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Triple-center treatment of electron transfer and excitation in p-H collisions
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Cross sections have been calculated for electron transfer into the 1s, 2s, and 2p states and for exci-
tation into the 2s and 2p states in collisions between 1.5—15-keV protons and hydrogen atoms. The
triple-center, coupled-state method of Anderson, Antal, and McElroy has been used: Bound atomic
states are centered on each nucleus and on a third center (the center of charge) in order to simulate
the molecular character of slow collisions. Convergence of cross sections (and molecular potential-
energy curves) with respect to the size of the basis has been studied; the present basis includes up to
36 states (16 gerade, 20 ungerade states). The 1s capture cross section is estimated to be converged,
and the 2p and 2s cross sections are estimated to be converged to about 10/o and 20%, respectively.
Dips are observed in the 2s and 2p excitation. cross sections at about 10 keV and in the 2p capture
cross section at about 5 keV. Results have been compared with atomic-state, pseudostate, and
molecular-state results, as well as with experimental results. The results agree fairly closely with the
related AO+ pseudostate results of Fritsch and Lin at the lowest calculated energy, although there
are differences at higher energies. There are differences from some of the many experimental re-

sults, but overall there is agreement within the experimental error limits.

I. INTRODUCTION

Electron transfer and, to a lesser extent, excitation in
collisions between fully stripped ions and hydrogen atoms
have been of considerable interest in the last thirty years.
In most of the earlier work, the proton was taken to be the
projectile, but in recent years theoretical and experimental
interest has, to some extent, shifted to more highly
charged ions. However, work continues to be done on col-
lisions with both types of projectiles, and this is desirable
since proton-hydrogen collisions are fundamentally dif-
ferent from those in which the projectile's charge is un-
equal to that of the target's nucleus: In the former case,
the nuclear symmetry exactly decouples the gerade and
ungerade parts of the time-dependent electronic wave
function during the collision; the nuclear symmetry, to a
lesser extent, also affects the character of the molecular
energies and wave functions, which are important in a
molecular-state treatment.

Both for symmetric and asymmetric collisions, many
studies have focused on the intermediate-energy range in
which the projectile's speed is not very different from the
speed of the orbital electron in the target. Roughly speak-
ing, the studies have used either atomic-state or
molecular-state approaches. What follows is a summary
of theoretical studies for the proton-hydrogen collision of
interest here.

In the lower part of the energy range, various coupled-
molecular-state calculations have been carried out. There,
electron transfer may be dominated by the approximately
decoupled molecular state 1so.

g and the rotationally cou-
pled states 2po„and 2ptr„.' (The states Isos and 2pcr„
correlate, respectively, to gerade and ungerade combina-

tions of the initial states 1' and the resonant electron-
transfer state Is& in the separated-atoms limit; the state
2pm. „correlates to an ungerade linear combination of the
states 2p&z and 2p&z. ) In symmetric collisions, these three
states may be expected to dominate electron transfer to
the ground state, as well as electron transfer and excita-
tion to the 2p state. (This contrasts with electron transfer
in, for example, the asymmetric He +-H collision, which
is dominated by the three states 2po, 2pm, and 3dcr. )

Several pioneering molecular-state calculations have been
carried out with two or three of these states. ' ' How-
ever, additional states are certainly needed in order to test
the convergence of these dominant cross sections with
respect to the size of the molecular basis, and in order to
extract the more sensitive 2s excitation and transfer cross
sections. (The energy curves for molecular states correlat-
ing to separated-atoms states with principal quantum
number up to two are shown in Fig. 1. The states 2scrg,
3dcrs, 3po.„, and 4fo„correlate to combinations of the
states 2' and 2sz, as well as 2po~ and 2poz, in the
separated-atoms limit. ) Some, or all, of these states, and
others, have been included in perturbed-stationary-state
calculations. " Coupled-molecular-state calculations
have more recently been carried out by Crothers and
Hughes' "' ' ' and Kimura and Thorson' using two dif-
ferent sets of optimized translational factors. Unlike the
perturbed-stationary-state calculations, these two calcula-
tions are independent of the choice of origin of electronic
coordinates. There are no large calculations using the
plane-wave-factor molecular-state method of Bates and
McCarroll, ' which has, however, been applied to other
systems.

In the upper part of the intermediate-energy range (and

Q~1984 The American Physical Society



568 T. G. %'INTER AND C. D. LIN 29

4fau

-0.2

—
I .0

—l.2

5 IO l5
INTERNUCLEAR SEPARATION (a )

FIG. 1. Electronic energies of states of the H2+ molecule
correlating to states of principal quantum number one or two in
the separated-atoms limit (Ref. 7, and present results).

even in the lower part), the plane-wave-factor, atomic-
state method of Bates' has been applied using various
bases. ' ' There are no recent large bound-atomic-state
calculations for this system.

It may be feasible to extend each type of calculation
beyond its "normal energy range. " Shipsey, Green, and
Browne have argued recently that it may be possible to
extend molecular-state calculations to energies somewhat
above 25 keV (25 keV corresponding to 1 a.u. of velocity)
if a sufficiently large basis is used.

Alternatively, atomic-state calculations may offer
promise for extending into the "molecular-state energy.
range" below 25 keV. However, to do this it may be
necessary to improve the atomic-state representation of
molecular wave functions at small internuclear separations
when these separations are important. To do this (and
also to represent the continuum), Gallaher and Wilets '

and Shakeshaft used a Sturmian basis (a basis of up to
24 s and p functions}; Cheshire, Gallaher, and Taylor's
used an atomic basis augmented by six pseudostates; and
Shakeshaft used a scaled-hydrogenic basis (a large basis
of 70 s, p, and d functions) which is closely related to the
Sturmian basis. The Sturmian and scaled-hydrogenic
bases are, in principle, complete. However, the Sturmian
basis was truncated too soon to test the covergence of the
2s and 2p cross sections; the pseudostate basis of Cheshire
et al. was also too small for a test of convergence. Direct
convergence tests for the scaled-hydrogenic basis were not
reported.

An interesting alternative, proposed by Anderson, An-
tal, and McElroy, is to augment the atomic-state basis
with atomic states placed on a third center. In this triple-
center method, the third center C is normally chosen to be

the center of nuclear charge, and the third-center atomic
states are taken to be bound atomic states of a fictitious
atom having nuclear charge which is the sum of the
charges of the projectile and the target's nucleus. Aside
from the question of translational factors, these third-
center states are thus exact bound-molecular states in the
united-atoms limit. A plane-wave translational factor is
also attached to these third-center states in the manner
described by Bates. ' If the origin is chosen to be the mid-
point of the internuclear line (the center of charge} then
the plane-wave factor for the third-center states is unity
since center C is then stationary', the matrix elements are,
of course, independent of the choice of origin. Anderson
et al. have noted that in the united-atoms limit, the third-
center state is& has a 24% overlap with the continuum of
states centered on either nucleus, and that the first three
third-center states have an 85%%uo overlap with this continu-
um. (This ignores the different translational factors asso-
ciated with the different centers. ) Thus, the triple-center
basis may be nearly complete in the united-atoms limit.
Unlike the Sturmian and scaled-hydrogenic bases, howev-
er, the basis is not, in principle, complete at all internu-
clear separations. Thus, while an internal test of conver-
gence with respect to the size of basis is very important,
the final test must be an external one: a comparison with
experimental results. Anderson et al. calculated ground-
state electron-transfer probabilities (essentially at zero im-

pact parameter) and a few total cross sections using a lim-
ited basis (the states is&, 2', lsii, 2sii, lsc); these calcula-
tions were recently checked by Lin, Winter, and Fritsch
using a very limited basis (lsd, lsii, is&). What will be
presented here are the results of a much larger calculation
using a basis of up to 36 states (ls, 2s, . . . , 3do i 2,
a =2, 8, C, 4po i c, 4f0 i q 3c), as well as larger test bases.
This basis is sufficiently large so that cross sections for
electron transfer and excitation to the lower-lying excited
states (2s,2p), as well as electron transfer to the ground
state, may be tested for convergence with respect to the
size of the triple-center basis.

When this method was first examined by us, it appeared
to be too difficult and time-consuming for large calcula-
tions. A related method was therefore developed by
Fritsch and Lin, which they called "the AO+ method. "
This method has been very successfully applied by them
to several asymmetric collisions and the symmetric
proton-hydrogen collision. It is the double-center coun-
terpart of the triple-center method in which, in addition to
the normal bound atomic states centered on each nucleus,
a set of united-atoms states is placed on each nucleus.
The AO+ basis, like the triple-center basis, is transla-
tionally invariant. Further, the spatial characters of the
AO+ and triple-center bases are similar in the united-
atoms limit. However, the phases are different since the
additional states in the triple-center method move with the
center C, whereas the additional states in the AO+
method move with the nuclei. Furthermore, for nonzero
internuclear separations, even the spatial characters of the
additional states are very different for the two methods.
Which is preferable is questionable: For small internu-
clear separations it may, for some states at low speeds, be
preferable to allow probability to build up at the center of
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charge, as in the triple-center method, but in different cir-
cumstances, this buildup may be unphysical if the basis is
not complete. The additional AO+ functions clearly
play the role of continuum functions since, after ortho-
gonalizing them to the normal bound-state functions al-
ready included, they give eigenvalues of the atomic Ham-
iltonian which lie in the continuum. (Presumably the
triple-center functions also do this to some extent. ) In the
present paper, we will compare triple-center results with
the AO+ results (using the 22 states is&, 2', 2p0 &z,

B~ 2sB~ 2p0, 1B~ 1sA ~ 2sA ~ 2p0, 1A~ ~0, 1,2A~ 1sB~ 2sB~

2pp ]s, 3d0 ~ 2s, where the overlined states here refer to
"united-atoms states").

Two additional pseudostate calculations have recently
been reported. First, a very large pseudostate calculation
has recently been carried out by Ludde and Dreizler.
The pseudostates are functions of spheroidal coordinates
without translational factors.

Second, Fritsch and Lin have recently extended the
AO+ model to include ionization channels by using ad-
ditional pseudostates. For these calculations, the pseu-
dostates were obtained by diagonalizing the atomic Ham-
iltonian in a basis of hydrogenic orbitals of arbitrary ef-
fective charge. These orbitals were chosen in order to
have more lower-lying continuum eigenvalues than were
present with the AO+ basis. Specifically, they were
designed to remedy what was viewed as a failure of the
AO+ method to account for the important ionization
channels above 15 keV. There also may have been some
effect of neglecting higher-lying conventional atomic
states. The intent of the present triple-center calculation
is to extend the atomic-state calculation downward into
the molecular-state region. Presumably, in the higher-
energy region, except for possible "flux trapping, " both
AO+ and triple-center bases are superior to a conven-
tional atomic-state basis containing the same atomic
states.

Finally, Terlecki, Grun, and Scheid have solved the
time-dependent Schrodinger equation numerically. How-
ever, they do not present individual-state cross sections.

In addition to comparing our results with the other
theoretical results, we will compare them with experimen-
tal results. There are no experimental cross sections for
electron transfer to the ground state alone. We will com-
pare our cross section for transfer into all (bound) states
with the experimental cross section of McClure. ' There
are numerous experimental results for electron excitation
and electron transfer to the 2s and 2p states. The more re-
cent ones are the following: Morgan, Geddes, and Gil-
body for all four processes; Kondow, Girnius, Chong,
and Fite for transfer and excitation to the 2p states;
Chong and Fite for transfer and excitation to the 2s
states; Young, Stebbings, and McGowan for direct exci-
tation of the 2p state; and Hayfield, Hill, Geddes, and
Gilbody, and Morgan, Stone, and Mayo for transfer to
the 2s state.

The outline of the paper is as follows. In Sec. II, the
coupled equations for the coefficients of the expansion of
the electronic wave function will be reviewed, the method
of calculation of triple-center matrix elements will be
summarized, and tests of numerical accuracy will be

presented. In Sec. III, convergence studies will be present-
ed; triple-center approximations of molecular energies,
probabilities times impact parameter, and total cross sec-
tions will be presented and compared with corresponding
AO+ results; and total cross sections will be compared
with other theoretical and with experimental results. Un-
less otherwise indicated, Hartree's atomic units are used
throughout.

)&exp( iEk t+iq —v r , iq—v —t),

1 a=A

'+ 2, ex=81

p —2, (x=c
(3)

each Pk~ being a bound-state atomic wave function cen-
tered on nucleus a (where a denotes the target nucleus
A=H+, projectile B=H+ or "virtual nucleus" C) with
corresponding eigenvalue Ek~ of the Hamiltonian

H~ = ——,V' —Z~/r (4)

(Z~ being the nuclear charge). The center C is an arbi-
trary point between A and B defined by A C /BC
=p/(1 —p). This point will be taken to be the center of
nuclear charge, in which case p =Zs/(Z~+Zs). The
vectors r~ and r are the position vectors of the electron
relative to the nucleus a and the midpoint 0 of the inter-
nuclear line, respectively. Based on the formalism of
Bates, ' the origin of coordinates is arbitrary, although it
has for definiteness been placed on the midpoint 0; the
matrix elements do not depend on this choice of origin if
the velocity v of nucleus B relative to nucleus A is con-
stant.

If the nuclei A and 8 are identical, then the points 0
and C coincide. For this symmetric case, one should, of
course, separate the wave function 'II into gerade and
ungerade parts and solve for each part separately in order
to elucidate the reaction paths and to reduce computing
time; this has, in fact, been done. However, it seems
preferable here to present a procedure which also applies
to the asymmetric case. The notation and computational
procedure follow the Sturmian paper of Winter (for
He +-H and He+-H+ collisions) more closely than the pa-
per of Anderson et ah.

Substituting the expansion for %(r, t) given by Eq. (1)
into its time-dependent Schrodinger equation, multiplying

II. THEORY

A. Coupled equations

Following Anderson, Antal, and McElroy, the time-
dependent electronic wave function 'p(r, t) is expanded in
a triple-center basis of traveling atomic orbitals fk (r, t):

%(r, t)= gak (t)fk (r, t),
k, a

where
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by fk~, and integrating over all space, one obtains coupled
equations for the ak 's. In vector form

where

dt

Sk kp(t)=&fk lfkp&=Sk k p(t')Pk k p(t') (6)

Gkczk'p(t)Pknk'p(t) ~ (7)

Pk k p(t) =exp[ ,' i (ti —9p)v—t+i (Ek Ek p)t—] . (8)

The overlap and coupling matrix elements Sk k p and
Gk k p take two different forms. If a=p, then they are
called "direct" matrix elements:

Skak'a( t ) =5kk

Gk k' (t)=&qk (r )l~ leak (r )& (10)

—Zs /rs, a =A
—Z~ /r~, a =B
—Z~/r~ Zs/r~+Zc/—rc a=c .

If a&P, then they are called "charge-exchange" matrix
elements:

Gk k p(t)

= &Pk~(r~)
l exP[i( —q +qp) v r]P p gk p(rp) & .

(13)

The evaluation of the direct and charge-exchange matrix
elements will be summarized in Sec. II B.

If the electron is assumed to be initially in a state
ka=1sz, then the initial condition for which the coupled
Eqs. (5) are to be solved is

&k P(
—~ ) =&i.~, k P (14)

skak p(t)=&deka(ra) lexP[~( 7 +'vp)v 3~ Pk'p(rp)&,

(12)

done in four stages: (1) From z = —500 to —84 (or —64),
only the direct states 1', 2', 2po ~~ were coupled; (2)
from z = —84 (or —64) to + 84 (or + 64), all gerade
states were separately coupled and all ungerade states were
separately coupled; (3) from z= + 84 (or + 64) to + 500,
the direct states 1', 2', 2pp &z were coupled and the
direct states Is&, 2sz, 2po ~~ were coupled; and (4) from
z= + SOO to + 10000, the direct states 2', 2pp &z were
coupled and the direct states 2sg 2pp ]g were coupled.
Each range was determined by means of 12-state (ls,
2s 2@0 &

a=A B, C) or 18-state (12-state plus 3sc,
3po ~ c, 3do ~ 2C) test calculations at projectile energies of
1.563, 5.11, and 11.11 keV for one to three impact param-
eters at each energy.

Range (4) was determined by comparing values of
Pk (p), ka=2sz, 2@0 ~~, 2s~, 2po, g using z,„=10000
and using z,„an order of magnitude larger; the differ-
ences are at most one unit in the third digit (two units in
the fifth decimal place). Integration over this degenerate-
coupling region takes very little computing time: Since
the retained matrix elements do not oscillate, a large z step
size (of the order of 100) can be used. Ranges (1), (2), and
(3) were also found to be large enough for at least three-

digit accuracy.
States on center C lie between those on centers A and B.

Thus, charge-exchange coupling persists to larger values
of z

l

than when only states centered on 3 and B are in-

cluded; the double-center range (2) might have only ex-
tended from about —40 to + 40 rather than from —64 to
+ 64. Another way to monitor the required range is to

note how closely the probabilities at a given large z
sum to unity: They will sum to unity only when

S'k~k p(t)=5k~k p in Eq. (6), i.e., when charge-exchange
coupling is negligible. If more highly excited states are in-

cluded, then the range of this coupling will increase: In
the final 36-state calculations (with the states ls~,
2s, 3do, i, 2 a=»» C 4p0, 1C 4f0, 1,2, 3C) the
range was extended to be from —84 to + 84 to keep the
summed probability at unity to within the previously
quoted amount. The range might have been reduced by
the more complicated procedure of projecting states cen-
tered on C onto states centered on 3 and B when overlap
was still not negligible (the states being partially redun-
dant due to nonorthogonality), but we have not done this.

The total cross section for electron excitation or
transfer into the state ko. is obtained by integrating p
times Pk~(p) [given by Eq. (15)]:

The probability for electron transfer into a state k "y is

Pk y(p) l
&k "y( ~ )

l

' (15) Qk =2' J dppPk (p) . (16)

for a given impact parameter p, where y =2 for direct ex-
citation and y =B for electron transfer.

As in previous work, the coupled equations have been
integrated numerically with respect to the alternate vari-
able z =Ut using Hamming's method. The accuracy of
the integration of the coupled equations and the accuracy
of the non-Hermitian parts of the charge-exchange matrix
elements were sufficient to keep the summed probability
at unity to within 6&(10

Each integration over the variable z was automatically

Simpson's rule has been used to an estimated accuracy of
about 1 unit in the third digit. Values of Pk~(p) and Qk~
for p-H collisions are presented in Sec. III.

B. Matrix elements

1. Direct matrix elements

The direct coupling matrix elements, given by Eq. (10),
may be expressed as
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8
GkAk A

= ZBgkk'A

A
GkBk 8 = —ZAgk

A 8 c
Gkck'c ZA gkk'c ZBgkk'c +Zcgkk'c ~

where

(17a)

(17b)

(17c)

modified spherical harmonics 9't (r ), m &0, in terms of
those in the rotating (molecular) frame 9'~ (r '

) by intro-
ducing rotation matrices D ~ ~ as defined by Rose and
stated by Gottfried and modified rotation matrices d ~~
defined for m &0. If the + z~ axes are along v and the

y axes are perpendicular to the collision plane, then the
Euler angles (vr, e,vr) specify the orientation of the rotated
axes with respect to the space-fixed axes.

It can then be shown that

The matrix elements gg, ~ for ap=AB, BA are those en-

countered in a normal double-center treatment; those for
up=CA, CB are also double-center integrals of a similar
functional form; and those for up= CC are single-center
integrals.

The evaluation of the double-center integrals is similar
to that described in the Sturmian paper of Winter: The
required radial integrals Qf«„ t I (Z,aP) [defined by Eq.
(34) of Ref. 39] are now integrals of hydrogenic radial
wave functions, and the integrals are now evaluated ex-

plicitly rather than by recurrence relations. '

For symmetric collisions, one can show

I
ml, m1 )

(22)X tk ~k p(qa rq p~ U~ p~z) &

gg tt —— g ( —1)"d '",(e)d ",', (8)
I

m&, m& &0

X hk k p(q~, qp, U,p,z),y (23)

gkk'B ( 1 ) gkk'A
A ~+I 8

gkk'C ( 1 ) gkk'C
1+1: (19b) XR„ I (Zp, r p)3', , (r p)

Xexp[i( —q +qp)v r],
so only half as many double-center integrals need be
evaluated for these cases. (24)

where q is given by Eq. (3), p=m +I&+m'+m &, and

(19a) tk k, p(q, qp, u,p,z)= I dr 'R«(Z, r' )3',(r')

2. Charge-exchange matnx elements

GkAk 8

Gk'BkA

GkAk'C

Gk'CkA

GkCk'8

Gk'Bkc

~here

A
ZA gkAk'8

—ZB(gkAk B),
ZAgkAk'C ZBgkAk'C+ZCgkAk'C ~

A 8 c

—ZB(gkAk c)
A

ZAgkCk'8 ~

ZA (gkCk'B ) ZB (gkCk'B )

+Zc(gk k

(20a)

(20b)

(20d)

(20e)

(20f)

The (Hermitian) charge-exchange overlap matrix ele-
ments Sk~k p(a&p) are given by Eq. (12). The charge-
exchange coupling matrix elements 6k~k p(a&p), given by
Eq. (13), may be expressed as

&A' ——(A, +P )—,cosgA ——R, Ap+1
A, +p

R
rB ——(A, —P)—,

2

(25)

(26)

rc ——[A, +p —2(2p —1)Ap —4p(1 —p)]'~2—
2 '

and Itkr k, &
is the same except for a factor of rr ' in the

1 1

integ rand.
All of these integrals are evaluated by introducing pro-

late spheroidal coordinates A, , p, P, as in Ref. 39. For the
double-center integrals, the foci of this coordinate system
are placed at the two atomic-state centers. For the triple-
center integrals, however, one of the two foci is placed in-
stead at the singularity of the potential energy in order to
avoid a numerical singularity at this point. For example,
in the triple-center integral for which apy =ACB, one sets

gk~k P = k~ 1 ~ exP 1 —g~+gP v r k P rP
r&

R
cosOC ——(A p —2p + 1)

2rc
(27)

The matrix elements gk~k p for apy=ABA, ABB and

Sk~ktt for aP=AB are those encountered in a normal
double-center treatment; the matrix elements gk~k~ fory

aPy=ACA, ACC, CBB, CBC and Sk~k tt for aP=AC, CB
are also double-center charge-exchanre integrals of a simi-
lar form; but the matrix elements gk k p for aPy =ACB,
CBA are true triple-center charge-exchange integrals.

The first step is the same for all the integrals. Proceed-
ing as described more fully in .'Ref. 39, we express the

The velocity-dependent phase in Eq. (24) is also expres-
sible in spheroidal coordinates, and the integral over P is
evaluated analytically as in Ref. 39. The real and ima-
ginary parts of the resulting double integrals over A, and p
have been evaluated numerically by Gauss-Laguerre in-
tegration over a variable depending on A, and Gauss-
Legendre integration over p. Tests carried out at projec-
tile energies of 1.563, 5.16, and 11.11 keV show that the
ermrs in Pk~(p) for ka=2sA, 2pA, 2sB, 2pB are probably
no more than six units in the fourth digit (six units in the
fifth decimal place) using 12, 16, and 24 A, points, respec-
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gkck a =( —1) (gk ~kc)

Finally, one can show that for all collisions

Gk k p( —r)=( —1)'+'+ + )Gk a p(r)~'

(28)

(and similarly for Sk q p) reducing the required number of
integrals by about an additional factor of 2.

III. RESULTS

A. Approxixnafe molecule, r energies

Approximate molecular energies have been calculated Rs

functions of the internuclear separation R using various
trrple-center bases as well as conventronal double-center
atomic-state bases. Differences AE of these energies from
exact energies are given in Table I for the "lowest" five
states 1$og, 2$v'g, 3dog, 2@0~, Rnd 2p/T'g along with AE s
for the AQ + basis of Fritsch and Lin; exact energies
are also given, and these and the remaining three lowest
energies are graphed in Fig. 1. The approximate double-
and triple-center energies have been obtained by diagonal-
izing the electronic Hamiltonian in the U=G limit using
the matrix elements calculated as in Sec. II8. The small
differences ~ when suitably large bases are used offer
further support for the belief that the calculation of ma-

tively, and using 16 p points at all energies. Since the
charge-exchange matrix elements are not Hermitian, the
conservation of probability noted in Sec. IIA is also a
good check on their correctness.

Anderson, Antal, and MCElroy have also used
spheroidal coordinates to reduce the triple-center integrals
to integrals over two dimensions using a modified
Laguerre quadrature scheme at a few internuclear separa-
tions, followed by a 1g-magnitude phase interpolation to
reduce what they found to be an otherwise prohibitively
large computing time. We have stored the matrix ele-
ments for about 100 values of E. and interpolated them as
needed during the integration of the coupled Eqs. (5). We
have found that, at lower energies, the computing time to
calculate the matrix elements is not the major part of the
total time which is, rather, the time to integrate the cou-
pled equations with their small z step sizes and long-range
z range, both due to the presence of the third-center states.

The triple-center integral appearing in a three-state
(ls, a=A, 8, C) calculation for p-H collisions has also
been evaluated by Lin, Winter, and Fritsch using a
Gaussian-type-orbital (GTO) expansion of the Is atomic
orbitals as well as the method described in the present pa-
per. In the Gaussj. an method, the trrple-center GTQ In-
tegral is expressed in terms of a double-center integral,
where the centers are the center C and the "Gaussian
center" D. Elementary methods reduce this integral to a.

sum of one-dimensional integrals over GTQ's Rnd spheri-
cal 8essel functions. Matrix elements calculated using the
two different methods in the three-state approximation
RgI'ee closely.

For symmetric collisions, only about half as many
charge-exchange integrals need be evaluated since, for ex-
ample,

trix elements for the dynamic processes is correct as
described in Sec. IIB. In the discussion to follow, it
should be kept in mind tha, t AE 's -0.005 would be barely
visible on the scale of Fig. 1.

Consider first AE 's foI' the 1$Gg state. Thrs state Is Im-

portant for describing electron transfer to the ground state
at all projectile energies and electron transfer and direct
excitation at higher projectile energies. It is seen that for
R & 1, AE &0.1 using all two-center bases —unacceptably
large differences. Inclusion of even a single third-center
function (Isc) dramatically reduces AE. Using 30 (n & 3)
triple-center states, we have DE&0.007 for all R, and
even 12 (n &2) such states ensures a small AE &0.005 for
R & 2. The 15-state, triple-center basis —"analogous" to
the 22-state AQ+ basis —gives somewhat larger hE' s

than does this AQ + basis at all E; however, although the
two methods use states labeled by the same quantum num-

bers, they are certainly not identical, and the AQ + basis
is larger; the 30-state triple-center and 22-state AQ+
AE 's are fairly comparable at all A.

Consider secondly hE's for the 2sog and 3do.
g states,

both of which may be important for describing direct and
electron-transfer excitation to the 2$ state. Neither state is
defined by the two-state, two-center basis, and the 2so.

g
state is poorly represented at small R for any of the two-

center bases. The addition of a single third-center state
does not help significantly (or at all). However, using 12
triple-center states gives AE &0.002 for R &1, ) 10 for
the 2so.z state and only somewhat larger AE's for the
3do.

g state; differences near the 2$o.g-3do.g crossing point
at R=-4 are Larger. For the 2so.

g state, AE using the 15-
state triple-center basis is somewhat larger than that using
the analogous 22-state AQ+ basis at all E„but is com-
parable for the 3do.

~ state; on the other hand, the 30-state
tIiple-center basis gjtves smalleI AE s than does the AQ +
basis except for the 2sog state at the smallest 8,.

Consider thirdly AE's for the 2po„state, which is the
primary incident channel at most projectile energies. The
two-state two-center basis gives large differences 4E & 0.1

for small R & 1, but the eight-state and certainly the 20-
state two-center bases are probably adequate for all R.
Since the 1$c state is gerade, the three-state triple-center
E's are identical to two-state two-center values. The 12-

state triple-center basis gives very small AE 's & 0.003 for
all E.. The AQ+ AE's are smaller than the already
small values using the analogous 15-state triple-center
basis; they are marginally smaller than those using the
30-state trrple-center basrs.

Consider finally AE 's for the 2@~„state. Due to
2po.„-2@m„rotational coupling, the 2@m„state is impor-
tant both for direct and electron-transfer excitation, and

probably for electron transfer to the ground state. .The
two-center two-state basis has no m„component. The
larger two-center bases give AE &0.1 for R & 1 and may
not be acceptable except for large R. The three-state
triple-center basis also has no m„component. Triple-
center bases of at least 12 states give quite small AE 's ex-

cept possibly at intermediate values of R. For Rll values

of R, the 30-state triple-center AE 's are comparable to, or
smaller than, values using the AQ + basis.

Qverall, the conventional two-center atomic-state basis
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TABLE I. Differences of approximate energies of the H2 molecular ion from exact values (in a.u. ) for the lowest five states using
various double-center and triple-center atomic-state bases, and an AG + atomic-state basis. The exact energies are also given.

1sog

Basis

2 double-center
8 double-center

26 double-center
3 triple-center

12 triple-center
15 triple-center
30 triple-center
22 AQ+

Exact

0.445
0.395
0.386
0.013
9.016
0.909 5

9.967 5

9.0004
—1.928 6

0.1634
0.1362
0.128 9
0.088 8
6.9193
0.6193
0.9967
0.065 4

—1.451 8

9.048 9
0.938 7
0.034 9
0.038 4
0.004 3
0.003 0
9.961 4
0.002 5

—1.102 6

0.009 2
0.006 1

0.603 9
0.008 0
0.005 0
0.004 5

9.061 5
0.006 5

—0.796 1

0.002 9
0.001 4
0.000 8
0.002 7
0.001 1

0.001 1

6.090 3
0.0002

—0.678 6

8=10
9.000 3
0.000 1

0.000 1

0.000 3
0.900 1

0.006 1

0.0990
0.0900

—0.600 6

2 double-center
8 double-center

26 double-center
3 triple-center

12 triple-center
15 triple-center
36 triple-center
22 AO+

Exact

0.143 1

0.128 0
0.254 6
0.090 9
0.9999
0.999 8
0.9090

—0.491 0

9.688 9
9.975 0
1.357 3
0.061 7
0.001 7
9.009 7
9.0611

—0.422 9

0.049 4
9.037 1

1.990 3
0.012 5
0.0113
9.091 5
0.904 2

—0.360 9

6.0260
0.0149

0.0240
0.0240
0.007 5
0.907 1

—0.288 5

0.0107
0.005 2

0.009 7
0.009 7
0.002 4
0.0044

—0.247 6

0.003 1

0.001 9

0.002 4
0.002 2
0.000 5
0.601 6

—0.204 7

2 double-center
8 double-center

26 double-center
3 triple-center

12 triple-center
15 triple-center
36 triple-center
22 AO+

Exact

9.012 6
9.006 9

0.603 7
9.9909
0.9000
0.0600

—6.222 3

6.018 2
9.0102

0.014 8

9.000 1

9.090 1

6.000 1

—9.225 2

0.017 8
0.0130

0.099 2
9.001 2
9.000 6
0.001 4

—0.235 8

9.004 6
9.002 3
1.752 5
0.604 2
9.903 5

0.000 5
0.602 6

—0.285 7

0.0124
0.005 8
1.745 9
0.007 5
0.007 4
0.0009
6.002 6

—0.312 5

0.906 5

0.063 4
1.8760
0.902 2
0.002 1

0.900 8

0.002 1

—0.273 1

2 double-center
8 double-center

20 double-center
3 triple-center

12 triple-center
15 triple-center
39 triple-center
22 AO+

Exact

0.668
0.916
0.093
0.668
9.096 01
9.09901
9.99601
0.09991

—9.562 68

0.1102
0.008 6
9.902 6
0.1102
0.092 7
0.692 7
0.696 8
9.60907

—0.564 81

0.906 67
0.002 12
0.099 85
9.006 67
0.001 76
0.001 76
6.000 57
0.009 12

—0.667 53

0.000 66
0.900 22
9.000 16
0.000 66
9.00009
0.066 09
0.00966
0.99002

—0.695 55

9.090 62
0.999 19
0.600 12
0.000 62
0.09014
0.060 14
0.00006
0.000 91

—0.657 31

0.000 20
0.00606
9.00004
9.96020
0.00006
0.90906
0.09003
0.00001

—0.599 90

9.971 1

0.011 5
0.1949
0.088 5

0.6740
9.066 1

9.026 1

0.620 1

0.906 9
0.008 5

—9.350 8

2p &g 2 double-center
8 double-center 9.123 9 9.033 9 0.006 2

20 double-center 0.1964 0.625 4 9.003 5
3 triple-center

12 tI iple-center 9.99091 9.093 5 9.915 8 6.9126 0.005 5
15 triple-center 9.090 91 6.003 5 0.915 8 0.012 6 0.605 5

39 triple-center 9.96699 0.000 9 9.001 2 0.008 1 0.001 8
22 AO+ 9.99601 6.099 8 6.094 5 0.095 6 0.902 9

Exact —0.498 69 —0.474 1 —9.428 8 —0.297 0 —0.232 7

'The 2, 8, and 26 double-center states are all n=1, &2, and & 3 states on each center, respectively; the 3, 12, and 36 triple-center
states include triple-center states of the same respective quantum numbers as above, but on all three centers. The 15 triple-center
states are all n & 2 states on each center, plus the states 3do ~ 2c, the 22 AO + states include the same n & 2 states on centers A and 8
as in the 15-state triple-center basis, plus states on 3 and 8 of the same nuclear charge and quantum numbers as for the states on C in
the triple-center basis.

inadequately represents the molecular energies for small
internuclear separations R (1. The 12- or 15-state,
triple-center bases have differences AE (0.02 for all R,
vrhile the 30-state triple-center and 22-state AQ+ bases

have AE&0.008. As far as molecular energies are con-
cerned, the 22-state AO+ basis is superior to the analo-
gous 15-state triple-center basis. The situation for the
dynamic collision process is of course not necessarily the
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same. Based on studies of convergence of cross sections
(to be reported in Sec. III 8), it was decided to include also
the 4po &c and 4fo $ z 3c states in the triple-center basis,
although these states were not included in the molecular-
energy calculations. The 4fc states, as well as the previ-
ously included 3p~ states, may be important for represent-
ing the additional three states 3pcr„, 3dng, and 4fo„.
which correlate to states of principal quantum number up
to two in the separated-atoms limit. The united-atoms
states corresponding to 3' or„and 4fo „were not included
in the 22-state AO + basis.

B. Probabilities, cross sections, and their convergence
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In this section, probabilities Pk (p) versus impact pa-
rameter p and total cross sections Qk will be presented
for electron transfer to the states ka= is~, 2s~, and 2p~
and direct excitation to the states 2s~ and 2' in 1.5—15-
keV p-H collisions using various triple-center bases. Their
convergence with respect to the size of the bases will be
described and a comparison will be made with the corre-
sponding AO+ results of Fritsch and Lin.

Values of pP„(p), k=2s, 2p, a=A, 8, and P„~(p) are
graphed in Figs. 2—7 for projectile energies of 1.563, 5.16,
and 11.11 keV using 15-state and 36- or 28-state triple-
center bases. Also shown are the graphs for the 22-state,
AO+ basis which is analogous to the 15-state triple-
center basis. The 15-state basis includes all the states 1s,
2s~, 2po ~ ~, o'=A, B, C and 3do & 2&, and the 36-state basis
includes all the states 1s, . . . , 3do ~ 2, +=A, B, C, and

4po, ic 4fo, i z 3c. (The 28-state basis is the 36-state basis
with the states 3do & z~, a=A, 8 and 4po ~ c removed. )

The corresponding total cross sections are given in Table
II. For later comparison in Secs. III C and III 0 with oth-
er theoretical and with experimental results, the excited
state cross sections are also graphed in Figs. 8—11.

Before considering the present results in detail, it is
worthwhile to review and emphasize the main features of
the cross sections which have previously been pointed out
by others and which are evident in the present results.
First, ground-state capture dominates at low energies and
is largely due to the two decoupled states 1so.

g and 2pcr„,

0.15

FIG. 3. Probability times impact parameter p vs p for elec-
tron transfer to the 2s and 2p states (left scale) and probability vs

p for electron transfer to the ground state (right scale) in 1.563-
keV p-H collisions using 15-state (dashed curve) and 28-state
(solid curve) triple-center bases and a 22-state AO+ basis
(crosses) (Ref. 27).

the latter being coupled to the 2@~„state. Secondly, the
direct and transfer cross sections at low energies are nearly
equal (Qkz -=Qkz), since the gerade states are inaccessible
from the ground state Iso~. (It may be mentioned here
that Kimura and Thorson' note trajectory effects to
be unimportant above 1 keV, so these effects need not be
considered here. ) Thirdly, in a molecular-state treatment,
a minimal basis may be one which includes all states
correlating to n =2 levels in the separated-atoms limit (see
Fig. 1); the role of these and other states would have to be
tested in actual calculations. Finally, the excited-state
cross sections may display dips and peaks at lower ener-
gies due to the oscillations in the ground-state probability
P~,z(p) vs p. At roughly 5 keV we observe maxima in

Qzgg, Qz~g, a mlIllmum 111 Qzpg, and a shoulder 1I1 Q~g,
whereas at about 10 keV, Qz,z, Qzzz have pronounced
minima and Qz,z, Qzzz are large (see Figs. 8 and 9). This
may be explainable in terms of P»z(p) vs p plotted in
Figs. 5 and 7 for E=5.16 and 11.11 keV, respectively. At
the lower energy, P&,z(p) has a minimum at that p where

pPz~~(p) has a maximum, whereas at the upper energy it
has a maximum there. Thus, at the lower energy the
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FIG. 2. Probability times impact parameter p vs p for elec-
tron excitation to the 2s and 2p states in 1.563-keV p-H col-
lisions using 15-state (dashed curve) and 28-state (solid curve)
triple-center bases and a 22-state AO+ basis (crosses) (Ref. 27).
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FIG. 4. Probability times impact parameter as in Fig. 2, but
for S.16-keV collisions and with the exception that the larger
triple-center basis has 36 states.
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FIG. 5. Probability times impact parameter for electron
transfer to the 2s and 2p states and probability for electron
transfer to the ground state as in Fig. 3, but for 5.16-keV col-
lisions and with the exception that the larger triple-center basis
has 36 states.
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FIG. 7. Probability times impact parameter for electron
transfer to the 2s and 2p states, and probability for electron
transfer to the ground state as in Fig. 5 but for 11.11-keV col-
lisions.

charge cloud is mainly centered on the target nucleus at
the important peak impact parameter so that direct excita-
tion to the n=2 levels is relatively large, whereas at the
higher energy the charge cloud is mainly centered on the
projectile, and, thus, electron-transfer excitation is rela-
tively large.

We now consider how the triple-center cross sections
depend on the size of basis, and also compare these cross
sections with Ao+ results. Consider first the ground-
state cross section Q~,z. It is seen in Table II that 15-state
and 36- or 28-state triple-center values agree to within l%%uo

at 1.563, 5.16, and 11.11 keV and 3%%uo at 15 keV. This
agreement holds for individual impact parameters as well,
at least for p &0.5 (see Figs. 3, 5, and 7), so the ground-
state triple-center results may be considered converged
even using the limited 15-state basis. At least for p&0.5
there is close agreement with AO+ values of P~,z(p)
using a 22-state basis analogous to the 15-state triple-
center basis.
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FIG. 6. Probability times impact parameter for electron exci-
tation as in Fig. 4, but for 11.11-keV collisions.

Consider secondly the excited-state cross sections Qq~~,
Q2 ~ at the lowest energy of 1.563 keV. It is seen in Table
II that there is close agreement (within 3%) between 15-
and 28-state triple-center results; this agreement holds for
individual impact parameters as well (see Figs. 2 and 3).
Furthermore, the 15- and 28-state results agree closely
(within 3%%uo and l%%uo, respectively) with the 22-state AO+
values, and this agreement also holds for individual im-

pact parameters.
The unimportance of individual triple-center states can

be further confirmed by referring to Table III. It is seen
that all the individual states tested each contribute less
than l%%uo to the cross sections, with the exception of the
3sc, 3po & c states (probably mainly the 3po ~ c states,
which correlate to 3pa„, 3pvr„ in the united-atoms limit),
which contribute about 14%; the states 4po & c and
3do ~ 2, a =A,B—neglected in the 28-state basis—
contribute less than 1% to either Q2~ or [pP2~ (p)]
a=A, B. (To reduce the computing time in these and
subsequent tests for other states and other energies, ap-
proximate cross sections have been calculated using few
values of p (four to six values); in almost all cases, the
agreement between these cross sections and the corre-
sponding "exact" values (obtained using about 16 p's) was
within 5%, so the estimate of convergence based on these
approximate cross sections is generally accurate. For
comparison, values near [pP(p)],„are also given; for
many states use of these values rather than the approxi-
mate Q somewhat overestimates the effect of these states. )

Consider now the other excited-state cross sections

Q2,&, Q2,& at the same low energy (1.563 keV). These
cross sections are much smaller than those for the 2p
states and, hence, are expected to be more sensitive to the
inclusion of additional basis states. It is seen in Table II
that the 15-state and 28-state cross sections now differ by
22—28%, although the absolute differences are actually
less than those for the 2p cross sections. The 15-state re-
sults differ by 15% from the corresponding 22-state
AO + values while the 28-state results differ by 37—42 go
from these values. The closer agreement when analogous
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TABLE yy. Cross sections (in units of 10 '7 cm~) for electron excitation to the Zs and Zp states and electron transfer to the 1s, Zs,

2p, and all states in collisions between protons and hydrogen atoms. The triple-center results are the present results; the AO+ re-

sults are those of Fritsch and Lin (Ref. 27).

Basis E (keV)' 2$

Excitation
Allb

Transfer
2p

22 AO+
15 triple-center
28 triple-center

1.563
1.563
1.563

0.135
0.116
0.0927

2.67
2.74
2.65

151
152

148
150

0.128
0.110
0.0833

2.66
2.72
2.63

22 AO+
28 triple-center

3.0
3.0

0.482
0.341

3.07
2.97 129 125

0.380
0.260

2.92
2.93

22 AO+
15 triple-center
36 triple-center

5.16
5 ~ 16
5.16

0.777
0.708
0.603

3.16
3.14
2.94

103
105

99.7
101

0.764
0.831
0.697

2.73
2.89
2.51

22 AO+
36 triple-center

8.0'
8.0

0.662
0.384

2.73
2.43

1.44
1.07

3.78
3.45

22 AO+
15 triple-center
36 triple-center

11.11
11.11
11.11

0.524
0.662
0.436

2.46
2.44
1.71

76.8
77.8

70.9
71.1

2.17
2.92
1.88

4.47
2.98
3.80

22 AO+
15 triple-center
36 triple-center

15.0
15.0
15.0

1.22
0.815
0.880

3.64
3.27
2.30

62.0
63.1

54.3
55.8

3.70
4.34
3.65

3.39
3.38
2.44

'Proton energy.
Cross sections marked "all" are for capture into all available states.

'The AO+ values at this energy are interpolated.

bases are used suggests that certain united-atom states
(3pc, 4fc) included in the triple-center basis but neglected
in the AO+ basis may be important, as was found to be
true for the triple-center basis and as Kimura and Thor-
son found to be true of the molecular states 3pcr„and13

4fo„. The contribution of individual states in the triple-
center basis is given in Table IV. It is seen that each block
of states 4po I c and 3do ~ q~, a =A, 8, neglected in the
28-state basis only contributes an estimated 6—7% to the
total cross sections. On the other hand, some retained
states contribute significantly: For example, the states 3s&
and 3po & c (probably mainly 3po & c) contribute about
35%, and the states 2sc and 3sc contribute about 10%.
Interestingly, the lsc state has only a 5% effect on the
cross sections since it only affects the probabilities at
small impact parameters; this state has previously been
noted by us to improve significantly the 1so.

g molecular
energy at small internuclear separations and by Lin,
Winter, and Fritsch to improve significantly P~,s(p) at
small impact parameters.

Overall, the very good agreement at low energies be-
tween the results of the triple-center and AO+ methods
shows that these methods are consistent. At low energies
the different placement of united-atom states for nonzero
internuclear separations does not seem to be important.
(There are also different translational factors, but this may
not be significant until higher energies. )

Consider now the excited-state cross sections Q2~& and

Qqz~ at those three higher energies 5.16, 11.11, and 15.0
keV where somewhat detailed studies have been made. At
all energies of at least 5.16 keV, 36 states were used in the
final calculations. It is seen in Table II that 15- and 36-
state cross sections differ by 7—14%, 35—24%, and
35—32%, respectively, at the three energies studied—
these differences therefore being somewhat increasing
functions of energy; for the lower two energies, see also
the impact-parameter dependence in Figs. 4—7. At these
three energies the 15-state triple-center values differ from
22-state AO+ values by 1—6%, 1—40%, and 11—0%,
respectively, while using 36 rather than 15 states the cor-
responding differences are 7—8 %, 36—16 %, and
45—33%. Usually (as at 1.563 keV) the agreement is
better in the former case. However, at 15 keV, pP2&„(p)
(not shown) using 36-state triple-center and 22-state
AO+ bases agree more closely in shape (but not in mag-
nitude) than when the smaller triple-center basis is used.
In all cases, the 36-state, triple-center values of Qzzz and

Q2~~ are below the AO+ values. A more detailed study
of the contribution of various states to the triple-center
cross sections (in the manner of that shown in Table III
for E=1.563 keV) has been carried out for E=5.16 and
11.11 keV (not shown). It is found that the three blocks
of states 410 ~ z (a=A 8), 410 & zc, and 5po &c-
neglected in the 36-state basis —each contribute at most
2%, except at 5.16 keV for 4do & z (a=A, 8), where,
based on a study at only one impact parameter, the effect
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FIG. 8. Cross sections for electron transfer to the 2p state
(left scale) and 2s state (right scale) in coHisions between protons
and hydrogen atoms. The theoretical results are as follows: tri-

ple center, present results; molecular-state, Kimura and Thorson
(Ref. 13); atomic-state —plus —pseudostate and eight-atomic-
state, Cheshire et aI. (Ref. 18); 14-atomic-state, Rapp and
Dinwiddie (Ref. 19); Sturmian and scaled-hydrogenic, Shake-
shaft (Refs. 22 and 23); and 100—150 pseudostate, Ludde and
Dreizler (Ref. 28).

is estimated to be 5—6%. Of the retained blocks of states
in the 36-state basis, those tested with contributions some-
times exceeding 10% are 3sc, 31OO, 1 c' 3d0, 1,2a
and 4fo 1 2 3c the estimated contribution of each of the
latter two blocks of states was tested and found to depend
significantly on whether the other block of states was also
present, due presumably to the nonorthogonality of the
basis or to interference among the states. The states
3do & z, +=A, B, which were found to be important in
the triple-center basis at these energies, were neglected in
the AO+ basis.

Consider, finally, the excited-state cross sections Q2,~
and Q2,21 at the same three higher energies 5.16, 11.11, and
15.0 keV. It is seen in Table II that 15- and 36-state cross
sections differ by 16—18 %, 41—43 %, and 8—17 %,
respectively, at these three energies. For these 2s cross
sections (as well as their impact-parameter dependence) it
is the middle energy which is most sensitive to the size of
the basis. At these three energies the 15-state triple-center
values differ from 22-state AO+ values by 9—8%,
23—29 %%uo, and 40—16 %%uo, respectively, while using 36
rather than 15 states, the corresponding differences are
25—9 %, 18—14 %%uo, and 32—1 %%uo, the somewhat closer
agreement for most cases than when using 15 states sug-
gests that, as far as the 2s cross sections are concerned, the
AO+ basis quite adequately represents the united-atoms

FIG. 9. Cross sections for electron excitation to the 2p state
(left scale) and 2s state (right scale) in collisions between protons
and hydrogen atoms. The notation is as in Fig. 8.

limit at these energies despite the lack of 3p and 4f
united-atoms orbitals. A more detailed study of the con-
tribution of various states to the triple-center cross sec-
tions has been carried out for E=5.16 and 11.11 keV. It
is found that the three blocks of states 4do 1 2 (a =A, 8),
4do ~ z t-, and 5po & c—neglected in the 36-state basis- =ach
contribute at most 5%, with the exceptions of the 4dO 1 2 c
states at 5.16 keV (contributing 5—7%%uo) and the 4do 1 2a,
a=A, 8 states at 5.16 keV (contributing an estimated
10%%uo, based on a study at only one impact parameter).
These effects are somewhat larger than those on the 2p
cross sections but they are still generally small. Of the re-
tained blocks of states in the 36-state basis, those tested
ones with contributions sometimes exceeding 10% are
d310, 2iC3~a PO, I a i POyl C C PO,

31012 (a=A, 8); and 4fo123c the latter three blocks
being especially significant. As for the 2p cross sections,
the effects of the states were found, where tested, to de-
pend on which other states are present.

In summary, the triple-center cross sections Q2~~ and
Q2&21 using a 28-state basis are estimated to be converged
to within 5% with respect to the size of the (bound-state)
triple-center basis at 1.563 keV; at higher energies, the
36-state cross sections are estimated to be converged to
within 10%%uo. For Q2,~ and Q2,21, the convergence is es-
timated to be about 20% over the energy range 1.5—15
keV using 28 states at the lower energies and 36 states at
the higher energies. At the four energies 1.563, 5.16,
11.11, and 15 keV, the 15-state triple-center and 22-state
AO+ values of Q2,&, Q2,ll, Q2~~, and Qz~~ agree on the
average to within 14/o, the average agreement between
36-state (or 28-state) triple-center and 22-state AO+
values is 21% and differences do not exceed 45%%uo at these
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FIG. 10. Cross sections for electron transfer to the 2p state
(left scale) and 2s state (right scale) in collisions between protons
and hydrogen atoms. The theoretical results are as follows:
triple-center, present results; AO+ and augmented AO+,
Fritsch and Lin (Refs. 27 and 29). The experimental results are
as follows: , Morgan, Geddes, and Gilbody (Ref. 32) (2p) and
Morgan, Stone, and Mayo (Ref. 38) (2s); o, Kondow, Girnius,
Chong, and Fite (Ref. 33) (2p) and Chong and Fite (Ref. 34)
(2s);, Hill, Geddes, and Gilbody (Ref. 37) (2s); and R, Hay-
field (Ref. 36) (Zs)

energies. At almost all energies, the 22-state AO+ cross
sections lie above the 36-state (or 28-state) triple-center
values (see Figs. 10 and 11). At 1.563 keV, 15-state
triple-center and 22-state AO+ cross sections agree to
within 2—15 %.

C. Comparison with other theoretical results

1. Capture into all states

Since they are nearly converged, the ground-state,
electron-transfer cross section, and the cross section for
electron transfer into all available states, are not always
presented along with excited-state cross sections. Howev-
er, there are small but non-negligible differences among
some of the theoretical results. %'e have found that the
36-state (or 28-state) triple-center cross sections and the
14-atomic-state —plus —pseudostate and 8-atomic-state

I
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I I l I lil)l
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FIG. 11. Cross sections for electron excitation to the 2p state
(left scale) and Zs state (right scale) in collisions between protons
and hydrogen atoms. The notation is as in Fig. 10, with these
exceptions: U, Young, Stebbings, and McGowan (Ref. 35) (2p)
and , Morgan, Geddes, and Gilbody (Ref. 32) (Zs).

cross sections of Cheshire et al. ' for electron transfer
into all aUailable states agree to within 2% between 3 and
15 keV; the disagreement is negligible. However, below 3
keV the atomic-state —plus —pseudostate cross section rises
more rapidly than the triple-center and atomic-state cross
sections, the difference being about 9% at 1.5 keV. (The
original two-atomic-state result of McCarroll' lies within
a few percent of the ground-state, triple-center cross sec-
tion and the eight-atomic-state cross section over the full
energy range from 1.5 to 15 keV, and even. at 15 keV its
difference from the triple-center cross section for capture
into all available bound states is only 10%.) All three
values are roughly 5% below Shakeshaft's scaled-
hydrogenic value at 15 keV, this difference not being
significant since at this energy the neglected excited-state
contributions (those from states with n & 4) are of this or-
der. (At lower energies excited-state contributions even

from the n=3 states are negligible. ) At low energies the
100—150-pseudostate cross section of Ludde and
Dreizler is significantly below the triple-center value,
differences increasing from 6% at 8 keV to 13% at 2 keV;
it lies even farther below the 14-atomic-state —plus —pseu-
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TABLE III. Probability times impact parameter ppz~ (a) and total cross sections Qz~ for direct
(@=A) and electron-transfer (e=B) excitation to the 2p state in 1.563-keV proton-hydrogen collisions
using various triple-center bases.

Basis states'

12 states
+ 3d0, 1,2C

+ 3sc~ 3pp, l c

pP2&~(p)
p=1

.0.126
0.126
0.111

2.64
2.64
2.28

2.75
2.74
2.37

Qz» (10 ' cm )

Approx. " Exact'
pP2~g(p)

p=1
0.126
0.126
0.111

2.61
2.61
2.27

2.71
2.72
2.36

Qz» (10 " cm )

Approx. Exact

22 states
+ 1sc
+ 2sc~ 3sc
+ 3d0, 1,2C

0.1213
0.1212
0.1212
0.1213

2.54
2.54'
2.54'
2.55

0.1212
0.1213
0.1214
0.1213

2.54
2.54'
253
2.53 2.63

22 states
+ 4po, 1c

0.1213
0.1219

2.54
2.55

0.1212
0.1218

2.54
2.55

22 states
+ 3dp, 1,2a~ a=A, B

0.1213
0.1210

2.54
2.54

0.1212
0.1215

2.54
2.55

'In a given row, the basis in each group consists of all functions listed down to and including those in
that row.
"The approximate Qz~ s were obtained using a five-point trapezoidal rule with the points p=0, 0.5, 1,
1.75, and 2.5. The same points were also used in Table IV.
'The "Exact" values were obtained using a 13-point Simpson's rule, accurate to about one unit in the
third digit.
The 12 states are 1s, 2s, 2pp1, +=A, B, C; the 22 states are 1s, 2s, 2pp1, 3s, 3pp1 (a=A, B),

~P0, 1 cr 3P0, 1 c~ 4f0, 1,2, 3 c.
'These values were obtained using the states noted, except at p =2.5, where the 22-state basis was used.

dostate cross section. However, the experimental cross
section of McClure ' lies between the cross section of
Liidde and Dreizler and the other group of three cross sec-
tions and does not favor either.

2. Capture to the 2p state

The present triple-center and most other theoretical
cross sections for electron-transfer and direct excitation to
the n=2 levels are shown in Figs. 8 and 9, respectively.

The triple-center results, as well as the AO+ and the re-
cent extended AO+ results of Fritsch and Lin, ' are
compared later with experimental results in Figs. 10 and
11.

Consider first the cross section Qzzz1 for electron
transfer to the 2p state. A. comparison will first be made
with the recent results of a large calculation by Kimura
and Thorson' using ten molecular states and their own
state-dependent electron translational factors. It is seen

TABLE IV. Probability times impact parameter ppz, (p) and total cross sections Qz„ for direct
(a=A) and electron-transfer (a=B) excitation to the 2s state in 1.563-keV proton-hydrogen collisions
using various triple-center bases. '

Basis states
pP, (p)
p=0.5

Qz,z (10 'z cmz)

Approx. Exact
PP2,g(P)
p =0.5

Qz, z1 (10 ' cm )

Approx. Exact

12 states
+ 3d0, 1,2c
+»c 3Po1c

0.005 4
0.005 5

0.007 5

0.10'
0.11p
0.14

0.11,
0.116
0.15

0-005 4s
0.005 35
0.007 2

0.107
0.103
0.13

0.113
0.11p
0.14

22 states
+ 1sc
+ 2sc~ 3$

+ 3d0, 1,2C

0.005 14
0.004 63
0.005 12
0.005 14

0.0820
0.078 0
0.0869
0.088 4 0.092 7

0.004 88
0.005 41
0.004 90
0.004 88

0.083 2
0.087 5

0.078 4
0.077 4 0.083 3

22 states
+ 4po, 1c

0.005 14
0.005 33

0.082 0
0.087 7

0.004 88
0.005 06

0.083 2
0.088 5

0.005 14
0.005 31

22 states
+ 3dp 1 2~~ cx=A~B

'The footnotes are as in Table III.

0.082 0
0.088 2

0.004 88
0.005 01

0.083 2
0.088 5
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that, up to 3 keV, there is good agreement (within about
12%) between their values and the present triple-center
values of Q2&~. At higher energies their Q2&II rises mono-
tonically while the triple-center Q2&II dips, the difference
at the triple-center dip being about 35%. Kimura and
Tholson have faiI1y thoroughly tested their cross section
with respect to including additiona1 bound molecular
states in the basis; the only other possible problem, besides
the neglect of ionization channels in both approaches, i.s
their neglect of terms of order higher than quadratic in
the velocity. The other recent lar'ge molecular-state calcu-
1RtloI1 was car&cd GUt by Crothcfs RIld Hughes Using
8—10 molecular states Rnd their own optimized electron
translational factors. Their results (not shown) agree more
closely (to within about 18%) with the present triple-
center values than do the results of Kimura and Thorson.
The calculations of Crothers and Hughes, like those of
Klmura and Thofson~ wcIc carried GUt to second ordcI I
the velocity. There are fairly large differences between
first- and second-order results using their own method, in
contrast to the case for Kimura and Thorson.

As a. further test of the consistency among methods,
consider the results of the very large pseudostate calcula-
tion by Ludde and Dreizlcr with about 100 to 150 states,
These pseudostates are molecular in character, being ex-
pressed in spheroidal coordinates with foci at the nuclei,
and do not include translational factors. There is excel-
lent agreement (within 10%) up to 10 keV with the triple-
center values. At 15 keV there is a difference of about
50%. Our value agrees WCB with experimental values
there (see Fig. 10). It is possible that a lack of translation-
al fac'tols lll tllcll' basis might callsc dlffllcultlcs Rt lllgllcl
cncI'gics.

Consider also the earlier 14-atomic-state —plus-
pseudostate results of Cheshire, Gallaher, and Taylor. '

Thcil basis includes thc eight atomic states Up to 2p Gn

both nuclei plus 3s, 3@0, and 3@I pseudostates designed to
give some overlap with united-atoms states and with the
continuum. It is seen that these cmss sections are signifi-
carlt1y 1owcI' than atomic-state CI'oss scctlons Rt 1owcf cIl-

ergies and higher at higher energies. (There are differ-
ences of 0—18% between the eight-atomic-state results of
Chcshll'c et al. , Rnd RRpp Rnd Dlnwlddlc for Q~g, Q2gg&

Qzpg, Rlld Ql~ll Rt OVCI'lapplllg CI1CrglCS, tllC RVClagC differ-
ence being 4%. At 25 keV, where differences range from
1% to 7%, Winter recalculated the cross sections and
found agreement to within 1% with the values of
Cheshire et al. In view of this, the 14-atomic-state values
of Rapp and Dinwiddie may be questionable. ) Although
the atomic-state —plus —pseudostate cross section is 1ess

osci11atory than the trip1e-center' cross section, the agree-
ment is Io within 18%. Cheshire et al. did not test the
convergence of their cross section with respect to the size
of their pseudostate basis, but considering the estimated
10% accuracy in our own cross section this agreement is
fcasonab1c.

Finally, consider Shakeshaft's Sturmian and scaled-
hydrogcnlc (scaled-Sturmlan) I'cslll'ts ' whlcll Rgl'cc be-

tween themselves to within 2% at the single energy 15
keV which overlaps our energy range. At this energy,
Shakeshaft's values are about 25% higher than our own.

It has been noted that our value agrees with the exper-
imenta results at this e~ergy.

3. Excitation to the 2p stute

Consider now the cross sections Ql~z for direct excita-
tion to the 2p state in Fig. 9. Kimura and Thorson do not
present molecular-state values for this process, but note
that they agree to within 8% with their values of Qz~z.
This would imply good agreement with our triple-center
values except at about 8 keV where their value of Ql~z is
rising while our value of Ql~~ is falling. Differences be-
tween triple-center results Rnd the recent molecular-state
results of Crothers and Hughes' ' ' are also small (within
9%) except at about 8 keV where the molecular-state re-
sult ls 40% hlghcl'. AccoldlIlg to Crotllcl's and Hllgllcs, R

definitive comparison at this and higher energies must
await their calculation to a11 orders in the velocity. There
is good agreement at all energies (within about 14%) with
the pseudostate resu1ts of Liidde and Dreiz1er; especially
outstanding is the agreement within a few percent at the
cross section's dip. At energies below the dip the atomic-
state —plus —pseudostate results of Cheshire et al. rise no-
ticeably, unlike ours, though at the dip the results agree
fairly closely. The atomic-state cross sections oscillate
with larger amplitude and differ from ours by up to about
50%. Finally, at 15 keV, our triple-center cross section
agrees with Shakeshaft's scaled-hydrogenic value to 7%;
at this energy his scaled-hydrogenic and (pmbably less ac-
curate) Sturmian values differ by 17%.

Owing to their snla11cI' size at low cnclgics, thc CI'oss

sections Qpgll and Qlgg Rl'c cxpcc'tcd to bc considerably
more difficult to calculate than Q2&~ and Ql~~. Consider
first Ql,ll, referring to Fig. 8.

At low energies, the mo1ecu1ar'-state cr'oss section of
Kimura and Thorson lies 30% above our own —somewhat
puzz11ng slncc they RIld wc hRvc checked corlvcf gcncc
(bound state only) at low energies. However, we noted an
uncertainty of 20% in our 2s value, and the effect of in-
cluding the 11CglCCtCd StatCS 4pp I C and 3dp I 2 (A'=3, 8)
would probably be to raise Q2,II (see Table IV). At higher
energies, although thcu cross sect&on varies rnor'e smooth-
ly than ours with energy, agreement is satisfactory.

The molecular-state result of Cmthers and Hughes (not
shown), which is second order in the velocity, has a pro-
noUIlccd shoulder' Rt RboUt 5 kcv. This shou1dcf is 1css
pronounced in the triple-center result (and is absent in the
Inolccu1af-state I'csUlt Gf Kimufa and Thor'SGIl, which is
also second order in the velocity), the difference being a
factor of 2. The situation is unclear since Cfothcrs and
Hughes have noted a large difference between their own
flfst- and second-ofdcI' 1csults.

There are disagreements of up to about 40% with the
values of I.udde and Dreiz1er. The highly osci11atory na-
ture of their Qz,z (see below) suggests that they may have
had difficulty in extracting both 2s cross sections; they
have noted difficulty at higher energies in projecting out
the 2s~ cross section.
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The atomic-state —plus —pseudostate cross section of
Chcsh1Ic 8t a/. has a morc plonounccd shoulder at 5 kcV
than does our own, and the atomic-state cross sections os-
cillate with large amplitude. At 15 keV the former agrees
with our value within 17% and the atomic-state results
are not very different. There the triple-center value agrees
within 7% with the identical scaled-hydrogenic and Stur-
mian values of Shakeshaft.

5. Exntation to tke 2s state

Finally, consider the cross sections Qz,„ for direct exci-
tation to the 2s state shown in Fig. 9. At low energies, the
agreement between the triple-center values and the
molecular-state values of Kimura and Thorson is within
25%—closer than it was for Q2,s. There is fair agreement
up to 5 keV, beyond which the molecular-state value con-
tinues to rise while the triple-center value dips in at least
partial agreement with experimental results (see Fig. 11).
A comparison with the molecular-state results of Crothers
and Hughes (not shown), which are also second order in
the velocity, is fairly similar. The
pseudostate —plus —atomic-state, atomic-state, and triple-
center cross sections all show dips, but at different ener-
gies, and the triple-center dip is somewhat smaller. The
cross section of Ludde and Dreizler oscillates with larger
amplitude than does any of the others, suggesting that
their cross section is not converged. Finally, there is corn-
plete agreement with Shakeshaft's scaled-hydrogenic value
at 15 keV, where the scaled hydrogenic and Sturmian
values agree to within 10%.

D. Comparison saith experimental results

Tllc trlplc-cclltcl and cxpcrllllclltal cl oss scctlofls fol
electron transfer and excitation to the n=2 states are
gIaphcd ln F1gs. 10 arid 11, Icspcctlvcly. Also shown arc
the previously discussed 22-state AO+ results of Fritsch
and Lin and their recent results using a basis of AO +
functions augmented by pseudostates, 40 functions in
all. Fr1tsch and Lln 1cport their CI'oss scct1QIls to bc
stable with respect to the inclUsion of additional pseudo-
states to within 10%, but they have not included states of
angular momentum greater than 1 in their basis.

Consider fllst tllc closs scctlolls fol clcctl'on 'tlaIlsfcl to
the 2p state shown in Pig. 10. The error bars on the ex-
perimental results of Kondow, Girnius, Chong, and Fite
are given as one standard deviation; in addition, they note
a systematic error due to polarization of the radiation
which, for energies less than 15 keV, does not extend
beyond the graphed error limits. The error bars on the ex-
perimental results of Morgan, Geddes, and Gilbody do
not include their estimated 30% absolute uncertainty.
Considering the estimated absolute errors, the two sets of
experimental results agree over the energy range of in-
terest. However, the cross section of Kondow et aI. shows
a bload shallow dip frQIIl 3 to 8 kcV which 1s Ilot prcscIlt
in that of Morgan et al. ; in addition, the former data
display maxima at about 1.75 and 12 keV. The triple-
center results also evidence a minimum and maxima; how-
cvcl ~ thc minimum 1s IIlorc p J.QHiounccd aIld thc low-

energy maximum is less pronounced and is at about 2.75
keV. It will be recalled that, except at 15 keV, the triple-
center results are very close to those of the 100—150-
pseudostate calculation of Ludde and Dreizler. Unlike
the (28—36-state) triple-center results, the 40-state AO+
(auglnented by pseudostate) results of Fritsch and Lin do
not dip at 5 keV and, unlike the triple-center and experi-
mental results, do not drop rapidly by 15 keV. Based on
the previously noted convergence tests, the neglected states
in the triple-center basis may raise the cross section at 5
keV (by up to 10%), bringing it more in line with the re-
sults Qf Morgan et al; however, based on previous tests, it
does not seem that these states would lower the cross sec-
tion at 11 keV.

Consider, secondly, the cross sections for direct excita-
tion to the 2p state shown in Fig. 11. The error limits on
the experimental results of Kondow et ah. and Morgan
et a/. have been described. in the previous paragraph. For
the present case the two sets of experimental results agree
within the graphed estimated errors, i.e.„ ignoring absolute
errors; however, the results of Kondow et al. show a
deeper dip at about 11 keV. Also shown are the earlier ex-
perimental results of Young, Stebbings, and McGowan,
which agree with the later results. There is good agree-
ment (within 10%) at all energies between the triple-center
and augmented AQ+ results. Except for a somewhat
deeper dip at 10 keV, the triple-center results agree with
the experimental results of Kondow et al. within 10%;
considering total experimental error limits, they also agree
with the results of Morgan et al.

Consider, thirdly, electron transfer to the 2s state. Not
shown in Fig. 10 are the earlier results Qf Morgan,
Geddm, and Gilbody which Morgan, Stone, and Mayo
note agree with their own results and those of Hill,
Geddes, and Gilbody. At energies of at least 2 keV, the
results of Morgan, Stone, and Mayo and Hill et al. agree
within the graphed error limits. (Hill et al. estimate an
additional 30% absolute error in their measurements;
Morgan et aI. normalize their cross sections to the aver-
age of three previous measurements ' ' at 24.5 keV,
which they note agree to within about 20%.) At lower en-
ergies, the results of Hill et ah. are larger. Also shown for
energies of at least 6 keV are the generally closely agreeing
results of Chong and Fite, who estimate calibration un-
certainties of solnewhat less than 30%. Also shown are
the earlier measurements of Hayfield' which agree with
the other measurements at higher energies but are below
them at energies loweI than 5.5 keV. Hill et a/. have sug-
gested that at low energies there may have been difficul-
ties in the measuremcnts of Bayfield due to the small ac-
ceptance angle of his apparatus. It is seen that at lower
energies, the experimental results of Morgan et al. agree
with the 28—36-state triple-center results, while at higher
energies, the experimental results favor the augmented
AO+ results. If the results of Morgan et aI. were shift-
ed uniformly downward, there would be agreement in
magnitude with the triple-center results at all energies.
However, there is a noticeable shoulder in the triple-center
results at 5—8 keV which is hinted at by the rapid rise in
the cross section of Hill et ah. between 6 and 7 keV„but
which is absent in the augmented AQ+ results and thc
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results of Morgan et aE.
Consider finally cross sections for excitation to the 2s

state shown in Fig. 11. The absolute error limits (not
shown) on the experimental results of Morgan, Geddes,
and Gilbody and Chong and Fite have previously been
noted. There are no experimental results below 5 keV.
The triple-center results agree in magnitude but not in
shape with the results of Morgan et al. , the triple-center
results showing a more pronounced dip at 10 keV. Below
10 keV, the augmented AO + results lie above (and paral-
lel to) the triple-center results by about 30%, a not-too-

large disagreement, except that the neglected triple-center
states are expected to lamer the cross section. The data of
Chong and Fite roughly agree in shape with the triple-
center cross section, but (ignoring questions of absolute
calibration) are lower by 40% at about 8 keV.
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