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With the use of an accuI'ate nonrelativistic wave function, the relativistic effects of the He
1$2s 2p I state RI'c coInpUtcd. These include thc Inass-correction term, DMwin tcrIIl, Rnd I'ctRI'da-

tion and mass-polarization effects. The calculated result enables us to significantly reduce the un-
certainty of the electron affinity given by Bunge and Bunge. To assist future experimental measure-
ment on the fine structure of this ion, the expectation values of the spin-orbit, spin-other-orbit, and
spin-spin operators Rrc Rlso calculated.

I. INTRODUCTION where for He, the factor a 1s

II. THE ENERGY

The Hamiltonian for the quartet He is given by
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The ls2s2p I' of He ion is of particular interest both
theoretically and experimentally. In the absence of a true
bound state, this is the most long-lived metastable state
for the He ion. It is extensively used experimentally in
various areas of physics. Hence an accurate knowledge of
the energy and hfetime of this system is very important.
In 1979, Bunge and Bunge' made a highly precise nonrcla-
tivistic calculation for the energy of this system. Howev-
er, in Ref. 1 the relativistic contributions are only estimat-
ed. Since the result of this reference is used and probably
w111 cont1nue to be used for cahbrat1on purposes, 1t 1s

highly desirable to make an actual computation of these
relativistic effects.

In th1s work, thc 1clat1vlst1c opc1atoI's and mass polari-
zation effect of He are calculated with an accurate non-
rdativistic wave function. The fine structure of He is
also calculated by computing the expectation values of the
sp1n-orb1t, sp1n-other-orb1t, and sp1n-sp1n 1nteract1ons.
These results will be presented in the following sections.

a =m /(m +M }=5.4859 && 10 /4. 00205

=1.3708 g 10-', (7)

the velocity of light c=137.036 a u. and +; is the gra-

dient operator. P; and S; are the linear and spin-angular
momentum operator, respectively. The nuclear charge Z
is 2. There is no contribution from the Fermi-contact
term for this quartet state because the expectation value of
5( r ~z} is zero and because of the zero magnetic moment of
'He.

To calculate the nonrelativistic energy of the He sys
tern, Rayleigh-Ritz variational method is used. The basis
functions are chosen in the I.S coupling scheme. It is
similar to that of Chung except the nonlinear parameters
in each partial wave are optimized individually in the
present calculation. The explicit form of these basis func-
tions will not be given here. We refer the interested reader
to Ref. 4. By using a 92 linear parameter, 15 partial-wave
function, we obtain an energy of —2. 178005 8 a.u. Com-
pa1cd with thc 300-term calculat1on of Bungc alld Bungc~
—2. 178 040 a.u. , it is higher by about 0.000034 a.u. The
wave function obtained in this calculation is also checked
with the virial theorem. It is found that the deviation
from the virial theorem is about 0.34&(10 %. The ener-

gy and wave function for this nonrelativistic calculation
alc g1vcIl 1n Table I.

In calculating the relativistic contribution for H~ the
procedure given in Ref. 3 is used. That is, we used
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for the mass correction term. The computation for the
expectation values of H2 and H3 are straightforward. For
H4, some difficulties arise from the 1/r;J term. By using
thc 1dcnt1ty

1 3 1
H4

i&j ij

r;J(rtj P;) P))
P; PJ+

I'lJ-

1+ (rt2 Pi}~2.pz+ p& p&
~12

Qc 1984 The American Physical Society



KWGNG T. CHUNG 29

TABLE I. The energy of (ls2s2p) I"of He (in a.u.). % is the number of linear parameters and

a, P, y are the nonlinear parameters. hE is the hinging energy contributed by adding the partial wave.
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Total

[(s,s)'~ pj
[(s p)'» sj
[(s,p) P, d j
[(p,d )3P, s]
[(p,p)'5'* pj
[(p,s)'P, s]
[(s,d)'D, fl
[(d,d)'S, pj
[(p,s) P, d]
[(pp)'~ pj

[(p,d)'P, d]
[(d f)'P, sl
[(s,f) F g]
[(ff)'~ pj

2.0
1.9
2.0
2.2
1.55
2.1

2.0
2.05
1.90
1.95
2.0
1.9
2.6
2.0
2.35

0.575
0.655
0.535
1.055
1.32
0.835
0.88
2.3
0.75
2.0
0.715
1.2
1.68
0.8
2.5

0.275
0.405
0.335
0.305
0.305
0.305
0.60
0.255
0.30
2.55
0.335
0.4
0.38
0.92
0.255

2.172 6710
0.003 509 5
0.000 8172
0.000 182 6
0.000 582 7
0.000 1306
0.000030 5

0.000033 5
0.000005 7
0.000 002 7
0.000 009 9
0.0000134
0.000 009 2
0.000003 9
0.000003 4

and partial integration, the expectation value of H4 can be
calculated. The result of this calculation is given in Table
II. The present approach, i.e., relativistic corrections are
calculated as expectation value of relativistic operators,
has been used to obtain highly accurate energy for the
two-electron system by Pekeris and collaborators.

In Ref. 1, the truncation error for full configuration in-
teraction (CI) and for the Slater-type orbital (STO) basis is
also estimated to be —0.000034(10) a.u. which gives
—2. 178074(10) a.u. for the nonrelativistic energy of the
He ls2s2p P system. However, in this reference, the
relativistic contribution is estimated to be —0.000114(8)
a.u. (if the effect of the He+ Lamb shift is excluded). Our
calculation shows that the total relativistic and mass po-
larization contribution is —0.000115 a.u. in excellent
agreement with this reference. Hence if the estimate of
the nonrelativistic energy of Bunge and Bunge is correct,
then the energy for the He 1s2s2@ I' should be
—2. 178189(10) a.u. Compared with the energy of He

ls2s S, —2. 175 344 a.u. , the electron affinity is
77.40+0.28 meV. (With no extrapolation, the electron af-
finity from the present work would be 75.56 meV. )

III. FINE STRUCTURE GF He 1s2s2@ I'

The fine structures of the Li-like ls2s2p P states have
been of great interest in recent years. The accurate mea-
surements of Levitt and Feldman, Livingston and Berry,
and of Trabert et al. have stimulated considerable
amounts of theoretical work on this subject. 9 ' Howev-
er, very few calculations have been carried out for the
He system. Although Manson investigated the He
ls2s2p P fine structure, the wave function he used was
very approximate. VA'th the improvement of the experi-
mental technique, the very small splitting of the fine
structure of atomic systems can now be measured. For
example, the long lifetime of this He system makes it an
ideal candidate for the electron beat method. It is, there-
fore, very important to provide accurate theoretical data

TABLE II. The electron affinity of He (1s 2s 2p ) I' (in a.u.).

Bunge and Bunge
(Ref. 1)

EHOrlrC4t1V18tlC

((a,+a, ))
(u, )
(a„&
Total energy
Electron affinity
Experiment
Experiment

—2.178005 8
—0.000 1126
—0.000 002 6

0.000000 5
—2.178 1205
75.56 meV

—2.178040'

—2.178 155'
76.48 meV

—2.178 189(10)'
77.40+0.28 meV

79+2 meV'
75+5 meV

'300-term CI calculation.
Extrapolated result.

'Results if the present relativistic corrections are included.
Compared with the energy of He 1s 2s S at —2. 175 344 a.u. (Ref. 5) with 1 a.u. =27.207 91 eV.

'Quoted in Ref. 1 from B.Brehm, M. A. Cxusinow, and J. L. Hall, Phys. Rev. Lett. 19, 737 (1967).
V. A. Qparin et al. , Zh. Eksp. Teor. Fix. 66, 2008 (1974) [Sov. Phys. —JETP 39, 989 (1974)].
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TABLE III. The fine structure of He (1s2s2p ) I'.

(0,.&

(u, )
(H„)
Total (lIl 10 a.-u.)

(in cm ')

Manson (in cm )

'See Ref. 9.

0.5100
—0.879 6

0.094 0
—0.275 6
—0.06049
—0.0704

—0.3400
0.5864

—0.376 0
—0.129 6
—0.028 45
—0.0251

—0.850 0
1.4660
0.470 0
1.086 0
0.238 37
0.261

—0.1460
—0.032 02
—0.045 3

—1.2156
—0.2668
—0.286

to stimulate further experimental interest.
The perturbation operators for the fine structure are

coming from the spin-orbit, spin-other-orbit, and spin-
spln 1Iltcr'RctloIls. Thcsc Rrc

(10)
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where (LSL,S,
~
JJ, ) is the Clebsch-Gordan coefficient'

and ~LSL,S, ) ls the angular part of the wave function
obtained in the preceding section. To simplify the compu-
tation, the Wigner-Eckart theorem is also used. '

Thc lcsult of thc plcscnt calculRtlon ls glvcrl ln TRblc
III. It is interesting to note that the J=—,, —,, and —, lev-

els are completely inverted as predicted by Manson. The
fine-structure splitting is predicted to be —0.03202 and
—0.2668 CII1 fol' Es/2 EI/I and E3/2 -El /I ~ I'espectlve-ly.
The calculated splitting of the E5/2 E3/1 of tllls wolk
differs from that of Ref. 9 by about 30% but the differ-
ence between the two results for E&/2 El/1 is less tha-n

8%. In view of the approximate nature of the wave func-
tion used in Ref. 9 this agreement is rather remarkable.

The expectation value of these operators are calculated
in the I.SJ scheme. That is, the good quantum number J
is formed by

IV. SUMMARY

The purpose of this work is to provide a more accurate
relativistic correction to the energy of Bunge and Bungc,
thus, to obtain a more reliable electron affinity energy for
He 1s2s2p I'. To this end, we have used an accurate
nonrelativistic wave function to evaluate the relativistic
contributions. If the calculation presented in this work is
reliable, the electron affinity calculated by Bunge and
Bunge can be quoted with an uncertainty of +0.28 mcV
rather than the +0.5 meV given in Ref. 1.

The Lamb shift for low-Z atomic system is expected to
be small; it is not considered in this work. Since the elec-
tron affinity is the energy difference of the He ls2s S and
Hc 1s2s2p P states and the energy of He 1s2s S quoted
from Ref. 5 does not include the Lamb shift, the error on
thc calculated afflnlty ls probably ncgllglblc. Hcncc lf thc
nonrelativistic estimate from Ref. 1 is correct, the electron
affinity of He is 77.40+0.28 meV. It should be pointed
out here that the nonextrapolated result in this work
~ould be 75.56 meV.

To stimulate further experimental interest on the mea-
surement of very small fine-structure splitting of atomic
systems, the expectation value for the spin-orbit, spin-
other-orbit, and spin-spin operators are also calculated.
We hope these results can be compared with that of the
experiment in the near future.
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