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Application of the relativistic local-density approximation to photoionization
of the outer shells of neon, argon, krypton, and xenon
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Parameters describing the low-energy photoionization of the outer shells of the rare gases Ne, Ar,
Kr, and Xe have been calculated using a relativistic generalization of the time-dependent local-
density approximation. The resulting photoionization cross sections, angular-distribution asym-

metry parameters, and spin polarization parameters are presented here. The results are found to be
in good agreement with those from the relativistic random-phase approximation (RRPA), even

though the present theory is simpler, formally and computationally, than the latter. These results,
and those of the RRPA, are generally in good agreement with experiment, illustrating the utility of
the present approach to photoionization, especially for heavy atoms in which both relativistic and
correlation effects are important.

I. INTRODUCTION

The time-dependent local-density approximation
(TDLDA) developed by Zangwill and Soven' is a simple
yet powerful theory for the calculation of photoionization
cross sections. For atoms with high nuclear charge it has
been well established that spin-orbit interaction must be
taken into account. The spin-orbit interaction and other
relativistic effects are included in the relativistic time-
dependent local-density approximation (RTDLDA),
which is a relativistic generalization of the TDLDA.

The RTDLDA describes the linear response of an
atomic ground state to a time-dependent external field; it
is closely related to another linear-response theory, the re-
lativistic random-phase approximation (RRPA), ' which
is the relativistic version of the random-phase approxima-
tion [RPA—often called the RPA with exchange (RPAE),
as well as the time-dependent Hartree-Fock approxima-
tion]. " In the case of the RTDLDA the ground state is
described by the relativistic local-density approximation
(RLDA), ' ' while for the RRPA, the ground state of the

system is given by the Dirac-Fock (DF) approximation.
These two theories differ since the expressions for the
ground-state energy as a functional of the ground-state or-
bitals are different. The DF ground-state energy func-
tional contains the usual sum of one-electron, direct, and
exchange terms, whereas the RLDA functional contains
an estimate of the correlation correction to the energy as
well. In the RLDA expression both the exchange and
correlation terms are approximated as those of a homo-
geneous electron gas of the appropriate density. Since ex-
change and correlations are incorporated by a local poten-
tial, the RTDLDA is simpler than the RRPA. Details of
the RTDLDA and RRPA formalisms have been given in
the literature. An application of the RTDLDA to the
photoionization of Hg, and a description of the formalism
in the context of photoionization, have also appeared. '

In this paper we present the results of our calculations
of photoionization parameters in the RTDLDA for the
rare-gas atoms Ne, Ar, Kr, and Xe, and compare them
with the same parameters calculated in the RRPA ' '
and in certain cases with those calculated in the RPA by
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FIG. 1. Total photoionization cross section for Ne as a func-
tion of photon energy co. Experiment: ——- —,Marr and
West (Ref. 20); 0, Samson (Ref. 18); 0, Watson (Ref. 19).
Theory:, RTDLDA, this work; ———, RRPA,
Johnson and Cheng (Ref. 7).
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FIG. 2. Total photoionization cross section for Ar as a func-
tion of photon energy co. Experiment: ~, Marr and West
(Ref. 20); 0, Samson (Ref. 18); 0, Watson (Ref. 19). Theory:

, RTDLDA, this work; ———., RRPA, Johnson and
Cheng (Ref. 7).
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FIG. 3. Total photoionization cross section for Kr as a func-
tion of photon energy co. Experiment: ~, Marr and West
(Ref. 20); 0, Samson (Ref. 18). Theory:, RTDLDA, this
work; ———,RRPA, Johnson and Cheng (Ref. 7).

Amusia and Cherepkov' and by Cherepkov, ' as well as
with the corresponding experimental data. Although all
of the parameters have been calculated both in the
RTDI.DA and RRPA, we have restricted our attention
here to those quantities for which extensive experimental
data are available. Each of the sections II—VII of this pa-
per is dedicated to the discussion of a single photoioniza-
tion parameter for all four rare gases.

All calculations have been carried out in the dipole ap-
proximation. The photoionization differential cross sec-
tion for a subshell with quantum numbers n, l,j is given
by17

l

( a. u. )

FIG. S. Partial photoionization cross section of the 2s shell
of Ne as a function of the photon energy co. Experiment:
Marr and West (Ref. 20);f, Samson (Ref. 18);&~, Watson (Ref.
19). Theory:, RTDLDA, this work; —- ——,RRPA,
Johnson and Cheng (Ref. 7); —"—RPAE, Amusia and Cherep-
kov (Ref. 10).
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while in the cases of Kr and Xe, six more channels,

d ~nip OnIJ 1

dQ 4m 2
1 ——P„t~P2(coso)

Here 0 is the angle between the direction of the incident
photon and the outgoing photoelectron. The quantities
o„tt and P„tj are, respectively, the partial cross section and
the photoelectron angular-distribution asymmetry param-
eter for a given subshell. In the present analysis only
correlations between the outermost subshells are con-
sidered. For Ne and Ar, seven dipole excitation channels
are included,

1 )d 3/2 f5 /2 &P 3/2 ~P 1/2

1 )d 5 /2 ~f t/2 «f5 /2 ~12 3 /2 ~

are included.
The results obtained are not independent of the form of

the exchange-correlation potential used. In Sec. VIII a
comparison is made of three different exchange-
correlation potentials, and the particular choice made for
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FIG. 4. Total photoionization cross section for Xe as a func-
tion of photon energy co. Experiment: -. . ., West and Morton
(Ref. 21). Theory:, RTDLDA, this work;
RRPA, Johnson and Cheng (Ref. 7) ~

FIG. 6. Partial photoionization cross section of the 3s shell
of Ar as a function of the photon energy co. Experiment: ~~, Tan
and Brion (Ref. 24); f and/, Adam et al. (Ref. 25), scaled by to-
tal cross section from Marr and West (Ref. 20), and Samson
(Ref. 18), respectively. Theory:, RTDLDA, this work;
—~ ——,RRPA, Johnson and Cheng {Ref.7).
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the applications consi. dered here, the Perdew-Zunger po-
tential, is justified.

2.2

The total RTDLDA cross sections for Ne, Ar, Kr, and
Xe are presented in Figs. 1—4, respectively, where the
RTDLDA results are compar ed with the theoretical
RRPA results"' and with experimental data. '

The RTDLDA curve for the total cross section of Ne,
shown as the solid line in Fig. 1, has some structure in the
region of its maximum. This structure is due to the onset
of the contribution of the 2s shell. In the case of the
RTDLDA this onset is not as pronounced as in the
RRPA case, shown as the dashed curve, where a sharp
rise appears at the 2s threshold. For both the RTDLDA
and the RRPA, the threshold of a particular subshell is
the negative of the eigenvalue of the corresponding one-
electron orbital equation. ' The RLDA eigenvalue is
larger (less negative) than the DF eigenvalue. This results
in an overall shift to lower energy of the RTDLDA curve
with respect to that of the RRPA. We note that the
RTDLDA provides a very good description of the total
experimental cross section of Ne' except in the region
near the maximum.

In the case of Ar, shown in Fig. 2, both the RRPA and
RTDLDA are in good agreement with the existing mea-
surements' away from the threshold. This behavior is
repeated for Kr as shown in Fig. 3, although the
dlscrcpanclcs betwccn the RTDI DA and thc cxpcriIncntal
mcasur cIIlcnts ' diminish appI'cclably fol Kr as com-
pared with Ne and Ar.

For Xe, as seen in Fig. 4, the agreement of both the
RTDLDA and the RRPA with recent experimental data '

is, contrary to the previous cases, better near the threshold
than away from it. In the region of energies farther away
from the threshold (starting at about 5 a.u. ) both the
RTDLDA and the RRPA results agree well with experi-
mental data. For energies above the energy of the cross-
section minimum (about 2 a.u.), the contribution to the to-
tal cross section comes mainly from the 4d shell. The
broad maximum of the Xe 4d cross section between about
2.5 and 5 a.u. ls sometimes lntcI'pI'ctcd as 8 collcctlvc I"cs-

onance. It is to be noted that both the RTDLDA and
the RRPA reproduce the general shape of the total experi-
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mental cross-section curve, although discrepancies remain
between the theories and experiment.

In Figs. 5—7 we present the RTDLDA cross-section
contributions of the ns shells for Ne, Ar, Kr, and Xe,
respectively, and compare them with the RRPA results,

well as with experimental data 18—20, 24 —28 The
RTDLDA calculation for Ne, shown in Fig. 5, is seen to
be larger than the experimental measurements by a
factor of approximately 2 throughout the interval of ener-
gies. The RRPA, on the other hand, underestimates the
partial cross section, although by a smaller factor and
over a more limited range of energies. For higher energies
the RRPA is in reasonable agreement with experiment.
The RPAE of Amusia and Cherepkov, ' shown here in
the dashed —double-dotted curve, is in better agreement
with experiment. The agreement of the RPAE results
with experiment may be fortuitous, since alternative non-
relativistic RPAE calculations by Chang are in very
good agreement with the RRPA.

In the case of Ar, the partial cross section of the 3s
shell, shown in Fig. 6, has a Cooper minimum near 1.5
a.u. ,' thc RTDLDA ls lIl gcncI'81 agreement with thc mea-
sured data' ' ' ' near the mlnlmum, but again overestl-
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FIG. 8. Branching ratio or the np shells of Ar and Kr as a
function of photon energy m Experiment: ——,Samson et al.
(Ref. 30). Theory: —,RTDLDA, this work;
RRPA, Johnson and Cheng (Ref. 7).
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FIG. 7. Partial photiomzation cross section of the 55 shell of
Xe as a function of the photon energy co. Experiment: 0, Sam-
son and Gardner (Ref. 26); 0, Gusstafson (Ref. 27); 0 Fahlman
et al. (Ref. 28). Theory:, RTDLDA, this work; ———„
RRPA, Johnson and Cheng (Ref. 7).
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FIG. 9. Branching ratio of the 5p shell of Xe as a function of
photon energy co. Experiment: f, Krause et al. (Ref. 31).
Theory:, RTDLDA, this work; ———,RRPA, Johnson
and Cheng (Ref. 7).
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mates the cross section near the subsequent maximum.
The RRPA is found to be in better agreement with the
somewhat indecisive experimental data.

We have not illustrated the Kr 4s cross section calculat-
ed in the RTDLDA because of the lack of experimental
measurements: only one data point has been published in
the literature. It will therefore suffice to mention that
the RTDLDA and RRPA calculations of cr4, for Kr ex-
hibit the same behavior as for Ar and Xe. The RTDLDA
provides an excellent description of the Xe 5s cross sec-
tion in the region of the minimum, as shown in Fig. 7, al-
though again it overestimates experimental values at
higher energies.

IV. BRANCHING RATIOS
OF THE np SUBSHELLS

The ratio of the partial cross sections of the np»2 and

np»2 components of the np shell, the branching ratio,
provides an interesting and detailed test of photoioniza-
tion theories, since nonrelativistically this ratio has the
energy-independent value of 2, and therefore any structure
seen in the branching ratio is due to relativistic (mainly
spin-orbit) effects.

The RTDLDA branching ratio for the 2p shell of Ne
is, to within a few percent, uniformly equal to the nonrel-
ativistic ratio of 2, as one expects for a light atom where
relativistic effects are very small. The RTDLDA branch-
ing ratios for the Ar 3p and Kr 4p subshells, shown in
Fig. 8, and the corresponding RRPA results, are notably
different from the constant value of 2. Although both
theories give somewhat different results for lower ener-
gies, the general trends and shapes of the corresponding
curves are similar, except in the vicinity of the thresholds.
The RRPA results agree better with the measured values
near the thresholds, 1.93 for Ar and 1.77 for Kr, than
the results of the RTDLDA.

The theoretical branching ratios for the Xe 5p subshell
are compared with recent experimental data ' in Fig. 9. A
feature which is apparent in Fig. 9 is that autoionizing
resonance structure is absent in the RTDLDA curve. The
RRPA curve, on the other hand, exhibits some of the ex-
perimentally observed resonance structure in the vicinity
of the thresholds of the 4d3/2 and 4d»2 subshells. The
absence of resonances in the RTDLDA is due to the phys-
ically incorrect behavior of the exchange-correlation po-
tential at large distances. The one-electron potential in
the RTDLDA becomes neutral asymptotically, while in
the RRPA it approaches the ionic Coulomb potential.
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FIG. 10. Averaged angular-distribution asymmetry parame-
ter of the 2p shell of Ne as a function of photon energy co. Ex-
periment: ), Codling et al. (Ref. 33);$, Dehmer et al. (Ref. 32);

Wuilleumier and K ra use (Ref. 34). Theory:
RTDLDA, this work; ———,RRPA, Johnson and Cheng
(Ref. 7).

is plotted for Ne in Fig. 10 and for Ar in Fig. 11. The
theoretical curves are compared with the measured values
(Ne, Refs. 32—34; Ar, Refs. 32 and 35) in the same fig-
ures. Both the RRPA and RTDLDA give results for Ne
and Ar in good agreement with measurements.

Since relativistic effects are noticeable for Kr and Xe,
the RTDLDA results and the RRPA results are plotted
for individual np3/2 and np~~2 subshells in Fig. 12 for Kr
and in Fig. 13 for Xe, where they are compared with mea-
sured data (Kr, Refs. 32, 36, and 37; Xe, Ref. 31). Both
the RTDLDA and RRPA results are again in good agree-
ment with the experimental measurements for Kr and Xe.

VI. PHOTOELECTRON ANGULAR-DISTRIBUTION
ASYMMETRY PARAMETER FOR ns SUBSHELLS

It is interesting to observe the development of relativis-
tic effects in the asymmetry parameter for the ns shell of
a rare-gas atom. Relativistically, p~ departs from the
predicted nonrelativistic constant value of 2 whenever the
amplitude of the excited triplet state, which vanishes in
the nonrelativistic case, is not small compared with the
amplitude of the excited singlet state. This generally
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V. PHOTOELECTRON ANGULAR-DISTRIBUTION
ASYMMETRY PARAMETERS FOR np SUBSHELLS

The values of the angular-distribution asymmetry pa-
rameters p„P and p„P, of the two np subshells of Ne

and Ar are very close to one another due to small rela-
tivistic effects. Therefore, only the weighted-average
asymmetry parameter
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FIG. 11. Averaged angular-distribution asymmetry parame-
ter of the 3p shell of Ar as a function of photon energy co. Ex-
periment:]&, Houlgate et al. (Ref. 35); i~, Dehmer et al. (Ref.
32). Theory:, RTDLDA, this work; ———,RRPA,
Johnson and Cheng (Ref. 7).
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FIG. 14. Angular-distribution asymmetry parameter of the
4s shell of Kr as a function of photon energy ~. Experiment: ~~,

Fahlman et al. (Ref. 38);&I, Derenbach and Schmidt (Ref. 39).
Theory:, RTDLDA, this work; ——~ —,RRPA,
Johnson and Cheng (Ref. 7).

FIG. 12. Angular-distribution asymmetry parameter of the

4p&/2 (upper panel) and 4p3/2 (lower panel) subshells of Kr as a
function of photon energy co. Experiment: 0, Krause et al.
(Ref. 36);&i, Miller et al. (Ref. 37);), Dehmer et al. (Ref. 32).
Theory:, RTDLDA, this work; ———,RRPA, Johnson
and Cheng (Ref. 7).

occurs near the Cooper minimum, where the singlet arn-

plitude is small.
Values of the asymmetry parameter p for Ne predict-

ed by both the RRPA and RTDLDA are found to be very
close to 2, since there is no 2s Cooper minimum for Ne.
For the other atoms considered, p drops below 2 near
the Cooper minimum. The minima in the curves for P„,
in the RTDLDA are found to be shallower than those
predicted by the RRPA. For example, the minimum in

p~ for Ar calculated in the RTDLDA (p»;„——1.99)
is extremely shallow compared to the corresponding

minimum found in the RRPA (P3, ;„——1.6).
Comparison of the theoretical results for Kr shown in

Fig. 14, with the very recent measurements of Fahlman
et al. and Derenbach and Schmidt favors the present
RTDLDA calculations over the RRPA, although there is
still appreciable disagreement.

The comparison between the RTDLDA and recent pre-
cision measurements ' is even more favorable in the
case of xenon, as shown in Fig. 15. The RTDLDA results
are in good agreement with experimental data,
whereas the RRPA, although predicting the general
behavior seen experimentally, overestimates the depth of
the minimum in P~.

There are some physical effects, not accounted for by
the RRPA, which may explain the discrepancy of the
RRPA with the experimental data for the asymmetry pa-
rameter p of Kr and Xe around the Copper minimum.
As suggested by Wendin and Starace in their analysis of
Xe Ss photoionization, interactions between photoioni-
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FIG. 13. Angular-distribution asymmetry parameter of the

5p)/2 (upper panel) and 5p3/2 (lower panel) subshells of Xe as a
function of photon energy co. Experiment: 1&, Krause et al.
(Ref. 31). Theory:, RTDLDA, this work;
RRPA, Johnson and Cheng (Ref. 7).
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FIG. 15. Angular-distribution asymmetry parameter of the
Ss shell of Xe as a function of photon energy co. Experiment: 4i,

Dehmer and Dill (Ref. 40);&&, Fahlman et al. (Ref. 29);f, Deren-
bach and Schmidt (Ref. 41); &( White et al. (Ref. 42). Theory:

, RTDLDA, this work; ———,RRPA, Johnson and
Cheng (Ref. 7).
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zation main lines and satellites could be a possible reason
for this discrepancy, since this interaction is usually very
small, but may have measurable effects when the dom-
inant photoionization transition amplitude is small. The
RTDLDA includes such interactions in an average way.
Another possible explanation for the discrepancy between
theory and experiment is the neglect of the electric quad-
rupole contribution to the transition amplitude as dis-
cussed by Wang et al. They have found that in pho-
toionization of the Ss shell of Sn, interference of dipole
and quadrupole transition amplitudes leads to a signifi-
cant correction to the pure dipole results for the differen-
tial cross section in the neighborhood of the cross-section
minimum. Neither the RRPA, nor the RTDLDA calcu-
lations performed to date include the contribution of elec-
tric quadrupole transitions.
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VII. SPIN POLARIZATION
OF PHOTOELECTRONS

The photoelectron spin polarization may be expressed
in a rectangular coordinate system with the z axis coincid-
ing with the direction of the photoelectron momentum p,
the y axis coinciding with the direction of the vector
(k Xp), k being the photon momentum, and the x axis

coinciding with the direction of the vector (k)& p) && p.
The components of spin polarization of photoelectrons
ejected by incident circularly polarized light are expressed
in terms of the three spin-polarization parameters g, g,
and g,

"
P„=+(sin8/F(8),

P~ =g sin8 cos8/F(8),

P, = +g cos8/F(8 ),

FIG. 17. Spin-polarization parameter of the 4pl/2 (upper
panel) and 4p3/2 (lower panel) subshells of Kr as a function of
photon energy co. Experiment: ~, Heinzmann et al. (Ref. 46).
Theory:, RTDLDA, this work; ———,RRPA, Huang
et al. (Ref. 14).

F(8)= 1 ——,PP2(cos8),

where 0 is the angle between the photoelectron and pho-
ton momenta, and where the plus and minus signs indi-
cate positive and negative helicity, respectively.

We have considered here the spin polarization of pho-
toelectrons from Ar, Kr, and Xe by unpolarized light, in
which case only the polarization component P~ is nonvan-
ishing. In Figs. 16—18 the results of our RTDLDA cal-
culations of the parameter g for np subshells are present-
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FIG. 16. Spin-polarization parameter of the 3pl/2 (upper
panel) and 3p3/2 (lower panel) subshells of Ar as a function of
photon energy co. Experiment:, Heinzmann et al. (Ref. 46).
Theory:, RTDLDA, this work; ——.—,RRPA, Huang
et al. (Ref. 14); ———,RPAE, Cherepkov (Ref. 16) with sign
reversed.

FIG. 18. Spin-polarization parameter of the Sp~/2 (upper
panel) and Sp3/2 (lower panel) subshell of Xe as a function of
photon energy co. Experiment:, Heinzmann et al. (Ref. 47).
Theory:, RTDLDA, this work; ———,RRPA, Huang
et al. (Ref. 14); —"—,RPAE, Cherepkov (Ref. 16) with sign re-

versed.
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ed, respectively, for Ar, Kr, and Xe, together with the
RRPA results, ' and with the experimental data (Ar and
Kr, Ref. 46; Xe, Ref. 47). The theoretical results from the
nonrelativistic RPAE calculations of Cherepkov' for Ar
and Xe are also presented in Figs, 16 and 18.

It is seen from the comparisons in Figs. 16—18 that the
RTDLDA results agree with experimental data as well as
the RRPA. The nonrelativistic RPAE results' for Ar
and Xe are also seen to be in good agreement with both
the relativistic calculations and with the experimental
measurements.
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VIII. COMPARISON OF EXCHANGE-CORRELATION
POTENTIALS
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FIG. 19. Angular-distribution asymmetry parameter of the
Ss shell of Xe as a function of photon energy co. Experiment: &&,

Dehmer and Dill (Ref. 41);$, White et al. (Ref. 42); ~, Fahl-
man et al. (Ref. 28); 0, Derenbach and Schmidt (Ref. 40).
Theory:, RTDLQA with Perdew-Zunger exchange-
correlation potential, this work; ———,RTDLDA with
Gunnarsson-Lundqvist exchange-correlation potential, this
work; . , Ramana-Rajagopal exchange-correlation potential,
this work; ———., RRPA, Johnson and Cheng (Ref. 7) ~

We have mentioned in the Introduction that the pho-
toionization parameters are not independent of the
exchange-correlation potential used. To illustrate the sen-
sitivity of the RTDLDA to the choice of the exchange-
correlation potential, we show in Fig. 19 three calcula-
tions of the parameter P„, for Xe using three different
parametrizations of the exchange and correlation poten-
tials. The Gunnarsson-Lundqvist potential, used to cal-
culate the dashed curve, treats exchange in the Kohn-
Sham approximation and correlation semiempirically.
Exchange is also treated in the Kohn-Sham approxima-
tion in the Perdew-Zunger case, which is used to obtain
the solid curve in Fig. 19; however, the correlation poten-
tial, while still semiempirical, has the more elaborate
parametriz ation, given by Perdew and Zunger, of
Ceperley's data. (We have not included the self-
interaction connection suggested by Perdew and Zunger. )

Finally, the Ramana-Rajagopal exchange-correlation po-
tential, which is used to produce the dotted curve in Fig.

FIG. 20. Branching ratio of the Sp shell of Xe as a function
of energy co. Experiment: &&, Wuilleumier et al. (Ref. S2).
Theory: RTDLDA with Perdew-Zunger exchange-
correlation potential, this work; —.—~ —,RTDLDA with
Gunarson-Lundquist exchange-correlation potentia1, this work;
~ ~, Ramana-Rajagopal exchange-correlation potential, this
work; ———,RRPA, Johnson and Cheng (Ref. 7).

19, is derived from first principles. ' ' ' Here the ex-
change includes the frequency-dependent Breit correction
to the nonrelativistic Kohn-Sham approximation. The
correlation potential used in the Ramana-Rajagopal case
is the relativistic generalization of the ring sum correla-
tion potential calculated by von Barth and Hedin. ' Al-
though the oldest single measurement of P5, (Ref. 41) lies
on the RRPA curve, which is shown as the dashed-dotted
curve in Fig. 19, the present RTDLDA results for all
three exchange-correlation potentials are closer to the
more recent measurements ' of P&, than the RRPA re-
sults.

In Fig. 20 a similar comparison between the three
choices for exchange-correlation potential and experiment
is made for the Sp branching ratio of Xe. The
Gunnarsson-Lundqvist potential leads to predictions that
depart appreciably from predictions of the Perdew-Zunger
and Ramana-Rajagopal models. We interpret the con-
sistency between the predictions of the latter two choices
of exchange-correlation potentials as an indication of their
essential correctness: they have been determined by two
very different techniques and yet yield results in excellent
agreement. The remaining discrepancies between the cal-
culations made using the Ramana-Rajagopal and
Perdew-Zunger potentials may be ascribed principally to
the difference in treatment of relativistic effects. Given
the precision of experimental technique it is impossible to
state a preference for either. We have therefore arbitrarily
chosen the Perdew-Zunger parametrization.

Relativistic corrections to the exchange-correlation po-
tential increase in importance with increasing atomic
number. It is possible, therefore, that studies of photoion-
ization for elements heavier than Xe can provide a clearer
indication of which potential is most appropriate for stud-
ies of excitations of atomic systems. Such a study
remains to be undertaken.
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