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Period-doubling bifurcations in detuned lasers with injected signals
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Detuned-lasers systems which have anomalous' dispersion effects at the lasing wavelength are predicted
to have period-doubling bifurcations for injected light signals. The basic idea is derived from the depen-
dence of the active-region refractive index on population inversion density. The response of detuned
lasers with injected light signals is shown to be governed by the generalized Van der Pol equations with

external driving forces that are nonlinear in nature. Experimental results with a LiNdP40&2 miniature

solid-state laser are shown, demonstrating period-doubling bifurcations.
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Period-doubling bifurcations have been predicted for
resonant-type multistable laser diode amplifiers operating in
external cavities. ' This basic idea was derived from the
dependence of the active layer refractive index on carrier
density. Such Ikeda-like instabilities are to be expected in
other laser amplifier systems where these are asymmetrical
derivatives with respect to the population density at the las-
ing frequency' or where the lasing wavelength is detuned
from the gain spectrum peak (such a situation will hereafter
be called a detuned-laser system).

The present Rapid Communication predicts a new class of
period-doubling bifurcations and chaotic self-pulsations in
detuned-laser systems having injected signals, and shows a
brief experimental result as well. Optical bistability and
self-pulsations with bifurcations will be shown to take place
at the edge of the injection lock-in region for the low pump
as well as low light injection regime due to the anomalous
dispersion effect at lasing frequency.

Figure 1(a) conceptually illustrates the injection locking
model used in the following analysis. It is assumed that the
effects of standing-wave modulation of the population-
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Here, P is the pump rate, W is the population-inversion den-
sity, S is the photon density, E is the electric field ampli-
tude, v is the upper-state lifetime, vp is the photon lifetime,
G is the gain function, 0 is the external quality factor of the
resonator, and P is the external phase angle.

The dependences of 6 and ~o on N come from the fact
that the active-region refractive index varies with the
population-inversion density as a result of anomalous
dispersion effect in the detuned-laser medium. For brevity,
G(N) and a)o(N) are approximated using Taylor's series up
to the first order:

G(N) = G(N, g) + (N —N, h)

inversion (spatial hole burning) and propagation effect are
negligible, and that mean-field approximation is employed.
A coherent beam of frequency ~; is injected into the axial
mode of a laser whose frequency is o)p(N) (N is the
population-inversion density) .

Taking into account the anomalous dispersion effect in a
detuned-laser medium, the injection locking equations for
the rotating wave approximation fields and external phase
angle can be derived from the balance of the electric fields
at an oscillator mirror as follows:
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FIG. 1. {a) Conceptual model of a detuned laser with external
light signals. (b) Injection-locking curve. w =1.125, S, =10 4,

8 = —2.
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where Nth is the threshold population density, 0 is the os-
cillation frequency, and n, = n + Q(en/BQ) is the effective
refractive index.

Here we introduce the parameter R = —2(Bc'/BN)/
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(r)G/riN), which is the ratio of the derivatives of the real
part to the imaginary part of the dielectric constant with
respect to population-inversion density. This defined
parameter comes from the anomalous dispersion at the las-
ing wavelength in such a detuned-laser medium as semicon-
ductor lasers. With semiconductor laser diodes, for exam-
ple, R is reported to take on a value between —0.5 and

62 4-6

Figure 1(b) shows the injection locking curve for which
the following dimensionless parameters are introduced:
w =P/P, h (P,h. threshold pump rate): normalized pump
rate; Se = E'/r~P, h. normalized photon density; S&

= (cu&E&/2Q)2r~/P, a.'normalized injected photon density;
Era = ( n, /n ) [col —too(Nth) l r~'. normalized frequency detun-
ing. Calculations were carried out assuming w =1.125,
S& =10 4, and R = —2.

The asymmetric nature of the tuning curve is apparent
from this figure, and detuning characteristics were found to
be dividable into the following regions: (I) a bistable region
with hysteresis; (II) a stable lock-in region without bistabili-

ty and instability; (III) a dynamically unstable region having
pulsation solutions; (IV) a self-modulating region outside
the lock-in range.

Figure 2 shows the steady-state stability diagram for injec-
tion locking as a function of the relative pump rate w, as-
suming R = —2 and SI = 10 . For a low pump rate

w «1.13, a bistable region I exists. With an increase in the
pump rate, the stable lock-in region II becomes narrower
and the bistable region I disappears, where the dynamic un-
stable region III appears instead. For w ~1.4, subharmonic
bifurcations begin to take place in region III. For w (1.4,
however, the system shows only self-sustained pulsations,
and bifurcations were found to be absent. The asymmetri-
cal tuning curve, as well as the hysteresis properties, results
from the nonlinear change in the resonant frequency com-
ing from the dependence of the refractive index on
population-inversion density, and these have been experi-
mentally reported for semiconductor lasers. ' Self-
sustained pulsations were also predicted in semiconductor
lasers with injected signals. '

Figure 3 shows the output response for various detunings
to a stepwise increase of the pump rate from w = 1.01 to 1.5
at T = t/r~ =200 in regions II-IV. The adopted parameter
values are R = —2 and S& =10 4. In the stable lock-in re-
gion II, the output approaches a steady-state value with a
positive damping constant [see Fig. 3(a)]. Within the
dynamically unstable region III, period-doubling bifurcations
of self-pulsations occur with increasing the detuning b m un-
til chaotic self-pulsations are finally brought about [see Figs.
3(b)-3(e)]. In the self-modulating region IV, pulsations at
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FIG. 2. Stability diagram of an injection locking in detuned
lasers. S,=10,R = —2.

(c)
FIG. 3. Output response in the stable lock-in region II [(a)], un-

stable locking region III [(b)-(e)], and self-modulating region IV
[(f)]. w=1.5, S,=10, 8 = —2, r/r&=10 . Vertical axis So.'

0.3/div. Horizontal axis T = t/r~ (a)-(e) 50/div. ; (f) 100./div. (a)
detuning bee= —0.025, (b) 0 (period 1), (c) 0.0125 (period 2), (d)
0.0156 (period 4), (e) 0.0188 (chaotic), (f) 0.0625. Simulations
were carried out based on the Runge-Kutta-Gill method.
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a frequency of /J, co appear [see Fig. 3(f)]. This self-
modulating phenomenon has already been reported to occur
both theoretically' " and experimentally'2' for lasers even
when R =0. However, a dynamically unstable region III
appears only when R &0.

Self-pulsations with bifurcations can be explained in terms
of the nonlinear interaction between two field components
having frequencies of rp, and Cup(N). The nonlinear interac-
tion of both waves produces population pulsation through
the intensity beat between two waves that is nonlinear in
nature. This population pulsation acts as a driving force for
the laser, which is governed by the generalized Van der Pol
equations (1)-(3). Temporal variations in the refractive in-

dex which are associated with such population pulsation
cause asymmetrical stiumlated scattering of amplified inject-
ed signals into the mode with cavity resonance frequency
and give additional gain to the cavity mode at the lower fre-
quency side when R (0. This type of asymmetrical mode
interaction was first observed in semiconductor lasers. ' At
this point, stable injection locking breaks down, forcing the
simultaneous oscillation at the resonant cavity mode.
Furthermore, complex wave forms leading to chaos should
be expected since the intensity beat frequency itself is a
function of ¹

Experiments were carried out by using a detuned-laser
medium LiNdP40t2 (LNP) (Ref. 15) to demonstrate light-
injection-induced bifurcations. Figure 4(a) shows the ex-
perimental setup. The LNP crystal was 300 p,m thick and
the laser resonator consisted of a flat mirror Mi transmis-
sion at 1.32 pm (Tt=0.1%) and a curved mirror M2
(T2=0.5%, radius of curvature: 1 cm) separated by 1 cm
(semiconcentric configuration). An argon laser (8. =5145
A) served as a pump. The oscillation threshold was 20 mW
and the slope efficiency was 10%. A cw single-axial-mode
oscillation whose wavelength was detuned from the gain
spectral peak was obtained. This condition was easily ob-
tained by changing the crystal thickness slightly since the
etalon effect of the LNP crystal yields the free spectral
range of 18.1 A while the fluorescence spectral width is as
small as 40 A. t5 The light beam of the TEMpp mode of the
LNP laser (A. =1.32 p,m) was split into two beams and 95%
of the total light was impinged on the rotating hard paper
sheet with a rough surface. A monitor beam was detected
with a Ge photodiode followed by a spectrum analyzer.

In this configuration, the Doppler-shifted scattered field
component whose angular frequency is shifted by sod from
cap [rod = icos(8, /A. ); v: rotation velocity; Il, : angle between
the laser axis and velocity vector] acts as a delayed external
injection signal EI for the LNP laser. ' By changing the de-
tuning, i.e., coq, we have measured the response of the
laser. Figures 4(b) and 4(c) show measured frequency
spectra for different cad values where tv =P/P, h =4.5.
These figures clearly show the period-doubling bifurcations
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[Fig. 4(b): period 2; Fig. 4(c): period 4]. We also observed
the self-modulating pulsations whose repetition frequencies
coincided with rue (region IV) at higher r»q values. ' The
observed period-doubling bifurcations may be interpreted by
introducing the delayed feedback term into Eqs. (1)-(3). In
the case of multiaxial-mode operations for thicker LNP
crystals, such period-doubling bifurcations were not ob-
served. '

In summary, period-doubling bifurcations of self-
pulsations in detuned lasers employing injected signals,
based on the anomalous dispersion effect at the lasing
wavelength, have been predicted. The experimental results
on period-doubling bifurcations in Nd stoichiometric lasers
with Doppler-shifted delayed injection signals have been
shown.

Discussions with Dr. H. Okarnoto are acknowledged.
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FIG. 4. (a) Experimental arrangement for demonstrating the
period-doubling bifurcations. (b) Period 2 (cod /2m =160 kHz). (c)
Period 4 (cod /2e =200 kHz).
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