n =2 should be relatively unimportant and
are not considered in the present analysis.

The electric fields within the sphere can then be written
down to first order in x. We have
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where y,=i"(2n +1)/n(n +1), E, is the electric field m?~ —2). One sees that the vector sum of the fields in

amplitude of the incident radiation (polarized in the ¢=0
plane), and I'(x) is the gamma function.

One can clearly see the dipole character in the first term
in E, whereas this term is associated with two nodes in Eg
in 7 radians. The next term which goes as cos(26) has
four nodes, a quadrupole. Figure 2 shows a drawing of
these modes for ¢=0. This figure is similar to drawings
presented by Mie!® with the exception that in the present
case the particle is shown inscribed within the charges
making up each multipole. Near the surface-mode region,
—2 «<m? < —1, the dipole and quadrupole terms are dom-
inant in E. We have drawn Fig. 2 so that the phase rela-
tionship between these terms is similar to that which

would exist in the surface-quadrupole region (near
+
I
r%‘ "
- +

._+_ —

FIG 2. Electric lines of force for the dipole and quadrupole
modes. The relative phases shown are similar to the situation
existing at the quadrupole resonances in Figs. 3 and 6.

Fig. 2 produces a larger field at the back of the particle
than at the front. This polarization of the internal heat
sources is more apparent in | E(r,0) | 2 which is found by
combining Eq. (10) to form |E(r,0,¢) | 2 and then averag-
ing over ¢. This so-called “source function” is then

9E}

E(r0) | =—F7——
| l |m2+2|2

X |1—3n,Kkr cos®

5
|2m243 |2 ’
(1

Equation (11) agrees with the approximate result reported
by Yalamov et al.' The authors concluded that more
heat will be evolved on the illuminated side of a particle,
however, once again we see that the back to front polari-
zation of heat sources can be reversed if the fraction
5/|2m?43|?% is greater than 1. In almost all dielectric
materials, this is not the case; however, near-surface-mode
resonances 5/|2m?+3|? may be considerably greater
than 1. For example, based on refractive index data for
SiC (see Ref. 17) at 10.63 um, 5/|2m?+3|*=39.2. A
similar reversal in the heat-source polarization is found in
Ag at 347 nm. Using Egs. (11) and (3), we arrive at an ex-
pression for the asymmetry factor J,

;3| 1xe)
8 |e(w)+2]2
2x 5/4
X | =€) | ————————1| |, (12
15 |e(@)+3/2]? )

where e=m? and €'’ =Ime. This expression has been fac-
tored so that the first term is the absorption efficiency Q,
and the second term is the anisotropy factor 4,. Since the
radiometric force and J are proportional to each other, the
spectral dependence of J is the spectrum of this force.
Note that the resonance in 4, at e= — 3 is of little conse-
quence in the radiometric force unless it is also accom-
panied by near-resonance conditions in Q,. As we will see
below, this quasi-double-resonance situation is borne ou
for the following examples. :

III. CALCULATIONS
A. Ionic solids

Collective oscillations of lattice ions in solids lead to
phonon modes. The dielectric response in the region of
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these modes is given by
0y
ew)=€x+—5— (13)
w;—0°—IiYw

where w, is the plasmon frequency associated with the lat-
tice ions, and o, is the transverse-optical-mode frequency.
Unlike the plasmon frequency associated with electrons in
a metal, which is found in the ultraviolet, the phonon
dispersion in Eq. (13) corresponds to a plasmon frequency
in the ir. This much smaller frequency is due primarily to
the significantly large mass of lattice ions compared with
free electrons. A good example of a material which fol-
lows the dispersion in Eq. (13) is SiC,!” for which
a)p=1441 cm™ !, ;=794 cm™}, €,=6.7, and y=5.6
cm~!. Figure 3 shows the factors Q,, 4,, and J calculated
from Eq. (12) in the region of the surface-mode reso-
nances for a particle with a radius of 0.34 um (x =0.2 at
the quadrupole resonance). We see that although Q,
demonstrates a resonance at 932 cm™!, the factor A, is
peaked nearby at 941 cm~!. These energies correspond,
respectively, to the surface dipole and quadrupole reso-
nances. Although the radiometric force is forward at 970
cm~!, the force reverses as the energy is reduced below
954 cm ™! and climbs in magnitude so that the maximum
reversed value at 941 cm~! is 10° times the value at 970
cm~!. This dramatic increase in the radiometric force
due to the nearly simultaneous excitation of dipole and
quadrupole modes is surprising in as much as the usual
criteria for the use of Rayleigh theory?® (dipole resonance
only, R /A <0.05) is easily met in the present case. In
light of this disparity we felt it was necessary to perform a
full Mie calculation of the internal field in order to check
the validity of our approximate result [Eq. (12)]. Figure
4(b) shows an internal source distribution lﬁ(?) |2 for a
SiC particle having a size parameter of 0.2 at 941 cm™!.
This diagram represents an equatorial slice through the
particle, and clearly shows the sources polarized toward
the back. Figure 4(a) is a calculation on the same particle
at 970 cm~!. Relative to Fig. 4(a) this particle has essen-
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FIG. 3. Factors Q,, 4,, and J vs energy w as calculated from
Eq. (12) for SiC (see Ref. 17) with R=0.34 um.

FIG. 4. Vertical displacement is the source strength
| E(r,0) |2/ | Eo|? where |E,|? is the square modulus of the
field strength in the incident beam. This source function is pic-
tured within an equatorial slice perpendicular to the incident
vertical polarization. The direction of the incident radiation is
indicated by K. The round perimeter near the base in each pic-
ture is the perimeter of the particle. In (a) and (b) the particle
with x=0.2 is SiC at 970 and 941 cm~!, respectively. In (c) a
SiC particle with x=0.6 is irradiated at 941 cm™".

tially no asymmetry in internal field sources. The number
at the top of Fig. 4(a) is the ratio of the square modulus of
the field at the far side (back) of the sphere to the square
modulus of the field of the incident radiation. A compar-
ison of this number with that in Fig. 4(b) shows that a
great deal more absorption takes place at 941 cm~! than
at 970 cm~!. Figure 4(c) is a calculation at 941 cm™! for
a size parameter of 0.6. The internal sources clearly do
not simply increase linearly with z (i.e., z=r cosf) as re-
quired by Eq. (11). However, we still see the backward
polarization of the sources. Figure 5 shows a comparison
of the approximate J factor as calculated from Eq. (12)
with the result of the full Mie calculation for an energy of
941 cm~! in SiC. Equation (11) is found to be accurate to
within 15% for x <0.2. In addition, the largest reversed
effect for the energy is reached at x ~0.5.

B. Metals

In free-electron metals the dielectric function is expect-
ed to follow the Drude formula
@
€o)=1————, (14)
" +1yw
where ), is the plasmon frequency of the electron and y
is a damping coefficient. As long as y is a small frequen-

cy with respect to w,, © will reach the surface-dipole reso-
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FIG. 5. Comparison for SiC between J as calculated from
Eq. (12) (solid line) and a full Mie calculation, for energy w =941

cm~ L

nance (€= —2) at o, /V3 and the surface-quadrupole res-
onance at the slightly higher frequency w,/(V'5/2). As
Johnson and Christy!® have observed, Ag is not a free-
electron metal; however, the relative positions of the quad-
rupole and dipole resonances are preserved. Using the re-
fractive index data given in Ref. 16, we have calculated
Q,, A,, and J from Eq. (12) near the surface-mode region
in the near ultraviolet. Figure 6 shows these calculations.
A comparison of Fig. 6 with Fig. 3 shows that the
features in the silver spectrum are qualitatively similar to
those found in SiC. Again a large reversed force is pro-
duced with a maximum value near the quadrupole reso-
nance. This resonance is reached in Ag at 355 nm. A
complete Mie calculation reveals that J has a maximum
value for 355-nm light of 0.23 at a size x of 0.5. Beyond
this size the force drops off rapidly so that J at x =1 is
0.068. We are now in a position to calculate the overall
force on both SiC and Ag.

C. Overall force

In the presence of a gas, the overall force F on a particle
has several parts,

F=F,+F,, (15)
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FIG. 6. Factors Q,, A;, and J vs energy o as calculated from
Eq. (12) for Ag (see Ref. 16) with R=113 A..

where if, is the radiometric component due to the thermal
stimulation of gas dynamic modes and ﬁp is the force due
to radiation pressure. We assume here that impulses
caused by inelastic scattering (e.g., Raman, fluorescence)
and thermal reradiation are unimportant in the present
case, so that Debye’s result

ﬁpz—c_l—[Q,,+Qs(1—(cosB))]ﬂRz_f (16)

is applicable?! The expression Q,(1—{cosf))/c
represents the scattered intensity contribution to the force
({cosf) is the elastic scattering asymmetry factor). The
radiometric force ?, as obtained from Eq. (2) only applies
in the case of low Knudsen number. Since the largest ra-
diometric forces occur when the mean free path A and
particle radius are comparable, for a significant ra-
diometric component we should modify Eq. (2). Within
the transition regime it has been shown'?>?? that an ade-
quate approximation is obtained by multiplying Eq. (2) by

1 1

, 1
1+3C,K, 1+2CK, a7

g(K,,)Z

where C,, is related to momentum accommodation at the
gas-particle interface (a number between 1.00 and 1.35)
and C; is the temperature jump coefficient (a number be-
tween 1.875 and 2.48).2 Combining Egs. (17) and (2), and
the definition of J, we arrive at

3 wFK,)
2 RopoTiK;

where F(K,) is K,g(K,) and we have utilized the inverse
relationship between A (the mean free path) and p, for a
dilute gas (i.e., p, =poho/A, Where pg and A, are the densi-
ty and mean free path at 1 atm). The first quantity in
large parentheses in Eq. (18), which we will label B, con-
tains only thermal and gas dynamic information. One can
ask where this quantity will be optimum with pressure.
The answer clearly is the point at which the function
F(K,) is optimum. For reasonable values of C,, and C,
the optimal value of F(K,) corresponds to a Knudsen

—r

r=

[A,Q,,wRZY ] , (18)
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number of ~0.25 and lies between 0.050 and 0.075.%
With this form for the radiometric force [Eq. (18)], the
overall force from Egs. (15), (16), and (18) becomes

f:=%[Qa(1_cBA,)+Q,<1—<cos0>)]7rR2T .19

For a small particle (x <0.1), Q;/Q, <<1 and we see in
this limit that the sign of the force has nothing to do with
the amount of heat absorbed (i.e., the sign only depends on
A,, thermal and gas dynamic properties). Figure 7 shows
the photophoretic spectrum F/mg (mg in the gravitational
force) vs w for a particle of SiC with a radius of 0.34 um
(x ~0.2) in a field of radiation with an intensity of 10*
W/cm? An optimal value for F(K,) of 0.060 was chosen
(K, ~0.25, pressure ~0.7 atm) and a bulk thermal con-
ductivity has been assumed (K; for SiC is taken to be 2.5
W/cm K).2* To place this figure in perspective it should
be pointed out that the thermal conductivity of SiC (see
Ref. 24) is only slightly less than that of Ag, and there-
fore, the particle is practically a thermal short. The result
for a perfect thermal short (i.e., K; = o) is shown in the
upper curve in Fig. 7; the middle curve shows the result
for the reported thermal conductivity of SiC, and the
lowest curve represents a particle having the same optical
properties of SiC but with + the thermal conductivity.
We clearly see in the case of SiC (middle curve) that both
the dipole and quadrupole resonances are apparent. The
dipole shows up as a forward force at 932 cm™!, and the
quadrupole which resonates near 941 cm™! results in a
significantly small reversed force. The radiometric com-
ponent of the force increases relative to the photon pres-
sure as the thermal conductivity of the particle is reduced
(lower curve).

A silver particle with an optical size of 0.2 at 350 nm
would have a diameter of ~280 A. Based on the current
physical model of photophoresis and the similarities be-
tween Fig. 3 and 6, a result similar to Fig. 7 for SiC would
be produced for Ag in the surface-mode region of Ag
(310—400 nm). However, due to a significantly larger
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FIG. 7. Simulated photophoretic spectra for SiC particle with
R ~0.3 ym in air at 0.7 atm. The top curve is the result for an
infinite thermal conductivity K;, the center curve is for the value
of K; reported in the literature, and the bottom curve shows the
effect of lowering K; by a factor of 3. The assumed light inten-
sity is 10* W/cm?.

thermal conductivity (for a single crystal K;=4.3
W/cmK) and a smaller maximum anisotropy factor, the
maximum reversed radiometric force near the quadrupole
resonance is less than half the force due to radiation pres-
sure. Thus, according to our model Ag with single-crystal
thermal properties cannot show an overall reversed force
for a diameter of 280 A . However, the assumption of
diffusive-thermal transport at this size is questionable
since in a single crystal the electron mean free path may
be several hundred angstroms (300 A) at room tempera-
ture. Consequently, it is necessary to test our conclusion
for larger size particles. In fact the early results of Lustig
and Sollner* on photophoresis of Ag were performed in
particles 600—1300 A in radius in one atm of nitrogen.
In Fig. 8, we see the results of a computer intensive calcu-
lation performed on a particle with R =850 A in nitrogen
at 1 atm [F(K,) was evaluated by using the same values
of C,, and C, as in the case of SiC]. The ratio of the ra-
diometric force to the radiation pressure force is
represented in Fig. 8. We see in this case that the ra-
diometric force grows to within 0.6 of the radiation pres-
sure at ~350 nm. A relief diagram of the internal sources
at this optimum wavelength (to the left in Fig. 8) shows
that the sources are almost all at the back of the particle.
Once again we see on the basis of single-crystal thermal
conductivity, that Ag will not exhibit reversed photo-
phoresis.

IV. DISCUSSION

In the preceding sections we have investigated the influ-
ence of surface modes on photophoresis for the first time.

0.6
F
_ F_L 0.4
Y
0.2
| | |

345 350 3bb 360
WAVELENGTH (nm)

FIG. 8. Source strength relief diagram for a particle of 850
A radius at an excitation wavelength of 354 nm. The curve at
the upper right shows the ratio of the radiometric to radiation
pressure force on this particle in N, at 1 atm.
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Our model assumes diffusive thermal transport within the
particle and neglects quantum size effects. Within these
assumptions we find the major effect to be of the genera-
tion of a reversed radiometric force due primarily to a
quasi-double-resonance of dipole and quadrupole modes.
The interference between these modes produces a large an-
isotropy in the internal field in particles whose optical size
normally is considered to place them in the Rayleigh
range. Although a SiC sphere with R ~0.3 um in air
(pressure ~0.7 atm) is expected to yield a net negative
mobility in 10.63-um radiation, for an Ag sphere having
single-crystal-like thermal conductivity, we find no com-
bination of size, pressure, and radiation wavelength which
will give rise to a net negative mobility. The principal
limitation in Ag is its high thermal conductivity. If the
thermal conductivity were reduced to 5 of its bulk value,
a net negative mobility would be calculated at 350 nm for
a sphere with R=850 A . However, to produce a net
negativity mobility in broadband thermal radiation, as
used by Lustig and Sollner,* one would have to reduce the
thermal conductivity of Ag to unreasonable levels. There-
fore, we conclude that the Ag particles seen to move back-
ward* were not homogeneous spheres. Recent electron
micrographs indicate that particles produced from an ex-
ploding wire®® (a method similar to the arc discharge used
in Ref. 4) shows a majority of spherical particles and

minority of clusters. We propose that the particles seen to
move backward in Ref. 4 were clusters. This proposal is
consistent with our calculations and the electron micro-
graphs since the majority of particles observed by Lustig
and Sollner* demonstrated positive photophoresis. We
conclude that photophoretic spectroscopy experiments
performed near a structure resonance should be rich in
providing information concerning the optical response of
individual particles as well as elucidating the mechanisms
for internal thermal transport. To our knowledge no oth-
er method exists for studying thermal transport within an
individual particle of ~1000 A in size.
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