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The theory of spin exchange between optically pumped alkali-metal atoms and noble-gas nuclei is
presented. Spin exchange with heavy noble gases is dominated by interactions in long-lived van der
Waals molecules. The main spin interactions are assumed to be the spin-rotation interactions yﬁg
between the rotational angular momentum N of the alkali-metal—noble-gas pair and the electron
spin S of the alkali-metal atom, and the contact hyperfine interaction aK-S between the nuclear
spin K of the noble-gas atom and the electron spin S. Arbitrary values for K and for the nuclear
spin I of the alkali-metal atom are assumed. Precise formal expressions for spin transfer coeffi-
cients are given along with convenient approximations based on a perturbation expansion in powers
of (a/yN)?, a quantity which has been shown to be small by experiment.

I. INTRODUCTION

In this paper we discuss the theory of polarization
transfer between the electron spins of alkali-metal atoms
and the nuclear spins of noble-gas atoms in a gas. In
1960, Bouchiat, Carver, and Varnum! showed that the an-
gular momentum could be transferred from the electron
spins of optically pumped Rb atoms to the nuclear spins
of *He in a gaseous mixture of the two elements. Unfor-
tunately, the exchange times were extremely long, on the
order of days, and the spin-exchange optical-pumping
method was set aside in favor of the method of metasta-
bility exchange®® where *He nuclei were polarized by hy-
perfine interactions with the electrons of the S metastable
state which have been polarized by optical pumping with
1.08-um radiation. Leduc et al.*> have shown that it is
also possible to polarize the nuclei of 2'Ne by optically
pumping the metastable states of neon and allowing
metastability exchange collisions to carry the polarization
to ground-state atoms. Presumably, similar polarization
methods could work for other noble gases. A serious lim-
itation to the method of metastability exchange is the
need to operate at low gas pressures, a few Torr in the
case of *He and a small fraction of a Torr for the heavier
noble gases. Collisional decoupling of the fine structure
in 3He degrades the optical-pumping efficiency and col-
lisional spin depolarization of the metastable states is a
serious problem for the heavier noble gases. In contrast,
the method of spin exchange with optically pumped
alkali-metal atoms can be expected to work well at gas
pressures of an atmosphere or more.

Renewed interest in spin-exchange optical pumping of
noble-gas nuclei was generated when Grover® showed that
the nuclei of '»*Xe could be polarized with remarkable ef-
ficiency by spin exchange with optically pumped Rb
atoms. Subsequent work’~° has shown that spin-
exchange rates between alkali-metal electron spins and the
nuclei of heavy noble gases are completely dominated by
interactions in van der Waals molecules. The basic pro-
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cess is illustrated in Fig. 1. A Rb atom and a Xe atom
collide in the presence of a third body, a N, molecule in
this example, and form a weakly bound van der Waals
molecule. The molecule evolves freely for a time 7 until it
is broken up by a collision with a second N, molecule.
During the relatively long molecular lifetime 7 the weak
coupling between the electron spin S of the alkali-metal
atom, the rotational angular momentum N (not shown) of
the molecule and the nuclear spin K of the noble-gas atom
causes S to flip down and K to flip partway up. In con-
trast to electron spin exchange between S/, atoms (alkali
metals, H atoms, etc.), where the total electron spin of the
colliding pair is very nearly conserved, only a small frac-

FIG. 1. Alkali-metal-atom—noble-gas molecules are formed
in three-body collisions at a rate (T, »)~! per alkali-metal atom
and ( Tx)~! per noble-gas atom. They are broken up at a rate of
(7)~! by collisions with other atoms or molecules.
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tion (<10%) of the spin lost by the alkali metal is
transferred to the noble-gas nucleus. The rest is lost to N,
the rotational motion of the alkali-metal atom and the
noble-gas atom about each other.

It is noteworthy that the spin-exchange rates are ex-
tremely slow for noble gases in alkali-metal vapors be-
cause of the weakness of the spin interactions and the in-
frequency of three-body collisions. For example, the
electron-electron spin-exchange rate constant for an
alkali-metal atom in an alkali-metal-atom vapor is on the
order of 10~° cm® sec™!. The nuclear-electron spin-
exchange rate constant for a noble-gas atom in an alkali-
metal-atom vapor is at most 10~'* cm® sec™! (for
129%eRb at about 15 Torr N, pressure) and the rate con-
stant depends strongly on the third-body pressure.

Since the principal experimental facts about spin-
exchange optical pumping of noble-gas nuclei are not
widely known, we thought it would be useful to briefly re-
view some of them here. A sketch of a typical apparatus
used in our laboratory!® is shown in Fig. 2. A source of
pumping light which in Fig. 2 is a resonance lamp, but
which can also be a tunable laser, is circularly polarized
and is used to pump the D, transition of an alkali-metal
atom. The time required to polarize the noble-gas nuclei
depends on the cell temperature and on the gas pressure
and composition in the cell. A few minutes of pumping
are usually necessary. After the noble-gas nuclei are po-
larized, the subsequent evolution of the polarization can
be monitored by removing the circular polarizer from the
lamp and observing the circular dichroism of the vapor
for D, resonance light. As indicated in Fig. 2, it is useful
to adiabatically invert the nuclear spins of the noble-gas
nuclei from time to time during the decay to eliminate
problems due to slow drifts in the response of the detec-
tion system. A representative decay curve is shown in
Fig. 3. By analyzing the data of Fig. 3 we find that the
12Xe nuclei decay at a rate of 5.5 1073 sec™! after a
loss of about 1% of the nuclear polarization per spin in-
version has been taken into account. In Fig. 4 we show
the measured dependence of the intrinsic decay rate of the
noble-gas nuclear polarization on the alkali-metal atomic
density, as deduced from the cell temperature and saturat-
ed vapor pressure formulas. Note that the noble-gas
spin-polarization rate depends linearly on the alkali-metal
number density. We may thus interpret the intercept of
the curve in Fig. 4 as the relaxation rate due to collision
with the walls. In Fig. 5 we show how the alkali-metal-
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FIG. 2. Main parts of an apparatus to study spin-exchange
optical pumping of noble gases. Detailed description of the ap-
paratus is contained in the text and in Ref. 10.
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FIG. 3. A representative relaxation curve of '*Xe nuclear
spins in a cell containing 1 Torr '**Xe, 35 Torr N,, and a few
droplets of 3Rb metal. Cell temperature was 70.2°C; the decay
time of 181 sec is due to collisions with Rb atoms and with the
cell walls. Each spin inversion destroys about 1% of the spin
polarization.

induced relaxation depends on the third-body gas pres-
sure, measured in units of a characteristic pressure p,
which is discussed in more detail in connection with Eq.
(156). The relaxation rate is a maximum at a pressure of
about 15 Torr of N, and the rate diminishes for higher or
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FIG. 4. Dependence of the '*Xe spin-relaxation rate on the
8Rb number density in an uncoated Pyrex cell containing 21
Torr of N, and in a silicone-coated Pyrex cell containing 14.9
Torr of N,. Wall-induced relaxation rate is the intercept at
[Rb]=0. Silicone-coated cells have much longer wall relaxation
times for '2Xe than uncoated cells (Ref. 10).
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FIG. 5. Dependence of the ®’Rb-induced relaxation rate of
129Xe spins on third-body pressures for cells containing + Torr
1%Xe and operated at a temperature of 75°C where [Rb] =10

—3. Solid line is calculated from formula (82) (Ref. 11).

lower third-body pressures. Essentially the same relaxa-
tion rates are observed with He or N, as third bodies pro-
vided that the helium pressure is 1.6 times greater than
the N, pressure.!! Finally, in Fig. 6 we show the depen-
dence of the alkali-metal-induced relaxation rate on the
external field.” The relaxation rate is slowed down to
values close to the wall-induced rate when a magnetic
field of a few hundred gauss is applied to the sample. The
width of the magnetic slowing-down curve increases with
the third-body pressure. Data such as those of Fig. 6
show unequivocally that the relaxation of the noble-gas
nuclear spins is completely dominated by long-lived van
der Waals molecules. If the relaxation were caused by
binary collisions, with correlation times on the order of
10~ sec, magnetic fields on the order of 10° G would be
needed to slow down the relaxation rate. Figure 6 shows
that the correlation times of the interaction responsible
for spin relaxation are on the order of 10~ sec, the Lar-
mor period of an electron spin in a field of 100 G. This
long correlation time is almost certainly the collisionally
limited lifetime of a van der Waals molecule.

Spin interactions between alkali-metal and noble-gas
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FIG. 6. Dependence of the *Rb-induced relaxation rate of
129X e spins on the magnitude of an external magnetic field H.
Relaxation rate slows down substantially for fields of a few hun-
dred gauss. Higher magnetic fields are needed to slow down the
relaxation rates in cells with higher gas pressure (Ref. 9).
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atoms also lead to significant polarization-dependent
shifts in the magnetic resonance frequencies of the spins.
Grover® has developed a widely used method to detect the
spin polarization of noble gases at very small magnetic
fields by observing the shifts which they produce in the
magnetic resonance frequencies of alkali-metal atoms. A
related method which works at large magnetic fields has
been developed by McClelland.!?> A major advantage to
the frequency-shift methods is their sensitivity to spin in-
teractions of such short duration that negligible transfer
of longitudinal spin occurs. Thus the frequency-shift
method is especially useful for observing the effects of
binary collisions. A disadvantage of frequency-shift
methods is their great sensitivity to magnetic field fluc-
tuations. A substantial investment in magnetic shielding
is necessary for the successful application of frequency-
shift methods.

In this paper we present the basic theory of spin ex-
change between alkali-metal atoms and noble-gas nuclei.
We have made extensive experimental studies of spin-
exchange optical pumping of noble-gas nuclei during the
past several years and the development of the theory has
been guided and constrained by experimental facts. A
particularly important experimental result is that the
spin-rotation interaction is usually much larger than the
spin-exchange interaction. We have carried out experi-
ments on the alkali-metal atoms '**Cs, 3°Rb, 8’Rb, and
3K with nuclear spins ==, 3, 3 and 3, respectively.
We have also investigated 'Xe and *!'Xe with nuclear
spins K =+ and 5. Consequently the theory has been
cast in a form for which I and K are free parameters. We
have also adhered as closely as possible to the notation of
Bouchiat et al.!*'* who first recognized the importance
of van der Waals molecules for the spin relaxation of
alkali-metal atoms in heavy noble gases but who did not
address the question of spin-exchange polarization and re-
laxation of noble-gas nuclei. The theory presented here
reduces to that of Bouchiat et al.!* when the noble-gas
nuclear spin KX is zero.

Since our own experiments have been mostly concerned
with isotopes of xenon where the spin relaxation is com-
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pletely dominated by van der Waals molecules, we have
stressed the relaxation due to molecules in this paper.
However, we do discuss the simpler situation of relaxation
due to binary collisions in Sec. X.

We derive formal expressions for spin-transfer and
spin-relaxation rates of general validity but of such com-
plexity that solutions by electronic computers are needed
to compare with experiment. One goal of this paper has
been to present simpler, easily evaluated formulas which
are in good agreement with exact numerical results in
clearly defined regimes of applicability. These regimes
are delimited by the molecular breakup rates 7~! which
are equal (when multiplied by #) to certain terms in the
spin Hamiltonian. An overview of the main physical
properties of these regimes and of the sections of the pa-
per devoted to each regime is contained in Fig. 7.

II. BASIC THEORY

The simplest spin Hamiltonian which is consistent with
currently known data on spin relaxation and spin transfer
in mixtures of alkali-metal vapors and noble gases is

H=AT1S+yNS+aK-S+gsusBS
+&upB 1 +gxupBK+ -+ . (1

The physical significance of the various angular momen-
tum vectors of (1) is illustrated in Fig. 8. The electronic

B 1z 4§

FIG. 8. Interacting spins of an alkali-metal—noble-gas van
der Waals molecule. Nuclear spins of the alkali-metal and
noble-gas atoms are denoted by I and K, respectively. Electron
spin of the alkali-metal atom is S and the rotational angular
momentum of the molecule is N. An external field B adds vec-
torially to the internal spin-rotation field to produce a net rota-
tion velocity w for the electron spin S of an alkali-metal atom
without hyperfine structure. For alkali-metal atoms with a nu-
clear spin I the total angular momentum F rotates at a velocity
+w/(2I +1) about & for F =I++. Finally, the nuclear spin K
of the noble gas rotates at a velocity +wm,/[x(2I+1)] about @
where m; is the azimuthal quantum number of F and
x =y N /a is the Breit-Rabi field parameter defined in Eq. (55).
Experiments show that x?>> 1 for many alkali-metal—noble-gas
pairs.

spin S of the alkali-metal atom in the molecule is coupled
to the nuclear spin T of the alkali-metal atom by the
magnetic dipole interaction AT-S. The electron spin of
the alkali-metal is also coupled to the rotational angular
momentum N of the molecule by the spin-rotation in-
teraction yﬁ-g. The nuclear spin of K of the noble-gas
atom is coupled to the electron spin of the alkali metal by
the magnetic dipole interaction aK-S. An external mag-
netic field B couples to the magnetic moments of S, 1,
and K as shown in (1). The g factors gr and gx will be
some 3 orders of magnitude smaller than gg. All of the
coupling coefficients 4,7,a,. .. will depend somewhat on
the vibrational and rotational state of the van der Waals
molecule or on the intermolecular separation and velocity
of an unbound colliding pair. We shall understand that
subsequent formulas are to be averaged over appropriate
molecular quantum states or collisional parameters.

In the conventional notation introduced by Frosch and

Foley"® the magnetic dipole hyperfine coupling is written
in the form
Hdipole =bK§+CKRSR N (2)

where K and SR are prOJectlons of the angular momen-
tum operators K and S along the internuclear axis R. In
subsequent calculations of spin-relaxation and spin-
transfer processes it will be more convenient to write the
interaction (2) as the sum of purely scalar and purely ten-
sor parts

- —

Hdimlezaﬁ'§+c KrSgr— K3.S ) (3)

where the relationship between a and the conventional
Frosch-Foley parameters is

a=b++<. @)
3
We expect the purely scalar interaction aK-S to be rela-
tively large in a van der Waals molecule because of the
substantial overlap of the alkali-metal valence electron
wave function with the noble-gas nucleus, as discussed by
Herman.'®
The purely tensor interaction is less effective in causing
spin transfer and spin relaxation than the scalar interac-
tion. For example, one can show that for binary collisions
or for short-lived molecules the relaxation rates of (K, )
due to the two interactions are in the ratio

R tensor 62

%scalar B 18(12

(5)

Although no direct information about the tensor interac-
tion is available for alkali-metal—noble-gas van der Waals
molecules, Herman!® states, without giving numbers, that
the tensor interaction is small relative to the scalar in-
teraction for alkali-metal—noble-gas pairs. In this con-
nection it is interesting to note that Childs, Cok, and
Goodman'’” have made very precise spectroscopic studies
of molecules like CaCl which are well described by the
ionic structure Ca*Cl~. This ionic molecule is isoelect-
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ronic to the van der Waals molecule KAr and it has the
same 23 ,, ground-state symmetry. If the scalar and ten-
sor coupling coefficients have similar relative sizes in
alkali-metal—noble-gas molecules as in the alkaline-
earth—halogen molecules studied by Childs et al.'’ there
will be negligible contribution to the relaxation and spin-
transfer processes from the tensor interaction. For exam-
ple, in CaCl, Childs et al. 17 measure b =19.2 MHz and
c¢=12.5 MHz, and therefore (5) implies that less than 2%
of the relaxation of (K,) would be caused by the tensor
interaction. We have therefore omitted the tensor interac-
tion from the Hamiltonian (1), and we shall ignore the
contribution of the tensor interaction to the various spin-
transfer rates in the subsequent discussions.

The rotational angular momentum N of (1) is typically
on the order of 100 and it is so large compared to the oth-
er spins in the problem that we may regard N to be a
fixed classical vector during the molecular lifetime which
is limited by collisions to about 10~7 sec at 1 Torr of gas
pressure. For convenience we introduce a rotation fre-
quency

(6)

3

CT; 1=
to represent the effect of Non S. In a like manner we in-

troduce the rotational frequency due to the external field
B:

B
gsl;B ) el

These frequencies are sketched in Fig. 8 along with their
vector sum

Bo=

B=Bo+ @, =0t , (8)

where 2 is a unit vector along the direction of &. Note
that we may now write (1) as

H=A1S+#%0S;+aK-S+gup 1 B+gpusKB4 - .
)

We shall find it convenient to introduce a laboratory
coordinate system (x,y,z) whose z axis lies along the
direction of the external magnetic field B. The laboratory
system will be used to describe the results of experimental
measurements. We shall also find it convenient to intro-
duce an orthonormal coordinate system (£,%,£) with the &
axis defined by (8). As is shown in Fig. 8, the ¢ axis is
tilted by an angle 3 from the z axis. We see that the
molecular Hamiltonian (9) is axially symmetric about & if
we ignore the very small terms involving g; and gk, and it
will therefore be expedient to calculate wave functions of
(9) in the (&,7,8) coordinate system.

It will be convenient to calculate the spin-transfer and
spin-relaxation rates in the interaction picture,m’19 i.e., in
a system for which the density matrices of the spins
would be time independent if there were no interactions
between the alkali-metal and noble-gas atoms. If an
alkali-metal atom and a noble-gas atom are so far apart
that they do not interact with each other the Hamiltonian
H, for the noninteracting pair would be
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H,=AT-S+gsupBS, +g1upBl, +gxupBK, .  (10)

The interaction-picture density matrix o is related to the
Schrodinger picture density matrix p by

p=U,oU; ", (11)

where the evolution operator U, is related to the nonin-
teracting Hamiltonian (10) by

U, =exp(—iH,t/#) . (12)

Since the alkali-metal atom and the noble-gas atom
form molecules very infrequently, typically once every
hundred seconds for a noble-gas atom, and since the more
frequent binary collisions are of very short duration, typi-
cally 10™!2 sec, it is an excellent approximation to write
the density matrix of an alkali-metal—noble-gas pair at
the instant of molecular formation, or just before a binary
collision, as

O0=0ORpOXe - (13)

The initial density matrix (13) will evolve, after a time ¢,
to

0eo=U,UooU™'U, , (14)

where U, was defined in (12) and the evolution operator
for an interacting pair as

U =exp(—iHt /%) . (15)

Then the rate of change of some observable quantity M,
for example, the spin K, of a noble-gas nucleus, is

d 1
at ‘M) =Ty Tilloe—ooM]
1
= Tr[(M,, —M
T(M) I'[( ev )00] ’ (16)
where the time-evolved operator is
M., =U"'UMU U (17

and the symbol Tr denotes a trace over all spin basis states
of the alkali-metal—noble-gas pair. The rate of formation
of van der Waals molecules per atom of the type associat-
ed with the observable M is denoted by T~'(M). For
convenience we will set

T M) =T7" (18)
for any observable associated with an alkali-metal atom
and

T M)=Tg' (19)

for any observable associated with a noble-gas atom. We
will normally find that Tx >> T because the number den-
sity of the noble-gas atoms greatly exceeds that of the

alkali-metal atoms.
The density matrix of the noble-gas atoms can be writ-

ten as

3(K)-K
K(K +1)[K] 20

We shall henceforth denote the statistical weight of any

UXe=[K]_1+



29 POLARIZATION OF THE NUCLEAR SPINS OF NOBLE-GAS . : . 3097

angular momentum quantum number, e.g., K, by

[K]=2K +1. (21)

The contribution from higher multipole moments,'*2°

which we have denoted by ellipses, is small when the
noble-gas nuclei are weakly polarized, the situation which
prevailed for most of the experiments described in this pa-
per. Similarly, the density matrix of the alkali-metal
atoms is

1 3(F)-f
=5 2 7 i

Here the sum is over the two possible values of the total
angular momentum quantum number of the alkali-metal
atom, f=1I++. The projection of the total angular
momentum

+ (22)

F=1+S§ (23)
within each hyperfine multiplet is denoted by
f=p(NEp (), (24)

where the projection operators are

+41-S £2

r+4=11 = . (25
PU=IE) =0 =7 +D) )
In the future we shall call f =q if f=I++ and f=b if
f=1I—=. The corresponding operators from (24) will be
denoted by d and b. We shall henceforth use the nota-

tion f 2 to denote the square of the angular momentum
operator. By substituting (13), (20), (22), and (17) into (16)
we find

——( >——2[q(JL( Y—SW,L)], (26)

where the symbols J and L can be a, b, or K, the labels of
the three angular momenta which characterize the polari-
zation of the alkali-metal and noble-gas atoms.

The spin-transfer coefficient is

3
J,L)=—§
4= =0t KL T oW
XTr(U, JU;7'ULUY) . 27
The terms S(J,L) describe the spin-polarization-

dependent shifts of the magnetic resonance frequencies of
the alkali-metal and noble-gas atoms and they are given
by

g(JL)_9Tr(?U;1U(?)-Ti-(‘ll)U—lU,,) 08)
T JJ+D[JIL(L +1)[L] ’

The argument of the time-evolution operators U and U,
is t, the lifetime of the van der Waals molecule before col-
lisional breakup. The weights W (L) are defined by

_ ld]
Wia)= ik

_1b]
W(b)= 21 (29)
W(K)=

They may be thought of as the probabilities W (L) for
finding an unpolarized atom in the angular momentum
state L. We have neglected in (26) terms S ',L') with
J'#£J and L's£J. The coefficients of these terms are
negligibly small under cond1t1ons of mterest for this work.
Finally, we note the special case S(a,b)=S(b,a)=0 which
occurs because there are no terms with products of (@)
and (b ) in oy of (13).

The lifetime of a van der Waals molecule may depend
weakly on the rotational and vibrational state of the mole-
cule. However, we shall make the simplifying assumption
that, independent of the state of the molecule, the proba-
bility to find the lifetime between ¢ and ¢ +dt is

P(tydt=r1"e ""dt , (30)

where 7 is the mean lifetime of the molecule. When (27)
and (28) are averaged over (30) the oscillatory time factors
of the operators U and U, are converted into resonance
denominators appropriate to the matrix elements of the
numerators, as we shall show in the next few sections.

IIl. FORMAL AVERAGE OVER THE DIRECTION
OF N FOR NEGLIGIBLY SMALL
MAGNETIC FIELD B <<y N /up

We consider the situation where (see Fig. 8)
Wy << W] . (31)

For RbXe molecules this corresponds to fields of a few
gauss or less. Then neither the eigenvalues nor eigenvec-
tors [expressed in the (£,7,£) system of coordinates] of (1)
will depend appreciably on the direction of N, and the
average over all directions of N reduces the tensor g (J,L)

to the scalar
—(w;; )2

G317 GIT]i)
2[1][K] 2 1+ (w;7)?

L(L+1)W(L)
(32)

q(J,L)=

and the frequency-shift terms reduce to the vector cross
products

S(,L)=s(J,L){T)x (L), (33)
where the scalar coefficients are

iyt

AT > > Ty

Gl [(AXT)|))
JJ+1DL(L+1DWIW(L) *

(34)

s(J,L)=

X

The basis states | i) and |j) are eigenstates of the Ham-
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iltonian (1), and the circular frequencies w;; are related to
the energy eigenvalues E; and E; of (1) by the Bohr con-

dition
fiw=E;—E; . 35)

IV. FORMAL AVERAGE OVER THE DIRECTION
OF N FOR MAGNETIC FIELDS B >N/ug

We now consider the situation where the Larmor fre-
quency o of (7) is comparable to the internal Larmor fre-

quency @ of (6); i.e.,
o> Oy -

For RbXe this regime occurs for fields greater than a few
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gauss. The average over the azimuthal direction of N (see
Fig. 8) reduces the spin-transfer coefficients to a form

which is diagonal in the spherical laboratory basis sys-
21 ;

3 [, sivvdy 3

goo(J,L)= 2[IN[KIL (L +1)W(L) Lp

tem,”’ i.e.,
+1
qU,L)= 3 quLLZ,%,, (37
=—1
where
o _Xtip
=T
(38)
The longitudinal component of g (J,L) is
|
— @y’ G [ Jp XLy [7)(=1P|dp |? 39)
1+(wy7)? ’
|
Z=TreFF (44)

where the Wigner functions are

sinf8
‘/E ’

dli'l,O-
(40)
d=cosB .

We note that the basis states |i) and |j) of (39) are
eigenstates of the Hamiltonian (9). They are axially sym-
metric about the axis { and they depend on the colatitude
angle ¢ of Fig. 8.

The subscript p in (39) refers to one of the spherical
unit vectors &, in the (£,7,£) coordinate system:

A
+if)
gﬂ:ﬁ__m

FV2 '
PN (41)
§0=§ ’
we have
J,=5,7 . (42)

The transverse spin-transfer coefficients ¢;;(J,L) and
g_1-1(J,L) are given by formulas analogous to (39).
They have imaginary as well as real parts and they ac-
count for field-dependent frequency shifts of the magnetic
resonance spectrum. Since the transverse spin-transfer
coefficients at high fields have not yet been needed for the
interpretation of experimental data we shall not discuss
them further here.

V. THE SPIN-TEMPERATURE LIMIT

Under many experimental conditions, including most of
those considered here, the alkali-metal atoms are well
described by a spin temperature,?>? i.e., the density ma-
trix of the alkali-metal atom can be written as
=Z"leFF (43)

b

PRb

where the sum on states is

We may think of B~ as a spin temperature.

- Under the conditions of interest for the work described
here, the parameter 3 is small compared to unity and we
may therefore write (23) as

PRO= 2[”(1+[3F+ ), 45)

where we have neglected higher-order terms in 8. When
(45) is valid we may write

= VUUED gy, ... (46)
AT +1)+2) '

The spin polarization of the alkali-metal atoms is
described by the single vector {F) rather than by (3),
(b)), and the higher multipole moments which character-
ize an arbitrary state of polarization when spin-
temperature equilibrium does not prevail. It will therefore
be convenient to use (46) to reduce the spin-transfer equa-
tion (26) to the coupled pair

d, = 1 - =
2 (R =7 e KK(K) +gKF(E)}, (4D
1

—(F) {q(FK)<K>+q(FF)<F>} (48)

We have ignored the frequency-shift terms for simplicity.

The transfer coefficients ¢ (K,K), q(F,F), and

IT+1)+3
K(K+1)

are given by (32) or (39) where the labels J and L can each
take on the two possible symbols F and K, and the weight
factors W (F) which occur are to be defined by

FF+O)WF)=II+1)++ . (50)

q(F,K)= q(K,F) (49)
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VI. PERTURBATION SOLUTION

It is possible to evaluate the spin-transfer coefficients
directly by numerical diagonalization of the Hamiltonian
(1) to obtain eigenvalues and eigenvectors for evaluation
of the energy denominators and matrix elements. In Sec.
XIII we shall discuss the results of numerical calculations.
However, extensive experimental studies of van der Waals
molecules of alkali-metal atoms (K, Rb, and Cs) with
129% e and '3'Xe have shown that at least for these systems
there is a convenient hierarchy of magnitudes

A2>> (YN >>a? (51)

in the Hamiltonian (1). For example, for }Rb'*Xe,
A /h~3400 MHz, yN /h~116 MHz, and a/h~37 MHz.
We shall develop the perturbation theory of this section
with the assumption that (51) is valid. The Hamiltonians
(1) or (9) will be written as

H=Hy+Vy+V;. (52)
The unperturbed Hamiltonian is
Ho=AT1'S+ [i;"]—(ag—bgy (53)

The eigenstates of (53) will form the basis states for our
perturbation expansion.
The most important perturbation is

#iw -
Vo= a—-b)K. 54)

0 X [ I] (2 ) (
This is the projection of aS-K within the multiplets
f=I++=aand f=I—+5=b. The parameter x is the
Breit-Rabi field parameter

xX=—". (55)
a

In view of (51) we see that

x 2«1, (56)

so x ~! is an appropriate expansion parameter for pertur-

bation calculations. The perturbation V), is

Vi=# 3 p(N{wSe+ /xS Kip(f) . (57)
5
f#£Sf

This perturbation causes transitions between the two hy-
perfine multiplets @ and b. Such transitions can occur
only if the molecular lifetime 7 is comparable to or less
than the hyperfine period divided by 27. Experiments
show that the molecular lifetime is on the order of 10~
sec at 1 Torr of gas pressure. Consequently we can
neglect V; for pressures below an atmosphere, with the
possible exception of systems containing isotopes like 'K
which have unusually small hyperfine structure. With
this caveat we shall ignore V| for all perturbation calcula-
tions.

T2he energy eigenvalues of Hy+ V,, correct to order
x 7%, are

fiw 1
E(f;mme)=Efim mf—}-;mme

1
+—2me{K(K+1)—m,2(}

1
- Ex—me{f(f-f—l)—m}} ,

(58)
where the “center of mass” of the multiplet f is

Er=5A{f(f+D)—TT +D—%]} . (59)

The energies are sketched in Fig. 9.

The perturbed states | f,my,mg ), i.e., the approximate
eigenstates of Hy+ V), can be labeled by the same quan-
tum numbers as the eigenstates |f,ms,mg) of Hy. The
two sets of states are related to each other by the unitary
transformation

|f’mf,mK)=R |f7mf’mK)7 (60)

where the unitary operator R, correct to order x ~2, is

R=14u++u’4v. (61)
The anti-Hermitian operators u and v are
1
u=E;(F_K+—F+K_) (62)
and
b= #[ngg, (FLK_+F_K,)] 63)
X

and as usual the subscripts + denote
K.=K¢tiK, . (64)

Then we may evaluate the matrix elements of (32), (34), or

> hw 2

> > > >
H = AI'S + hw'S + TK‘S

3/2:my

-1/2
-3/2
3/2

-3/2

F=a=I+1/2

FIG. 9. Energy levels of the Hamiltonian Hy+ ¥V, of Eq.
(52).
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(39) by replacing the true operators, e.g., K¢, by perturbed
operators K which give the correct matrix elements when

inserted between the pure states, i.e.,

(i|Ke|j)=i |K¢|]), (65)

where, to order x ~2,

K¢=R7'K;R=K;—[u, K;]++[u, [u, K;]]
""[U, K;]_‘}'"' . (66)

We note that the spin-transfer coefficients, e.g., (32),
contain squares of matrix elements of KorFor they may
contain the product of a matrix element of K with a ma-
trix element of F. We may therefore ignore any com-
ponents of K ¢ etc., which upon squaring, or being paired
as a matrix element with a corresponding matrix element
of F;, will give a term of order higher than 1/x2. Be-
cause each term in (32) and in analogous expressions con-
tains one or more factors of w;; in the numerator we may
ignore all components of K ¢ or F, ¢ which contribute to di-
agonal matrix elements. Thus the components of the per-
turbed operators needed for our calculations are

Re=o (K F_+K_F, )4+, 67
f;:——z%(K+F_ YK F )4 . (68)

These operators cause transitions of the type denoted by
iii in Fig. 9. The raising and lowering operators K. and
F. [cf. (64)] each have two classes of terms which we
denote by the subscripts 1 and 2:

K, =K n+(K,),. (69)

The terms with the selection rules Am =0, Amg=1
are

1

(K=K ——5({F,, F_}K, +2(K,, K;}F,) .

(70)

They cause transitions of the type denoted by i in Fig. 9.
The terms with the selection rules Amy=1, Amg =0 are

. 1 1
(Kyho=——KiFy ——5({Fy, FlK
—[3K;}—K2IF,). (71

They cause transitions of the type denoted by ii in Fig. 9.
The curly brackets denote an anticommutator, i.e.,

(K., K_}=K,K_+K_K_ (72)

and the notation K2 indicates the squared angular
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momentum operator with eigenvalue K (K +1). The cor-
responding terms for F are

F . =(F n+(F,), (73)
where
- KiFe Ky oo s
= —*[3F K., K
(F+)1 X +2X2[ & ] I + §}
(74)
and
(FoneF, [1m—L ik Ko} |- 25 (F, Pl
8x2 4x?

(75)

We shall only evaluate the frequency-shift coefficients
(34) to order 1/x. The components of the cross product

FxK=G (76)

needed for calculation of the shift coefficients are then

Ge=—(F,K_—F_K_ )+, (77)

L
2

G,=(G n+(G,),, (78)

~ . i
(G+)1=1K+F§—EK+{F+,F_}

— 5o (K KeJFgt oo (79)

. i
(G+ )22_1F+K§__4_.;F+ {K+,K_}

—§{F+,F§}K§+--- ) (80)

VII. PERTURBATION FORMULAS
FOR SPIN-TRANSFER COEFFICIENTS
WHEN B <<y N /up

We may now evaluate the spin-transfer coefficients (32)
and the frequency-shift coefficients (34) with the per-
turbed energies and perturbed operators discussed in Sec.
VI. Since we are considering the situation of a magnetic
field which satisfies the smallness criterion (31) we may
set

1’— 81)

X~X1=

and we may neglect the dependence of the eigenvalues and
eigenvectors on the orientation of N. Then the coefficient
g (K,K) is found to be
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2
b
1 [1]
—q(K,K)=——[4I*+4I +3] 5
9x ¢
1+
i)
dmy s+ |
+-Ls oL riran—m?] Uk} 20 (82)
M 4, | 2 ! o I PYESTRR
U 2[1]x?
Here the phase is
¢=w7‘:1%-. (83)

In (82) the terms involving mp come from matrix elements between states |i) and |j) with Amg+1, Am;=0. The
first term in (82) came from matrix elements with Amy=+1, Amg=0and Ams==+1, Amg=7F1.
In a like manner we find the self-transfer coefficient g (F,F) to be

2 2

9 _| ¢ ) m? pmys

_gER=2 (7] KK +1) 1] (e 2K (K +1) s x[1]
T ot [ e ] s 2AnIa+0+3) [ gmy ’

1] [ X

(84)

In (84) the first term, which is independent of x, comes from matrix elements with Am r=1, Amg=0. The second term
which is proportional to [1+(¢/[1]1)*]~3 arises from the same class of matrix elements, but it is due to the dependence
of the energy factor (wijr)z[ 1 —{-(co,~j7')2]‘1 on x. The last term comes from matrix elements with Amg =1, Amy=0.

The transfer coefficient between F and K is

2
2K(K+1) | ¢ 7]
q(K,F)=——7— T 7 32312
9x [I] _ﬂ
1+
[1]
[¢mf off+1) |’
x[I 2[I)x?
e D A £ 7 A (T ATy i mg0 5t (85)
6x*INIUT +1)+7) fim, O Kdicds 14+ of(f+1)
x[1 2[I]x?
We may use (49) to obtain g (F,K) from (85).
Finally, the scalar frequency-shift coefficients (34) are, to order x ~!,
2
3+ | L
1 ¢ 1l
s(f,K)=i—— 212 (86)
3x [I] _Q_
i
sEporb |21 1 (m) (87)
TR 3 [ P SUHDA R [em ||
1+ 1 Rathie'
[1] x[I]

where the * signs are associated with f =I+.
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VIII. PERTURBATION FORMULAS FOR SPIN-TRANSFER COEFFICIENTS WHEN B >yN /ug

All magnetic decoupling experiments done so far have been concerned with the slowing down of the relaxation of the
longitudinal noble-gas spin (K, ) or the longitudinal alkali-metal spin {F,) in a large magnetic field B which defines the
z axis of the laboratory coordinate system. The transverse spin polarization is negligible in such experiments. The relax-
ation processes of the alkali-metal and the noble-gas spins are therefore described by the longitudinal components of the
spin coupling coefficients g (F,F) and ¢ (K,K), and we shall therefore limit our discussion to them.

By substituting the perturbed energies and operators of Sec. VI into (39) we find

2

K2
(1]

)

~q(K,K)=% [sinpdy gl;<412+41 +3)
X

1+ (]

Here both ¢ and x depend on the angle ¥ since they are
defined as

p=or1, (89)
x = —Zﬂ , (90)

and o depends on ¥ as shown in Fig. 8.

Although the integrals over v in (88) can be evaluated
in closed form, the general result is so cumbersome that
we shall only present two limiting cases here, the situa-
tions with very long and very short molecular lifetimes 7.
For very short molecular lifetimes such that

I—%’—t «<1, 91)
_0_;1 «<l1, (92)

but also for lifetimes sufficiently long that I and S can
couple to F during a molecular lifetime, i.e.,

[I1AT

1 93
2% ’ ©3)

the limiting value of (88) can be verified to be

aT
1%

—q(K,K)=2[TT+1)+3] T (94)

0T

1+TI—]‘

In a similar way we may show that the short-lifetime lim-
it for g (F,F) is

S(1—

1 2, SIN?B 1 9
+sin [J’)+-——2[I] f%f {l o LfF(f+1) mf]]
om; | sff+ |
[1]x 2[1]x?
7+ m 0 p)
[I)x 2[I]x2
(88)
[
2 N 2 2
_q(F’F):?HJ[/—I]—; +K(K+1) [;‘]Tﬁ
d 95)

X 2 .
woT
1+ | =22
(1]
For %Rb!?Xe the range of validity of the criteria

(91)—(93) is indicated in Fig. 7.
For the limit of very long molecular lifetimes where

arT

(117 >1. (96)

The limiting value of (88) can be shown to be

4
AZ+1+?[I(1+1)+%]
1

—q(K,K)=
AL 44*

4
EE[I(IHHH—AZH

1643

2
A+1
A —1)n |
X ( )n[é——l} , 97
where the dimensionless field parameter is

(0] gsupB
Do _ EsHBb (98)

A=
1 '}/N

and in a like manner we can show that
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A2+1+—4;K(K+1)
3x1

—q(F,F)=

442
KK+ D—A41
3x1

1643

X (A —Dln —j—fi— (99)

IX. SHORT MOLECULAR LIFETIMES:
RELAXATION AND SPIN TRANSFER WITH Af =0

All of the spin coupling equations (26), (47), and (48)
become much simpler when the criteria (91)—(93) are sa-
tisfied. We note that the compound unitary operator of
(14) and (17) satisfies the Schrédinger equation

iﬁ%U{1U=Aﬁ u,'vu, (100)
where

AH=H—H, (101)
and

AH=U;'AHU, . (102)

If we write out the matrix elements of AH in terms of the
eigenstates of H, we notice that the terms which are off
diagonal in f oscillate many times during the molecular
lifetime because of the criterion (93). The matrix elements
which are diagonal in f are time independent if the exter-
nal magnetic field B is zero, or they oscillate a small frac-
tion of a cycle if

B« f (103)

UBT
we shall assume that the smallness criterion (103) for B is
satisfied along with (91)—(93). Then the rapidly oscillat-
ing parts of AH will have negligible effect on the
Schrodinger equation (100) and we may therefore drop the
rapidly oscillating terms from AH, ignore, because of
(103), the slow oscillations due to B, and replace AH by
its secular part

AH=Y AH(f), (104)
f
where the projections within the multiplets f are
AH(f)=p()AHp(f) . (105)
The evolution operator is therefore
U,,_1U=6Xp _ iAH ¢
#
2
PIAH(f)t 1 | AH(f)t
B 1-—- —— D)
2 72| # ] L

(106)

3103
and the evolved operator (17) becomes
M= M+~ 3 [AH(f), M]
f
) 2
—5 |5 | SaHW, (AH), M1+
! (107)

The commutators in (107) can be readily evaluated. If we
assume that purely longitudinal polarization exists we
find from (16), after averaging according to (30) over ¢
and over all directions of N,

2
d __ 1 2 yN7
dt(fz)"“ T3 | T (f2)
2
1 ar
YT s
XUF =FNED —(R—K2N(1)T,
(108)
d 1 aT 2 o) 2
S = | | RPN
—(F*—F2)(K,)]. (109)

The significance of the factors (K 2—K?) and (F2—F2)
is discussed in Sec. XII.

In the event that transverse polarization exists, e.g.,
during a magnetic resonance experiment or after a %‘n-
pulse, the terms linear in 7 from (107) lead to frequency-
shift terms of the form

d . S(AKK,) .
Sty ) =T )
(110
d . s(K,8)(S,) )
K FiKy ) =ti———— (K +iK, )+ -+,
dt &
(111)
where the frequency-shift coefficients are
(K,S)  ar
s(a,K)=—s(b,K)=2220 (112)
1] 1]

and where the electron spin (in the absence of coherence
between the multiplets a and b) is

> 1 ., =

S 1] (d—b)
We note that the restriction to low spin polarization
which was implicit in the use of the multipole expansions
(20) and (22) does not apply to (108) and (109), which
remain valid for arbitrarily large spin polarization. We
also note that the expressions (108) and (109) are valid for
arbitrary values of the ratio x =y N /a and one can there-
fore analyze experiments at high buffer gas pressures,
where (108) and (109) are valid, to determine the internal
field parameter x, which plays a key role in the perturba-

(113)
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tion theory of Secs. VI-VIIL. One can verify that the
perturbation formulas of Sec. VII reduce to the formulas
of this section when the criteria (91)—(93) are satisfied
and when the factors (f2—f2) and (K2—K?) are re-
placed by their low-polarization limits f(f + 1)[f]/3[1]
and %K (K + 1), respectively.

X. VERY SHORT MOLECULAR LIFETIMES,
BINARY COLLISIONS, AND RELAXATION
AND SPIN TRANSFER WITH Af =0, +1

We consider finally the limit of very short molecular
lifetimes where in addition to the criteria (91) and (92) we

have

1147

1. (114)
2w |

The criterion (114) will always obtain for binary collisions
between alkali-metal atoms and noble-gas atoms where
the encounter duration is on the order of 107! sec. It
will also hold for van der Waals molecules in the case of
third-body pressures of a few atmospheres or greater as is
" indicated in Fig. 7. In view of (114) we may to good ap-
]

2 2
YNT

% +

ar
#

d 1
ar =" {3
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proximation write (102) as
AH~AH

during the encounter between an alkali-metal atom and a
noble-gas atom. Then the evolution operator is

(115)

Un_lUNCXp —iAHt
#
| AH t AH ?
i t
=1 ~ ..
# 2 # (116)

and the evolved operator (17) becomes

2
Mev=M+—lﬁ£[AH, M]—% % [AH, [AH, M]]+ -

(117)

The commutators in (117) can be evaluated in a straight-
forward way. If we assume purely longitudinal polariza-
tion and average according to (30) over all times ¢ and

over all directions of N we find from (16)

(I/(\Z—Kzz> ]{(I—Baa)<az)_3ab<bz>}

)
1 » K > 3011 3 3
—— = K Sz ) ———=( b))
15| (K [ T ]2 (a2y—(b;
A K (1—2Xa2) +<a?y + HIF2 (52) L (11 42)(62) (118)
Tr | # [1]? z [11-2 =
2 2
d 1 |2 |yNT Y
— e —K —By, (a, 1—By, ){b,
dt<b2> Tr |3 [ 7 + (K z)]{ ba(ﬂ Y+ ( bb)< )]
2 A
1 |ar » K 2> 3[1] 3 3
— | = —— )} {==A(S;) — b,
|5 <K, . l4<,> []2<< 3 —(b3))
1 (k) [1]—2
aT 2 a2 2
—_— | = —([1]+2){b? b —([11-2 , (119)
e 15 { (142082 +(B2) 4+ 1= 4@ ) —(11] ><az>]
l
where the coupling matrix is spond to two different time constants
1 , 2 2
Byp=— (+ 2= 1[I —(=1" T} . (120) 1 _1 2 |yNc| 1 |ar
T op T, 1, |3 % | 2% (12D
Physically, Bfy is the fraction of the angular momentum d
(fs ) originally in the multiplet f’ which is transferred to an
the multiplet f after a collision which destroys the elec- 1 2 1 (122)
tron spin S of the alkali-metal atom but which does not T, [P T.

affect the nuclear spin I. This is often called an electron
randomizing collision, and it occurs for collisions of very
short duration because the Hamiltonian AH of (101) does
not contain [ explicitly (except possibly in a term of the
form AAT1-S which could contribute to the coupling of
(I,) and (S,) at very large magnetic fields).?* As was
first pointed out by Bouchiat,?® the eigensolutions of (118)
and (119) in the absence of noble-gas polarization corre-

These time constants correspond to an observable which
Bouchiat denotes by Q, which is similar but not identical
to the electron spin and to a slowly relaxing observable
(I,) which is identical to the longitudinal nuclear spin.
We refer the reader to the literature!>?* for a more de-
tailed discussion of relaxation by electron randomization.
The relaxation equation for (K, ) is much simpler and is
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2

9T | [(R2=K2)(S,)— (k)] . (123)

d 1
dt (K:) #

=TK

In the practically important case of spin-exchange equili-
brium (see Sec. V) one can ignore the complicated coupled
equations (118) and (119) and consider their sum which is
simply

2 2

da __ 1 |2 |yNT o7 | (R2_g?
dt<Fz>— 13| % 7 (K K,>](Sz>
2
1 ar
+2TF P (K,) . (124)

The frequency-shift formulas (110)—(112) remain valid
for the conditions of this section as well as those of Sec.
IX.

XI. OPTICAL PUMPING

For completeness we briefly discuss the primary source
of angular momentum for the system considered here; of
course this is the beam of circularly polarized light which
is absorbed by the alkali-metal atoms. One of the simplest
situations to analyze and also a situation which frequently
is closely approximated in practice is broad-line pumping
with circularly polarized D, light in the presence of an
appropriate buffer gas.”® As discussed in Ref. 26 broad-
line pumping refers to a situation where the spectral pro-
file of the exciting light is such that equal light intensities
are available to drive transitions from any of the two
ground-state multiplets f, =1 ++ to any of the excited-
state multiplets f, =I++. As the name “broad-line” im-
plies, this will usually be true if a pressure-broadened res-
onance lamp or a multimode laser is used as the pumping
source. It will also be true for a single-mode laser if the
Doppler and collisional broadening of the absorption line
are much bigger than the hyperfine splitting.

It is well known that the details of optical pumping de-
pend on the fate of the excited P,/ atoms which are pro-
duced when a photon is absorbed. Here we consider an
especially simple situation which is nearly realized in
many of the experiments on spin-exchange optical pump-
ing of noble-gas nuclei.® We shall assume that the elec-
tronic angular momentum J of the excited P;,, atom is
completely randomized before the excited atom decays ei-
ther by spontaneous emission or, more likely, by a
quenching collision with a N, molecule. We shall also as-
sume that the hyperfine coupling in the excited state is so
weak and the J-randomization time is so short that there
is negligible depolarization of the nuclear spin I in the ex-
cited state. Under these conditions one can show that op-
tical pumping is completely equivalent to spin exchange
with a pseudo spin-5 particle.

The equivalence of optical pumping to spin exchange
for the optical-pumping conditions mentioned above can
be proved with the methods outlined in Ref. 27. Howev-
er, we will give a physical plausibility argument here. In a
binary spin-exchange collision the collision duration is so
short compared to the hyperfine period of the alkali-metal
atom that the nucleus has no time to evolve during the

collision and the nuclear polarization is conserved. For
broad-line optical pumping the duration of a “collision”
between an alkali-metal atom and a photon can be
thought of as the inverse of the optical frequency
linewidth of the light source or the inverse of the optical
absorption linewidth of the alkali-metal atoms, whichever
is shorter. We are considering a situation where the pho-
ton collision duration is very short compared to the hy-
perfine period so the nucleus is unable to evolve during
the time of a photon-atom collision. If the atoms are rap-
idly deexcited before the nuclear polarization can evolve
under the influence of hyperfine interactions in the excit-
ed state, the collision with a photon will have no effect on
the nuclear polarization. With respect to the electron
spin, we know that an alkali-metal atom with a spin-down
electron can undergo a binary spin-exchange collision
with a spin-up collision partner. There will be no interac-
tion if the electron spin of the alkali-metal atom is parallel
to that of its collision partner. Similarly, an alkali-metal
atom with a spin-down electron can absorb a o photon
of D, light but no light will be absorbed if o_ photons
impinge on alkali-metal atoms with spin-down electrons
or o, photons impinge on alkali-metal atoms with spin-
up electrons. After a spin-exchange collision between an
alkali-metal atom with a spin-down electron and a spin-up
collision partner the mean electron spin of the alkali-
metal atom will be zero, so % a unit of angular momen-
tum will have been added to the alkali-metal atom. In a
like manner, after a collision between a spin-down alkali-
metal atom and a o photon the mean electron spin of
the alkali-metal atom will be zero and 5 a unit of angular
momentum will have been added to the alkali-metal atom.
The nuclear polarization of the alkali-metal atom is
changed by ground-state hyperfine interactions in the rel-
atively long intervals between spin-exchange or photon
collisions.

Because of the equivalence of broad-line optical pump-
ing with conservation of the nuclear spin polarization to
spin-exchange collisions, the evolution of the observables
{a,) and {b,) is given by Egs. (118), (119), and (124) of
Sec. X, with the following replacements:

s
(K,)—>—=, (125)
2
where s, is the mean spin of the pumping photons,
(R2—K2) -+, (126)
(K2—1K2)>0. (127)

Equations (126), (127), and (128) are all consequences of
the fact that the photons behave like spin- particles as
far as angular momentum transfer is concerned. To make
use of (118), (119), and (124) we must also set

yN=0, (128)
and
1 2
aT
—_— | 29
oy |5 | R (129)

where R is the mean photon absorption rate for unpolar-
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ized alkali-metal atoms. For example, (124) becomes

Sz
7-(5,)] . (130)

d
dt (F)=R

Since the details of optical pumping are not a central part
of this paper we refer the reader to Ref. 27 for additional
discussions of broad-line optical pumping with conserva-
tion of the nuclear spin in the optical-pumping cycle.

XII. RC NETWORK MODEL

Some insight into the behavior of the systems under
consideration here can be gained by representing the sys-
tem with the electrical circuit model shown in Fig. 10 and
discussed in detail below. For simplicity we have limited
our discussion to the high-pressure regime of Sec. IX.
The collection of alkali-metal atoms in the sample cell is
represented by the capacitor Cyy, and the noble-gas atoms
are represented by the capacitor Cx.. The total spin an-
gular momentum of the alkali-metal atoms is equivalent
to the charge stored on the capacitor:

Oro=0[RbI(F;) ,

where Q is the volume of the cell and (F,) is the volume
averaged angular momentum per alkali-metal atom. In a
like manner the total spin angular momentum of the
noble-gas atoms is

QXeZQ[Xe]<Kz ) .

If we sum (108) over the two possible values of f to obtain
a formula for (d/dt){F,) and multiply the resulting
equation by Q[Rb] we obtain

(131

(132)

d Vro 1
dtQRb—“‘ R. + R, (Vxe—Vre) » (133)
where the “voltages” Vgy, and Vx, are
(F,)
Ro=—"F o, (134)
(F*—F?)
(K,)
Xe=—72— . (135)
(K*—K?)

In the following discussion we shall assume that the spin
systems are described by the spin-temperature distribution

Rex
1 VAMAA, T
| |
Ropt  __|QRb | 1% 3
—— n—— w
Cro Vb SR e Vxe
'[ Vopt [ I
4 i
LIGHT ALKALI-METAL N OAB’T_KEﬁZIAS NOBLE-GAS WALL
SOURCE ATOMS ATOMS INTERACTIONS
INTERACTIONS

FIG. 10. Process of spin-exchange optical pumping is well
described by an RC network model. Angular momentum is
analogous to electrical charge which is stored on capacitors
which represent the alkali-metal and noble-gas atoms. Spin po-
larization, tanh(3/2), is analogous to voltage. The resistors are
related to various terms in the Hamiltonian (1).
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(43). Then one can show that
(F,) (1)

= =5 o =2(S,)=tan
(F*—F;) (I*-I})

b

B(Rb)
h 2

(136)

where B(Rb) is the spin-temperature parameter of the
alkali-metal atoms. Similarly, we assume that

K,
V,(e=~—-————A< ) =tanh BXe) }
(K2—K}) 2

where we expect, in general, that B(Xe)4B(Rb). The
magnitudes of the voltage are always less than one and
angular momentum will flow from a “high-voltage” spin
system to a “low-voltage” spin system just as ordinary
charge flows under the influence of ordinary voltage.

The spin-rotation admittance is given by

(137)

I

2
1 _ 1 2 yN7 | 52
R, To3 | T (F*—F;), (138)
where
_ Q[Rb] _ Q[ Xe] (139)

1
T, Ty Tk

is the total.rate of formation of molecules in the sample
cell.

The spin-exchange admittance is given by
2

1 _ 1 (F2—F2)(R?—K?),

Rex B TO

aT

[11%

In a like manner, if we multiply (109) by Q[Xe] we see
that it can be written as

(140)

d 1 1
, EQXe=—R:(VRb“VXe)“'R—w_VXe ) (141)
where the wall admittance is given by
1 CXe
—=. 142
R, T, (142)

The capacitors are defined as the ratios of charge to volt-
age for the two types of atoms, i.e.,

Cro =22 _ Q[RO(F?—F2) , (143)
Vro
QXe o) 2
Cxe=——=0[Xe{K*—K}) . (144)
Xe
If we multiply (131) by Q[Rb] we find
d 1
E;Ql{b =R o (Vopt— Vre) » (145)
where the optical emf is equal to the mean photon spin
Vopt =S, (146)
and the optical admittance is given by
. Q[RbIR . (147)
Ry 2
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That is, the optical admittance is just half the number of
photons absorbed per second by the alkali-metal atoms in
the sample cell.

We note that the capacitances Cgy, and Cx, are propor-
tional to factors (£ 2—F2) and (K >—K2) which depend
on the spin polarization, except for the special case of spin
+. For S =+ we have, independent of polarization,

(§2-82)y=1.

For spins greater than %, factors like (K 2_K2) are al-
ways larger than % and they reflect the fact that more an-
gular momentum can be stored in a large-spin atom
than in an atom with the minimum spin +. Thus we may
think of a minimum-spin atom (i.e., a spin-% atom) as the
equivalent of an “air-gap” capacitor for angular momen-
tum, while an atom with spin greater than 5 is like a
capacitor with dielectric material between its plates. This
suggests that we define a “paramagnetic constant” for a
spin-K atom by

e(K,B)=2(K*—K2)=2{K(K+1)— 14z , (148)
’ 4 Z dﬁz

where

+K
Z= 3 exp(Bmg) (149)
my=—K

then the capacitance (144) can be written as

Cx.=Q[Xel7e(K,B) , (150)

1 . . .
where 7 is the capacitance per atom for a spin-3 atom,

the ideal air-gap capacitance, and €(K,) is the paramag-
netic constant which corrects for the fact that the spin K
may be larger than 5.

For K > —;— the paramagnetic constant will depend on
the degree of polarization and the capacitance (150) will
therefore be voltage dependent in somewhat the same way
as the capacitance of a back-biased pn junction. We note
that the paramagnetic constant decreases with increasing
polarization and saturates at a minimum value

€K, 0)=2K (151

for a fully polarized nucleus with ¥y, =1 and all atoms in
the state with maximum azimuthal angular momentum
K. This ensures that the charge of a fully polarized nu-
cleus of spin K is K. We also note that for very weak po-
larization the paramagnetic constant reaches its maximum
value which is

e(K,0)=%K(K +1). (152)

Paramagnetic consiants for a few selected examples are
shown in Fig. 11 as a function of the voltage, tanh(B/2),
of (137).

For an alkali-metal atom in spin-temperature equilibri-
um the paramagnetic constant is

e(F,B)=2(F2—F2)=2(§*—82) +2(I*—12)

=1+€(1,B), (153)
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2¢K2-K2>

PARAMAGNETIC CONSTANT, €(K,B)

{72

L 1 i 1 1 1 1
0.5 1.0
VOLTAGE tanh(B/2

FIG. 11. Paramagnetic constants of a spin system are a mea-
sure of the amount of angular momentum which can be stored
in a spin system.

where €(I,3) is defined by (148). One may therefore ob-
tain the paramagnetic constant for an alkali-metal atom
of nuclear spin I =K by adding one unit to the appropri-
ate curves of Fig. 11. We note that the paramagnetic con-
stants (148) are related as follows to the Brillouin func-
tions Bg(x) defined by Smart:?®

2KBk(KB)
B,,,(B/2)

We note that in a typical experiment with stable heavy
noble gases where the relaxation of both the alkali-metal
and noble-gas spins is dominated by molecular formation,
the number density (and therefore the capacitance Cx.) of
the noble-gas atoms is orders of magnitude larger than the
number density (and therefore the capacitance Cgy) of the
alkali-metal atoms. Consequently, the RC time constant
for charging or discharging the noble-gas capacitor with
angular momentum will be orders of magnitude longer
than the RC time constant for the alkali-metal capacitor.
Representative time constants for the alkali-metal capaci-
tor are a few milliseconds while representative time con-
stants for the noble-gas capacitor are minutes to nearly
one hour in our own work. We note that the effects on
the alkali-metal atoms of other spin-destroying mecha-
nisms like diffusion have been omitted from Fig. 10.
These additional spin-relaxation mechanisms can be
represented by resistor in parallel with R;.

e(K,B)= (154)

XIII. COMPARISON
OF PERTURBATION FORMULAS
WITH EXACT NUMERICAL SOLUTIONS

We conclude this paper with a comparison between the
relatively simple perturbation formulas of Secs. VII and
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VIII and exact numerical evaluations of (32), (34), and
(39) with a computer. To carry out the numerical evalua-
tion, the matrix elements of the Hamiltonian (9) were
evaluated in terms of the basis states |f,ms,mg) dis-
cussed in connection with Eq. (60). By dropping the very
small terms proportional to g; and gx we obtained a ma-
trix which was block diagonal, with each block corre-
sponding to a total azimuthal quantum number my+mg
about the § axis of Fig. 8. The blocks were diagonalized
and the eigenvectors were used to calculate the matrix ele-
ments in the numerators of (32), (34), and (39), while the
eigenvalues were used to calculate the resonant denomina-
tors. We used the following parameters, which are
representative of the ¥’Rb'?’Xe molecule:

The molecular lifetime 7 of (30) was expressed in terms of
the ratio p /p, of the third-body pressure to a characteris-

tic pressure pg

# Do

= 20

YN p
That is, p, is that third-body pressure for which the
molecular lifetime 7 is equal to the spin rotational period
#ilyN)~!. Ramsey et al.'! have shown that the charac-
teristic pressures py for N, and He are 81 and 133 Torr,
respectively.

We note that the spin-transfer rates are the product of a
molecular formation rate 7 ~1(J) and a spin-transfer coef-
ficient g(J,L) as shown in (26). We have therefore plot-
ted as a function of p/p, the quantities (p/py)g(J,L)
which are proportional to {1/T(J)}q(J,L), as one can see
from the following arguments.

In chemical equilibrium the breakup rate of molecules
per unit volume must equal the formation rate per unit
volume and we must therefore have

[Xe]

(156)

1 [Rb]
= = . 1
[RbXe]r Ty T, (157)
Thus, we may rewrite (157) as
1 N
— =[Xelxr =T k[ Xe] £ (158)
7 =[Xeler ' = Lhxxe] £
or
1 ~1_YN .
T =[Rblkr™ = P K[Rb]Po , (159)
where the chemical equilibrium constant is
__[RbXe]
K_———[Rb][Xe] (160)
thus
L= ki xe] g (f,K) (161)
Tr #i Po
and
1 N v
ToakN=1 K[Rb]p q(K.f) . (162)
0

Ty
We note that the parameters YN and a will depend on the
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0.03~ Perturbation Formula (82)

Numerical Formula (32)

Numerical With Distribution of N

0.02

0.04

1 1

0 1 1 1 1 1 1 1 1
LX] 0.2 0.3 0.4 0.5

" THIRD-BODY PRESSURE P/P,

FIG. 12. Comparison between exact numerical evaluations
and perturbative approximations of the spin-transfer coefficient
q(K,K). Effect of assuming a distribution in the rotational
quantum number N is also shown.

SPIN TRANSFER COEFFICIENT-P/Py q(K,K)

vibrational and rotational state of the van der Waals mol-
ecule. If ¥ /a is approximately independent of the quan-
tum state the important ratio x =y N /a will depend on
the distribution of the rotational quantum number N. All
of the formulas of the preceding sections have implicitly
assumed a fixed value of N. For the short-lifetime re-
gimes described in Secs. IX and X, we are only concerned
with the mean-squared value of N and the form of the
probability distribution is unimportant. However, for the
longer molecular lifetimes discussed in Secs. VII and VIII
the rms value of N is not sufficient to determine the
average-coupling constants. Bouchiat et al.’® suggested
that the following simple distribution of N is a reasonable
approximation for heavy van der Waals molecules:

172
9N 6 N
PN =—05 2— | 2| <~ (163)
10N 5| N,
for
5 172
0<N<2 EJ N, (164)
Pertubation Formula
" (84)
w 0.8 Numerical Formula
= (32)
© -
@
1 0.6 Numerical With Distribution
— of N
zZ
& -
Q
L o4l
w
o
O =
o
e
% 0.2
p=4
<<
o L
st
=z L 1 L L L
g ° X R o5 o4 ot

THIRD-BODY PRESSURE P/PR,

FIG. 13. Comparison between exact numerical evaluations
and perturbative approximations of the spin-transfer coefficient
q(F,F). Effect of assuming a distribution in the rotational
quantum number N is also shown.
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FIG. 14. Comparison between exact numerical evaluations
and perturbative approximations of the spin-transfer coefficient
g (F,K). Effect of assuming a distribution in N is also shown.

and P(N)=0 for all other values of N. Here the constant
N, is the rms value of N defined by

N?= [ N?P(W)dN . (165)

Since the perturbation formulas of Secs. VII and VIII are
obtained as power-series expansions in N ~! we can expect
difficulties if we naively average the formulas over the
distribution (163), which has substantial contributions
from small values of N where the expansion parameter
x“'=a/yN exceeds unity. However, it is straightfor-
ward to average the numerical evaluations of (32), (34),
and (39) over the distribution (163).

A comparison of the perturbation formula (82) with the
numerical evaluations of (32) is shown in Fig. 12. There
is good agreement over the whole range of relative pres-
sures p/py and the distribution of N makes little differ-
ence. A similar comparison of the perturbation formula
(84) with the numerical evaluation of (32) is shown in Fig.
13. The distribution of N lowers the relaxation rate by
about 10% near the peak of the curve. In Fig. 14 we
compare the perturbation formula (85) to the numerical
evaluation of (32). The distribution of N causes q(F,K)

0.04-

0.031-
Numerical Formula

Numerical With Distribution (34)
of N

0.02- Perturbation Formula

(86)

0.04—

FREQUENCY SHIFT COEFFICIENT P/Ry s (oK)

L L 1 L 1
R 0.2 0.3 04 0.5

THIRD-BODY PRESSURE P/R,

I L

FIG. 15. Comparison between exact numerical evaluations
and perturbative approximations of the frequency-shift coeffi-
cient s(a,K). Effect of assuming a distribution in N is also
shown.
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2.0

Perturbation Formula

Numerical With Distribution
of N

Numerical Formula
ok (39)

0.5~

o 1 1 s 1 1 1
0.1 0.2 0.3 0.4 0.5

THIRD-BODY PRESSURE P/ P,

WIDTH OF MAGNETIC SLOWING DOWN CURVE

FIG. 16. Comparison between exact numerical evaluations
and perturbative approximations to the width AH of the mag-
netic slowing-down curves. Effect of assuming a distribution of
N is also shown.

to increase by nearly a factor of 2 for low third-body pres-
sures. In Fig. 15 we compare the perturbation formula
(86) for the frequency-shift coefficient s(a,K) to the nu-
merical evaluation of (34). There is good agreement even
when the distribution of N is taken into account. From
Figs. 12—15 we see that there is good agreement between
perturbation formulas and the numerical evaluation of the
coefficients in most cases, but the distribution of N can
have a very large effect on the spin-transfer coefficient
q (F,K) for small third-body pressures. The overall agree-
ment is best for the coefficient g (K,K).

Studies of the slowing down of the spin-relaxation rates
in a large external magnetic field, as illustrated in Fig. 6,
have played an important role in determining the magni-
tudes of the coupling constants in the Hamiltonian (1).
We will define the width of a magnetic slowing-down
curve like one of those in Fig. 6 as the magnetic field AH
at which the relaxation rate has decreased to half of its
peak value. The width AH| at very low third-body pres-
sures is a fairly direct gauge of the spin-rotation interac-
tion constant yN. In Fig. 16 we show a comparison of
the width determined from numerical evaluation of (39)

-
Z
~
~ 201
[<}
T
< Perturbation Formula
w
oy 5} Numerical Formula (39)
[]
3
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T
’540_ Numerical With Distribution
§ : of N
w L
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?
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5 ° 4 8 12 16 20
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FIG. 17. Comparison between exact numerical evaluations
and perturbative approximations to the zero-pressure width
AH, of the magnetic slowing-down curves. Effect of assuming
a distribution of N is also shown.
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with the width obtained from the perturbation formulas
(94) and (97). The zero-pressure width AH|, is obtained by
numerical evaluation of (97). The high-pressure width ob-
tained from (94) is

ag=2Mi>p (166)
8sHB Po
We have used the simple hyperbolic formula
NI 21172
AH= [(AH 2+ | 2L L (167)
8stp Po

to interpolate between the low- and high-pressure expres-
sions for AH. The agreement between the perturbation
formula and the numerical formula is excellent. The ef-

fect of a distribution of N is to decrease the predicted
width by some 15%.

In Fig. 17 we show how the low-pressure width AH|
depends on the coupling constant yN for fixed values of
the other parameters of (155). Over a large range of the
ratio x =yN /a the width is proportional to the spin-
rotation coupling constant. The effect of a distribution of
N is to lower the predicted ratio of AH to YN by about
15%.
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